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Mesoscopic theory of wavefront shaping to focus waves deep inside disordered media
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We describe the theory of focusing waves to a predefined focal point deep inside a disordered three-
dimensional (3D) opaque medium by the shaping of N different field sources outside the medium, also known
as wavefront shaping. Our study is motivated by recent experiments where wavefront shaping, mediated by the
controlled interference of scattered waves, coexists with a classical diffusion picture where wave interference
appears irrelevant. We derive the energy density of the wave field both near the focal point and anywhere else
inside the medium, averaged over realizations after optimizing the focus. To this end, we conceive of a point
source at the focal point inside that emits waves to an external detector array that—by time reversal—becomes a
source array that emits the desired shaped fields like a spatial light modulator. In this picture, the average energy
density including the focusing is described by the C;, C,, Cs, and even Cj intensity correlations known from
mesoscopic transport theory. We draw the remarkable conclusion that by averaging over optimized wavefronts
of the array, associated with different realizations of the disorder, a background energy density is obtained that
obeys a diffusion equation in which C, correlations create an energy source inside. Hence a classical property
(diffusion) coexists with interference (C, correlations). We derive the peak and background energy density
distributions for Cy, C;, and C, correlations, including for a slab. We find that the relative enhancement of the
energy density at the focal point is proportional to the angular opening of the array, which de facto replaces the
role of the inverse dimensionless conductance 1/g as the universal parameter in the transmission statistics, and it
generalizes the number of segments known from experiments. We exploit the concept of a source for “optimized
background energy” inside the medium to compare several different energy density profiles proposed in the
literature, which are associated with optimized transmission by a slab using wavefront shaping. We explain why
the best matching models have the first diffusion mode dominating, as was found in earlier work. Our approach
avoids random-matrix theory restricted to waveguide geometries, confirms the role non-Gaussian correlations
in the wavefront shaping for focusing deep inside 3D random media, and highlights the notion of an energy
source created in this process. Our results are relevant for applications where the internal energy density in
opaque media is crucial, varying from white-light illumination, projection optics, semiconductor metrology,
(bio)sensing, to photovoltaics.
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I. INTRODUCTION (WES) [5]. Wavefront shaping is efficient because multiple
scattering is characterized by short-range correlations that can
suppress statistical fluctuations. In wavefront shaping, one
manipulates the phases and amplitudes of spatial or spectral
elements of an incident wave packet to optimize, by interfer-
ence, the focusing to a predefined point, or the total transmis-
sion, or even the delay time [2,6]. Recent wavefront shaping
studies have demonstrated that even the energy density of
the waves is enhanced inside three-dimensional (3D) media

It is a remarkable feat in optics, microwaves, elastic waves,
and acoustics that waves can be focused to predefined points
inside disordered opaque media by the judicious manipulation
of incident wavefronts [1-4], known as “wavefront shaping”
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FIG. 1. Schematic of wavefront shaping to focus waves to a point S at a depth z, inside a disordered 3D semi-infinite medium (half space)
on the right. At the surface, the medium has a skin layer with a thickness of about one mean free path ¢ (blue, center). A wave packet from a
virtual point source at S is sent to the detector array with N detectors at positions {x;} at a large distance « in the far field of the medium, with
a > zs. Optimal shaping is established by time reversal of the entire wave packet that necessarily refocuses on a diffraction-limited spot R ~ S
with a background energy calculated in this work for all positions R. The path of the wave from source to array (solid arrows) is distinguished
into three parts: (I) emission of energy by a virtual source at focus S to a nearby scatterer r,, (II) radiative transport towards position ; in the
skin layer with T-matrix 7,(2, 1) = T,(r», r1), and (III) ballistic propagation from the skin layer towards the array. The time-reversed signal
(dashed arrows) (I') propagates to the skin layer (position 3), (II') radiative transport from skin layer to point r4 in the medium with 7 -matrix

T*(r3, ry), (II) scattering from ry4 to the receiving point R.

[7,8], in two-dimensional (2D) media [9,10], or in quasi-1D
media [11]. Surprisingly, it was found that after optimizing
a spot on the sample’s back surface, the density profile in-
side the medium is dominated by the first eigenmode of the
diffusion equation [12], as confirmed by Davy et al. [13] and
Koirala et al. [14] for lower-dimensional systems. This feature
is remarkable since WFS invokes wave interferences, whereas
diffusion describes intensities, hence no interferences, yet no
simple explanation has been given to date for this notion. To
address this challenge, we analyze in this paper the WFS to
focus an incident wave packet to a given point deep inside
a 3D disordered medium. The present work addresses the
focusing of waves in 3D random media, applies arguments de-
veloped for time reversal [15], and is intimately connected to
the experimental approach pioneered by Vellekoop and Mosk
[16] to describe WES by a spatial light modulator (SLM) to
optimize transmission in the far field. The focusing of a time-
reversed wave packet is stable against statistical fluctuations
provided its frequency bandwidth Aw is larger than the typical
decorrelation frequency, which is small deep inside diffusive
media [17]. This notion was recently confirmed by the focus-
ing of broadband light in a disordered 2D medium [18]. The
analogy of focusing by time reversal and WFS is helpful for
two reasons. First, it establishes the link between long-range
non-Gaussian C, fluctuations in transmission [19,20] and fo-
cusing outside the random medium [16]. Second, it provides
simple expressions for the peak-to-background enhancement
[10,18,21] near the focus inside the medium, even for a 3D
slab geometry where random-matrix theory does not apply,
and where our innovation is that we derive our theory for
sources inside. In particular, the analogy between time rever-
sal and wavefront shaping reveals that long-range correlations
create a genuine source near the focal point, in addition to the
designed constructive interference that induces the focus, gov-
erned by short-range spatial fluctuations. This picture reveals
the coexistence of diffuse waves and wave interference, as in

time-reversal physics [15,17]. Although the focused energy is
governed by the local density of states (LDOS), the statistical
fluctuations of the LDOS, known as Cy speckle [22-25], are
found to be small.

Figure 1 shows and describes the setup for a disordered
half-space. We use a mesoscopic theory with a statistical
approach to deal with wave fluctuations. This approach does
not reveal information on individual realizations, such as the
specific realization that optimizes some observable. Neverthe-
less, given a specific realization of the disorder, the wavefront
to be emitted by an array of sources designed to optimally
focus to a point § inside the random medium can be obtained
by first sending a wave packet from a virtual source at S, and
time-reversing the received signal at the array. The array now
plays the role of the spatial light modulator introduced by
Refs. [1,16,26] to focus outside the medium, and by Ref. [10]
to focus inside the medium. This means that the signal radi-
ated by the array is highly correlated with wave propagation in
the random medium, unlike the standard situation in radiative
transfer [27-29].

We consider a near-monochromatic wave packet and an
array with angular opening €24. This array sends plane waves
with propagation directions inside the solid angle €24 when
the phases emitted by the different elements {x;} vary linearly.
When they are manipulated otherwise, many complicated
wavefronts can be achieved. Here we want to employ WFS
to focus to a point S in the medium. The time-reversal method
implicitly generates an ideal candidate, though not necessar-
ily unique. In addition, scattering from disorder generates a
background energy density of the wave field that varies with
the position of point R in Fig. 1. Intuitively, we may expect
the focal point S to become a secondary source of energy for
diffuse waves in the random medium and contribute to this
background energy. We will analyze different correlations of
type Cp (fluctuations in the local density of states), C; (Gaus-
sian speckle intensity), and C, (total transmission fluctuations)
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known in mesoscopic wave physics, and we will show that C,
makes a dominant contribution to the energy density of the
waves away from focal spot, and also generates this expected
source.

II. TIME REVERSAL TO OPTIMIZE WAVEFRONTS

Because long-range diffusion is taken to be isotropic, the
typical diffuse halo created at the sample surface in Fig. 1
by a virtual source at depth zg has a radius zs. We will also
assume that the distance a of the array satisfies a > zg. In
that case, waves arriving at points 1 and 3 in Fig. 1 still have
approximate normal incidence. The average propagation from
array element r; = a + x; to the point r; in the skin layer is
described by the Green function

1 eik\rifrllele/(ﬂcose,-)

G i = -
(ri.x1) 47 |r; — 1y

Leikaefikpl-x,-/aele/ﬂ’ (1)
4ra

where 6; is the angle between r; and the normal to the slab
that is assumed to be small. For a point r, near S or deep in
the medium, we adopt the bulk expression for average wave
propagation,

1

_ ei(k+i/2£)\r5—r2| , (2)
4m|rg — 1y

G(rs, 1) =
which restricts the position of point r; to be within one mean
free path € from S, and the same holds for a point r4 near the
point of measurement R. In Fig. 1, we have drawn R on the
axis fixed by virtual source S and array center, but in the next
section we allow any transverse translation over a distance p,
which will be important to find the background energy.

Let us briefly recall the process of time reversal, adapted to
the present simplified context. For scalar waves, time reversal
reduces to complex conjugation. When the virtual source at S
with complex and band-limited Fourier-amplitude vs(w) starts
releasing its energy at t+ = 0, the field is registered outside
the medium on the array between times 0 < ¢ < T, sent back
(time-reversed) immediately with complex amplitude vy (w)
assumed independent on array element i, and measured at
point R at time 7 > 7. We assume that the signal has a
spectral bandwidth Aw small enough to be considered quasi-
monochromatic but that 7 > 27 /B. The field sent back into
the medium and arriving at R is then given by [15,30]

oo

PR, T+2T) = / 22 oy (@)G(rs, ¥, @ + i0)
o 2T

x v (w)G(x;, v, @ + i0)*. 3)

From previous work, we know that this signal typically con-
tains an arrival at T < 0 and—by reciprocity—one at 7 > 0
associated with waves traveling from S to R and vice versa.
In the frequency domain, we can split this propagation up into
different parts as shown in Fig. 1,

N
O(r,rs,w) = x Z/drldrzdrade(rs, )T (ry, ry)
i—1

x G(r1, r)G*(r;, r3)T*(r3, 14)G*(rs, 1), (4)

with all factors taken at equal frequency, therefore the fre-
quency label is omitted from now on. We have summarized
the “virtual” source vg and any possible loss or gain factor vy
in the array by a complex number y. Hereafter, we shall put
&y = x/(4ma)? as the reference amplitude for the wavefront
sent by the array to the sample surface, with the same unit as
the field ®. The quality of focusing is determined by (i) the
size of the focal spot around S, and (ii) the ratio of peak value
in energy at S and surrounding the “average background.”
As mentioned earlier, we expect this background to contain a
component associated with a real source at S. In time-reversal
experiments, a sufficiently large bandwidth (that is, larger than
the Thouless frequency proportional to D/ zf, that separates un-
correlated frequencies) guarantees self-averaging and stability
of the process. In this work, this is ensured by the sufficiently
large opening of the array.

The wave field &(r, w) derived in Eq. (4) from time
reversal contains the two scattering matrices 7 (rp, r;) and
T*(rs,rs). We obtain its statistical average from standard
transport theory [20]. In the diffusion approximation, we find
for the scattering matrices that

(T (ry, r)T*(r3, 14))
= L(r1,1)[8(r1,13)8(r2, 14) + 8(r1,r4)3(r2,r3)]  (5)

with the propagator £ obeying the stationary diffusion equa-
tion
1, 47

-3¢ ViL(r,r) = 2301, (6)
where £* is the transport mean free path. To simplify, we
assume £* = £ in the rest of this paper. The two terms in
Eq. (5) are imposed by reciprocity, but the second “Coherent
Backscattering” term only contributes when point 1 is close
to point 2. Hence the second term is excluded because r; is
located in the skin layer, whereas r; is close to S deep in the
bulk. It immediately follows that

) o0
P, rs) = QONEP(rs, I'R)/ dzleizl/eﬁ(zs, 71,qQ = 0).
0

Here N is the number of elements in the array that all con-
tribute equally and coherently, and q is the transverse Fourier
component; q = 0 appears because the effective area ~z?
illuminated by the source is much smaller than the area ~a?
available. We also used that

¢ —ImG(rs,r) ¢

/ZG(I‘S,I‘z)G (r,r) = I ImGO) EP(I‘S,I‘),
@)

which describes a diffraction-limited peak near S oscillating at
the scale of the wavelength and decaying exponentially with
the mean free path £.

If we impose the usual radiative boundary condition
L(—z0,2) =0 for all z, with zp~ %Z, it follows from
the diffusion equation that £(z,7/,q = 0) = (127 /€3)[z0 +
min(z, z’)]. To avoid messy formulas, especially later on, we
will approximate the integrals [ dzexp(—z/¢)f(z) =~ £f(0)
for any smooth function f(z). Then, for z > 0, the focused
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amplitude becomes
329
(P(r,rs)) = P9 X N x TP(rS, r). ®)

It is independent of the depth of the focal point S, and it
vanishes when R is located beyond one mean free path of the
point S. The focal amplitude is proportional to the number of
array elements N. Hence the focal energy density scales as
N2. In the next section, we will show that the background
scales as N, so that the focal enhancement scales as N, as
is generally expected in wavefront-shaping experiments; see,
e.g., Refs. [1,2,5,7,26].

III. SPATIAL CORRELATIONS FOR FOCUS
AND BACKGROUND

The next step is to describe the energy density. We expect
a peak energy around the focus S and a diffuse background
energy everywhere else that varies smoothly in space. The av-
erage energy density is proportional to (|®(r)|?) and involves
the average of four scattering matrices,

(T(r2, x)T*(r3, r)T*(ry, r1)T (ry, Ta)). )

We apply mesoscopic theory as reviewed by Berkovits and
Feng and Van Rossum and Nieuwenhuizen [19,20] to find the
required correlators. This theory was developed to calculate
fluctuations in transmission, reflection, and conductance, and
it expands in the so-called inverse dimensionless conductance
1/g, which is known to be small in the diffuse regime. Given
two scattering matrices and two complex conjugates, exactly
three kinds of correlations are identified, written traditionally
as Cy, C,, and C3, depending on the way they correlate incom-
ing and outgoing channels (see Ref. [31] for a measurement
of all long-range correlations). When we adapt this theory to
WES inside the diffuse medium, the different correlations will
produce different contributions to focal spot and background
energy densities. The small parameter in the expansion is no
longer 1/g [32] but rather the angular opening of the array that
also describes the ratio of peak-to-background energy. The
C, correlation is known to correlate either all input or output
channels and dominates for that reason the fluctuations of the
total transmission into all outgoing channels of a fixed input
channel. The quantity C4, = % introduced by Vellekoop and
Mosk [16] determines the maximum achievable transmission
by WEFS and is a manifestation of long-range C, correlations
without which the C; approximation would give a much lower
value C4 » ~ £ /L proportional to the usual ensemble-averaged
transmission. Here C, will be seen to produce an energy
source inside the medium. The lengthy calculations of the Cs
correlations in WFS will be deferred to future work.

A. C; correlations

In the well-known C; approximation, we have Gaussian
decoupling of the complex conjugates [20],

(T (ry, r)T*(r3, r4)T*(ry, ri )T (ry, ry))
= (T (rp, r)T*(r3, x))(T*(x2, 11)T (Y3, 14))
+ (T (r2, v )T (ry, v))(T*(r3, 14)T (r3, 14)), (10)

where the dashes refer to the positions in the path followed
by the time-reversed path. In the mesoscopic theory for trans-

mission, the first term is the diffuse intensity squared, and the
second term the short-range intensity speckle. In the context
of WFS, the first term refers to the focused peak energy
density P (at R = §), and the second term refers to the diffuse
energy density B of the background.

Given the average amplitude found in Eq. (8), the first term
on the right-hand side of Eq. (10) is equal to

2772 2(%)?

Pi(r) = 9100 ’N*P(rs. 1) () . an

We note that the spot is not due to a local energy source;

see Appendix B. In this steady-state picture, the focus is due

to the designed constructive interference between incoming

and outgoing waves at S that causes the energy to accumulate

locally, similar to what happens in the focal spot after time
reversal [33] or in coherent backscattering.

The second term in Eq. (10) generates a “diffuse” back-
ground energy B that depends on R but without a distinct
peak near S. This background suffers from dephasing among
the phase factors exp(ikp; - x;/a) in Eq. (1), leading to

64

Bi(z, p) = |q’o|2(4n)2

D L0, 25, 4i))LO, 2, ij)e s *
ij

12)

with the transverse wave vector q;; = [k(x; — X;)/a] govern-
ing interference between different array elements. For finite q,
the diffusion propagator takes the form

1277 e~ 91271 _ p—a(+7'+220)

Q) = — . 1
Led )= > (13)

If the typical distance between array elements obeys Ax <
(A/2m)a/zs, which holds if a/zs is sufficiently large (see
Fig. 1), the integrand of Eq. (12) hardly varies from one array
element to another. Hence, the sum over j can be replaced
by an integral that is independent on i since the propagator
L(zs, 0, q) decays rapidly with g for zg >> £. Let us introduce
the total solid angle €24 subtended by the SLM array from the
viewpoint of the sample

(Ax)?

Q=N .
A e

(14)

Then we obtain ), — N x (N/k*Qq) [ d*q. For Q4 < 27,
the incidence for all array elements is nearly normal. For
z > 0, the expression for the C;-background energy B reduces
to

_ |CI)0|2N2€4
(4m)2k2Q,
é 2 Z+ 25 + 220

2 [+ 25 + 220 + P12
(15)

Bi(z, p) / d*q L(0, zs, )L(0, 7, q)e*

= 9|dy|>N?

For S near the sample surface, this expression is proportional
to the familiar emission of a diffuse point source created by a
focus from outside [34]. For S deep in the medium, the energy
density is roughly constant as long as z, p < zs. The diffuse
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transverse halo has a typical surface that grows with depth
according to

[d*pBi(z, p)

=27(z+ 75 + 220)%, (16
Bz p=0) 7(z+ zs + 220)°, (16)

(P22, 25))1 =

which is small compared to ma® at the surface (z =0)

when a > zg, which justifies the assumption made just below
Eq. (13). The quality of the focus is conveniently quantified
by the enhancement defined as the ratio of the peak and
the background energy P/B [8,26]. Near the location of S
given by S = (z5, (p = 0)) (see Fig. 1), the enhancement is
equal to

Pi(r=rs) S

Bty "~ 2 < ksl (a7

Equation (17) shows that in the C; approximation, the en-
hancement is proportional to the angular opening of the array
(and hence to the number of array elements N), which is small,
and to the square of the focal depth in units of the wavelength,
which is large. The finite angular coverage suppresses the C;
background and makes the focus prominent and stable against
statistical fluctuation in the medium [17].

In Appendix A, we derive the major result that the back-
ground energy density Bj, despite being produced here by a
time-reversal procedure, obeys the diffusion equation known
for diffuse energy produced by normal incident radiation, in
particular with the same diffusion constant D. The diffusion
equation is also characterized by a source of energy propor-
tional to —V2B,. From Eq. (15) we infer that the source
power is proportional to L£(0, zs, )8(z) ~ 8(z) x zs/(z% +
02)*?2, that is, only at the sample’s surface and with a finite
transverse width equal to zg. Because no other source exists in
the medium, and since no flux is transmitted either, the power
flux F| across any transverse surface is given by

Fi(z>0)= /dsz(z, p) = —D3z/dzpB1(Z, p) =0,
(18)
which thus vanishes. Nevertheless, for any z > 0 and for
fixed p, the current density itself does not vanish. Since the

incident flux vanishes due to the radiative boundary con-
dition B;(—zp) = 0, the totally reflected (average) flux is

J

(T(r2, r)T*(r3, x)T*(ry, 11T (r3, Ta))c, =NH/d3H|:

given by
Fi(z<0)= —D/dzp 9;B1(z < 0, p)

9|do|*N? (21)%Z2
_ 9%l (ﬂ)ZOXC_o (19)
(k£)? Qu 2
with zo = 2¢/3 and D = cof/3. We need this outgoing flux
later when we include C, to normalize the reflection coeffi-
cient.

B. C, correlation and internal source

In this section, we investigate the importance of C, correla-
tions for the focusing of energy at point S and its surrounding
energy density. We show that the small parameter in the ex-
pansion of correlations is the angular opening of the array
Q4 /2m illustrated in Fig. 1.

In the mesoscopic theory [20], intensity correlation func-
tions achieve non-Gaussian terms because different paths
exchange momentum by scattering from the same particle,
as qualified by a so-called Hikami vertex [32]. The lowest-
order contribution is obtained when this crossing happens
only once. For correlations of the kind (GG*GG*) involv-
ing two paths and two complex-conjugated paths, only two
diagrams can be identified, shown in Fig. 2. The diagram
in Fig. 2 (left) is expected to contribute to the background
because it is proportional to §(ri, r3)8(r), r5)8(ra, ry)8(rary).
This links both end points r4 and ry to the point of observation
R and does not decorrelate when R changes (recall Fig. 1).
In addition, since the pairs (r;, r3) and (ry, ry) are linked,
the diagram is also insensitive to phase differences between
waves received and emitted by the array, as is the case for
the peak energy in Eq. (11). On the other hand, the diagram
in Fig. 2 (right) is proportional to §(r, r4)8(r}, r,) and only
survives when R and S are separated by at most one mean free
path and thus contributes to focusing. This is consistent with
Ref. [16], where it leads to a maximal optimized transmission
of 2/3. The decorrelation between different array elements
makes it a factor Q4(kzg)? smaller than the C, diagram in
Fig. 2 (right) and gives a negligible correction to the C; peak
P;. We estimate for the peak under the C, correlations that
it is negligible compared to the peak under C; correlations:
Py ~ By(rs)/(k€)* < Py.

The C, diagram in Fig. 2 (left) is expressed mathematically
as [20]

1
Vo Vy+ Ve Voo > Vf:| y Hﬁ(rl,ra)ﬁ(rlr,rb)

i=abcd

X L(re, 12)L(xg, 14)8(r2, 15)8(ra, 1})8(r1, 13)8(ry, 13), (20)

with V, = 38/9r,, Ny = £°/48mk?, and H is the location of the Hikami vertex in the medium. The diffuse kernel £ was defined
earlier in Eq. (6). With this, the background energy density B, (r) at position R for C; correlations is given by

N
By(r,rs) = |®o|* Ny /drld"lfdrzdht /d3l'H Z |G(x2, r5)I*|G(rs, 1) |G(ry, 1) |G (ry, 1)) |:VH£(1'1, ry) - Vu Ly, ry)L(ry, r2)

ij

1
X L(rg,ra)+ Lo, rg) Ly, )V Ly, 12) - Vg L(ry, ra) — 3 Z VIL(r1, r)L(ry, t)L(re, 12)L(ry, 1’4)j| .
abcd=H

i=abcd
2D
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C

4 3 -t - c M __,
L|alLlb

4' 3’_ d 4'

2[ 1[_ — - — I.___ 2[

FIG. 2. Hikami diagrams for C, correlations in the average (T (ry, r1)T*(r3, r4)T*(ry, 11 )T (ry, ry)) to focusing. Solid lines denote fields,
while dashed lines denote their complex conjugates. The Hikami vertex H exchanges momenta at positions H in the medium, which are
integrated over.

All phase factors in Eq. (21) cancel so that all N angular channels are correlated. We approximate |G(2, S W2~ (e /4m)82. s,
which may have to be reconsidered for R & S in the last line in Eq. (21) that will actually dominate. After some straightforward
algebra, we find the lengthy expression for the half-space that consists of four terms,

By(r.rs) = By + BY + B + BYY = |®|’N*Ny

62 00 o0 1 B 5
"y f dze " / dzlerI//f[—zamA(zH:o, v, e 21, LG, 0)
0 0

1 < < o0 < <
+ 581” (L(z1,z5 = 0)L(z1, 2 = 0))A(zy = 0, r,15) + 2/ dzn 0., L(z1, 21)0,, L(z1, 21 )A(ZH, T, Ts)
0

+ f d’H(=V? = VI)L(z1, z)L(zy, za) L(xe, v5)L(xy, r)], (22)

where we have defined £(z, 7) = L(z, Z, q = 0), we defined
zy as the z-component of the location H of the Hikami box,
and we introduced, for R = (z, p),

A(ZHvr» rS) = /dszE(ZHs 28, pH)E(ZHy Z, pH _p)

— dzq L L —iq-p
= m (zw, zs, )Lz, 2, Qe s

which for zy & 0 is proportional to the C; background in
Eq. (15). We will dramatically simplify the lengthy expression
(22) above. As was done before, we replace the integrals over
the skin layer by £ f(0) when possible. In the first two terms of
Eq. (22), the Hikami vertex is located near the sample surface.
Their sum is proportional to A(zy = 0, r, ry) — 2200,,A(zy =
0,1, rs) ~ 0, which vanishes since A ~ (zy + z0)* for zy <
0. Hence Bg) + B;z) = 0 and the first two terms in Eq. (22)
vanish.

In the third term B?) of Eq. (22), the Hikami box is situated
in the skin-layer 0 < zy < £ since the diffuse propagator in
a half-space 8ZH/3(1, zy ) vanishes for zy > z;. Therefore, it
is proportional to A(zy = 0, R, S) and constitutes as such a
correction to the C; background derived in Eq. (15),

9|dy|2N?
(kt)?

This confirms the angular coverage 24 /27 to be the leading
parameter in our expansion of wave correlations. The back-
ground energy density B(ZS)(r) is, via the quantity A(zg, r, I's)
that Fourier-transforms ¢ to p, the spatial equivalent of angu-
lar C; correlations outside the sample, discussed in Ref. [26].

The fourth term B(24) in Eq. (22) is known to be negligible
in reflection or transmission correlations [20]; here, we find
it is nonzero, hence it is a new feature due to the internal
source invoked in this work. In this fourth term, the Hikami
box H is located either exactly at the virtual source S or at

3Q
B (r) = x 37A(0, T, T5) = 4—;31(1'). (23)

(
the detection point R. The two diffusion operators generate
8(ry,r)L(ry, rs) + 8(ry, rs)L(ry, r). This contribution B(24)
can be interpreted as a diffuse propagation from the slab
surface first to R and subsequently to S, or vice versa,

9|do|>N? 322

By (r) = (key? 20

1 1
" [\/(Z—Zs)zwtp2 B \/(Z+Zs+220)2+,02:|.
(24)

Equation (24) is singular when R = S, but a more detailed
analysis (see Appendix B) shows that the singularity is an
artifact of a previous approximation near the focal point § and
that in reality the singular term smears out over one mean free
path, thereby taking the finite value n/¢ with n = 1.3863 for
R = S. Since the C; peak is typically one wavelength in size,
the C, density (24) can still be considered as a “background.”
Nevertheless, as soon as R &~ S within a wavelength, an extra
factor 2 shows up due to “Coherent Backscattering” of the
waves released by the pointlike source above, and due to the
so far neglected second term in Eq. (5). However, because the
source is smeared out over a mean free path, its peak value is
strongly suppressed, hence it is not discussed further.

C. Comparison of C; and C; contributions

Let us compare the magnitude of the background energy
density B, produced by C, correlations to the density B; of
the C; background found in Eq. (15), and calculate their ratio
as a function of the depth z of point R, as summarized in
Table I. The data in the table show that deep inside B, always
dominates, as z;/¢ becomes sufficiently large to compensate
for the small factor 3Q24/(4m). Near the surface at z =0,
the ratio B, /B is small and independent of zg. Deep in the
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TABLE I. Ratio of C, and C; contributions to the background en-
ergy density B, and B, on the axis R = (z, p = 0) for several depths
z (see Fig. 1). The first term, proportional to “1” in parentheses, is
Bf )(2) /B1(z), whose depth dependence cancels; the second term is
B§4)/Bl (z) stemming from the new source around S, with n = 1.38.
Both terms are of the same order at z = 0, but the second term rapidly
dominates as the depth z increases. The ratio B,/B, is a competition
of the limited angular coverage of the array €24 /27 <« 1 and the large
factor zg/¢, especially near the focal point S = (z;, p = 0), due to the
generated source.

Depth 7 B»(z,0)/B1(z, 0)

=0 3Q, /41 x (1 +22/0)
z=zs 3Qu /41 x (14 4nz3/€%)
=00 3Q /47 x (1 + 225/0)

medium, the focusing near S is dominated by B,, and Eq. (17)
must be replaced by the much larger ratio of background to
focal peak, equal to
P P 2 2
~— = —(kf)". (25)
Bi+B, By 3pn

The enhancement in Eq. (25) is substantially greater than 1 for
the focusing to be efficient, but it no longer grows with depth
zs of the focal point and is also independent of the solid angle
Q4.

Contrary to the background energy density B; of the C;
correlations discussed in Sec. III A, Eq. (24) contains a gen-
uine source of energy at the focal point S. The flux emitted by
this source is given by Fg = —D f d3rVZB§4)(r), where the
volume integral is taken around the point S (see Appendix A).
Let us compare this flux to the total flux (19) leaving the
sample, which is equal to

FS . QA

F(z<0) =

that is, the relative source strength created by the wavefront-
shaped signal in the medium depends only on the angular

coverage of the array and is determined by €24. The ratio is
small due to the large C; source created at the incident surface.

; (26)

D. C; and C correlations

If we consider two Hikami crossings in the medium, a Cs
term appears that can correlate both input and output. More
crossings involving four paths necessarily induce corrections
to either C, or C3, but no new class of correlations. A C; term
to the energy density generates corrections that are propor-
tional to (24/27)? that are thus negligible.

Because the focused energy is proportional to the LDOS
[35], it is an interesting question what may happen in the case
of focusing inside a 3D bandgap crystal, where the LDOS
vanishes; see, for instance, Ref. [36], it is a relevant question
how scatterers close to the focus affect the focusing profile,
notably since the scatterers induce fluctuations in the LDOS.
In Appendix C we discuss these so-called Cy correlations. The
conclusion is that these correlations contribute weakly to the
peak profile with a relative weight Py/P, ~ 1/k{ compared
to the C, peak value in Eq. (11), which is of the order of

up to 107'-1072, even in opaque samples made of ZnO or
TiO, nanoparticles. The Cy correlations do not contribute to
the background, hence By = 0.

IV. WAVEFRONT SHAPING TO FOCUS INSIDE A SLAB

In this section, we show that the considerations for a
half-space in the previous sections change only quantitatively
when the focusing is performed inside a slab of finite width L.
The slab geometry is relevant as it allows us to investigate the
relation between transmission and the focus; moreover, it is a
common sample geometry in experiments [5,8].

In the C; approximation, the background energy density
associated with Cj is still given by Eq. (12), but it involves
the diffuse propagator for a finite slab. Using radiative bound-
ary conditions at both surfaces z = —zp and z = L + 7, the
propagator becomes

L(z,7,q)
127 sinh g[L — max(z, ') + zo] sinh g[min(z, z) + z0]
R g sinh (g(L 4 2z0)) '
(27)
Hence, the background from Eq. (12) becomes
9|do|>N? 22 / s i
Bi(z, p)=————=— | d°qe'?”
1z, p) * o qe
y sinh g(L — zg + zo) sinh g(L — z + z9)
sinh? (q(L + 220)) ’
(28)

which is valid for all (zs, L) > zo. With the expression for
L(z, 7, q) for the slab, the peak value from Eq. (11) for a half-
space is modified for a slab to

2 2
+ 20
Py(rs. T) = 9|doPN?P(rs, r2 0 (1 = =5 , (29
1 (rs, r) = 9| Dy (s)e2 LT 2% (29)

which decreases smoothly with the depth zg of the focus S.
The enhancement defined as the ratio of the peak and the
background can be written as

Pl(l‘ = 1'5) SZA 2 Zs + 20
_ = — 2k(zs + R{ ——— ). (30
Bi(r =ry) 2 X 12k £ 201 L+ 2z (30)

in terms of a function R(x) with R(0) = 1 for the half-space,
R(1/2) = 0.361 in the middle of a slab, and R(1) = 0.139 at
the exit surface of a slab. The overall behavior is the same
as in Eq. (17), namely that the energy enhancement greatly
exceeds unity, being proportional to (k z5)?€24 > 1. In other
words, wavefront shaping to the exit surface of a slab is less
favorable than to the middle of the slab. The same function R
reduces the transverse width of the background energy density
(p?)1 around the focus S given by Eq. (16) for a half-space
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according to  (p*(z = 2z9))1 = (p*)1 X RI(zs + 20)/(L +
270)]. Thus, the finite thickness of the slab reduces both the
enhancement and the transverse size of the background.

The C, background density for the finite slab is given by
Eq. (22), although with only an additional first term due to
the transmitting surface zyz = L, which cancels for the same
reason due to the radiative boundary condition. If we neglect
all powers in (£/L), we find that the third background term
Bf) only contributes when the Hikami box resides in the skin
layer, as for the half-space, so that the relation B?) /By =
3Q4/4m for the half-space also applies to the slab. The last

J

d*q , ,sinh (g[L — max(z, zs) + zo]) sinh (g[min(z, z5) 4 z0])

term of Eq. (22), involving the new source, becomes equal to

9|do|>N? 372
Bz, p) = (;T)ZTOH(Z’ 25, )
" (1_ 72+ 20 )2+<1_ zs+zo)2
L+ 2z L+2z) |
(31)

where I1(z, zs, p) is the energy density emitted by a diffuse
point source at position (z = zg, p = 0) in the slab, which is
given by

I(z, zs, p) = 2n )

Expression (32) diverges at the focal point S since an energy
source is created that is in reality smeared out over a mean
free path. The power emitted by this source is slightly less
for a finite slab, and Eq. (26) for a semi-infinite medium is
modified to

Fs Q4 (

_ S Zs + 20 ) (33)
Fi(z <0) T

©2(L + 2z0)

This ratio slowly decreases to €24/2m as the focal point S
approaches the transmitting sample surface.

The varying background energy density in the slab leads
to a nonzero transmission coefficient. Due to the wavefront-
shaped incident beam, this transmission will not necessarily
decay as the Ohmic law ¢/L, as in the diffusion approxima-
tion. We assume the slab to be sufficiently optically thick such
that £/L < Q4/m < 1. The transmission induced by the C,
correlations is proportional to £/(L24), so that C, contribu-
tions dominate. In particular, the source term Bg‘) given by
Eq. (31) leads to a flux

FY@=L)=-D f d*pd.B3" 2. p)

QPPN (zs+z RS
=9————mzvE 1 )
(ke)? L+ 2z L+ 2z

(34)

where we neglect powers of (zo/L’). For a finite slab thick-
ness, the reflected current in Eq. (19) causes an extra factor
1 — zg/(L + 2z¢) due to the presence of £(0, zg). The normal-
ized transmission is thus equal to

197 Zs+Zo<

== (35)
2]‘[ L + 2Z()

st <&
L+2Z0 \SJT.

By focusing on a point in the slab, the transmission becomes
finite, and it takes its largest value 7 = 24 /8m independent
of thickness L when we focus on the middle of the slab. On
the one hand, it is remarkable to find that wavefront shaping
to a point causes the transmission—via the non-Gaussian
C, correlations—to become non-Ohmic. Nevertheless, this
notion is consistent with the known dominant role of C, cor-
relations in WFS in transmission [16,21]. On the other hand,
the maximum transmission differs markedly from the optimal

: (32)
g sinh (g(L + 2z9))

(

transmission 7' = 2/3 established by random-matrix theory
[16]. In contrast, in our ab initio wave formalism, the differ-
ent transmission is due to the large C; reflection coefficient
that stems from the traditional source created near the inci-
dent sample surface. The modes with optimized transmission
somehow find a way to suppress this source.

We note that the energy density expressed by Eq. (31) is
not mirror-symmetric with respect to the slab’s center, not
even for zg = L/2. In contrast, the density associated with
optimized transmission must be mirror-symmetric in the plane
z=L/2, as explained in Sec. V below. Therefore, focusing
on a point in the slab by wavefront shaping is not equiva-
lent to optimizing the transmission, as previously surmised.
This conclusion was previously already drawn by Zheng and
Genack [11]. Here, we see that focusing on a point enhances
the transmission significantly beyond the Ohmic expectation
£/L, which is explicitly attributed to the presence of an energy
source at the focal point inside the random medium. The
asymmetric energy density is clearly due to our choice to
position the time-reversal array on the left, and not on the
right; a mirror-symmetric energy density may be restored by
using identical and independent arrays on both sides of the
slab.

V. OPTIMIZED TRANSMISSION

In this section, we develop the idea that optimizing the
transmission is related to the creation of an energy source
inside the slab. We will show that different propositions for
the energy density profile lead to strongly different profiles
for the sources. Two general arguments are made.

The first argument concerns the spatial symmetry of the
energy density. The procedure is first to optimize the WFS
for each different realization to find perfect transmission, and
next to average the associated energy density inside the slab
over all realizations and with equal incident power. Having
found a wavefront that gives perfect transmission (7 = 1) for
a given realization of the disorder in the slab, see Fig. 3 (left),
the time-reversal operation reproduces the same process, see
Fig. 3 (center), and yields again an optimal transmission
(T =1) with the same density profile. More precisely, this
follows from the Stokes relation for the complex transmission
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Time reversal

R=0 T=1 T=1

Mirror

R=0 R=0 T=1

FIG. 3. Wavefront shaping and the energy density inside a slab. Left: if we optimize the total transmission, it is unity (7 = 1), whereas
total reflection vanishes (R = 0) and the energy density p(z) varies wildly. Center: if we apply time reversal, the incident pattern (from left
panel) is incident from the back surface without reflection (R = 0) and perfectly transmitted (T = 1) to the left entrance surface. The energy
density p(z) has the same pattern as it is not affected by time reversal. Right: if we apply a mirror operation, the incident wavefront from the
center image is incident from the left, enters perfectly with (R = 0), and transmits perfectly (T = 1) to the right. The energy density p(z) is
mirrored with respect to left and center since the sample structure has been mirrored. Averaging over configurations yields a mirror-symmetric

energy density, hence py(z) = py (L — 2).

matrix for the reversed process 7 that obeys 7, = t,,. If we
next perform a mirror operation of both the wave and the
disorder, see Fig. 3 (right), we have constructed an incident
wavefront that has the inverted energy density p(x,y,z) =
po(x,y, L — z) with respect to the initial process, yet still with
perfect maximum transmission (7 = 1). Assuming that we
perform a perfect average over disorder, both energy densities
will occur with the same statistical weight. The energy density
pu, averaged over disorder, given an optimal perfect trans-
mission 7 = 1, must be symmetric about the central plane
of the slab: pp(z) = pu(L — z). Of course, this argument
relies on the symmetry of the slab geometry and does not
apply anymore when the sample geometry itself breaks mirror
symmetry, as discussed by Koirala et al. [14].

The second argument, detailed in Appendix A, is that op-
timization to a point S in the medium produces an energy
density whose average obeys a diffusion equation with the
usual radiative boundary conditions at both sides, with same
diffusion constant, and with some source related to the focal
point proportional to the incident power. Even though we have
seen above that optimizing to a focal point is not equiva-
lent to optimizing the transmission, let us still speculate that
the argument also applies for the optimized transmission, as
confirmed by numerical simulations by Shi and Genack [37].
The energy density averaged over different optimizations of
the transmission py(z, o) must then be a superposition of the
complete set of eigenfunctions of the diffusion equation with
a source profile to be determined [12]. Let us ignore the
complication of transverse energy profile, and integrate either
over p or restrict to a quasi-1D geometry. The energy density
would then be

(L +2z0)s Z (1) sin (2n — )m(z + z20) (36)

@) =5 L+ 2%

n=1

which features only the symmetric modes with odd n, with a
prefactor that depends on the source power S, including the
total power s delivered by a hypothetical source, and with
dimensionless coefficients py(n) that determine the spatial
density profile. For a single realization of the disorder, no
rigorous relation exists between the density gradient and the
transmission, hence optimization leads to zero reflection R =
0 and perfect transmission 7 = 1. After averaging, however,
the diffusion picture emerges and the gradient of p,, at the
boundaries determines the average outgoing flux, equal on
both sides, hence R =T and R+ T = 1. The source power
density s(z) is then given by

2
s(z) = m Z pa(m)(2n — 1)
(2n — l)n(z +20)
L+ 2z

which is thus necessarily also symmetric around zg = L/2.
The extra factor (2n — 1)?> implies the resurrection of high-
order eigenfunctions in the Fourier expansion for the source
that are not all positive-definite. Alternating signs with py; ~
(—1)"*! generate more weight in the center, since for even
n the eigenfunctions are all negative at the center of the
sample.

In Table II we consider six different normalized sources.
They all share a positive energy density and positive source
density. The “flat” model was previously discussed by Davy
et al. and corresponds to a homogeneous source density [13].
This model was generalized by Koirala et al. to the “best-fit”
model, and the best fit to numerical simulation was obtained
for o ~ 4 — 7 [14]. Furthermore, the simplest model “n = 17
keeps only the first eigenfunction, the only symmetric one that
is positive-definite. Finally, the “symmetric normal incidence
model” is associated with two equal sources close to both
boundaries. This model clearly behaves differently from the

, (37
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TABLEII. Properties of six different models for a 3D slab integrated over transverse dimensions p (alternatively: for a quasi-1D geometry).
The total energy rate of all sources is normalized to S. We abbreviate Z = (z + 20)/(L + 220), Zo = 2¢/3(L + 2zp), and G = 0.915965 ... is
Catalan’s constant. The “best-fit” model with « = 4 — 7 is a phenomenological model proposed by Ref. [14] with Fourier coefficients that
decay relatively fast and as roughly 1/(2n — 1)*%¢. The symmetric plane-wave source corresponds to equal plane waves incident on both sides

creating sources near both boundaries.

Virtual source Energy density Energy om(L/2)/ pu(0)
Model [s/(L + 2z9)] [(L + 2z0)s/D] om(n) [(L + 2z0)°s/7*D] [(L +2z0)/¢]
Delta 8(Z—1/2) (=11 -2z)) 4(=1y""m(2n — 1) 1.234 0.750
Log-singular —Z logtan 3|z — | not ana (=1)""1/G@2n — 1) 1.080 0.548
n=1 Zsinnz 5= sin Tz 8l 1.000 0.477
Best fit laGEittD s s 0.9966, —0.00295 0.996 0.295
(@=4-m) +0(1)/(2n — 1)>3
Flat (¢ = 0) 1 17(1-3) 8/[m2(2n — 1)%] 0.822 0.375
Symmetric L8(2)/2 7/2(z < 0) sin(2n — 1)% w2/2
normal + /2 0<z<L) X X ¢/L
incidence L§(L —7)/2 (1-2%)/2(@>1L) 4/ (2n —1)? 2o — 20>

others, because it decays slower with n, and the Fourier coef-
ficients explicitly depend on £/L. The physically reasonable
conjecture of a positive-definite and mirror-symmetric source
density filters out many solutions but clearly does not fix the
profile. The total source power is normalized to s by imposing
fozl om(n)(2n — 1) = 1 so that pys(n) must decay at least as
fast as 1/(2n — 1)3. This explains partly why different models
for the density profile in Table II have very similar shapes, es-
pecially when they are each normalized, as shown in Fig. 4(a).
An extreme case, referred to as “Delta,” has a point source
at the center of the slab, yet it can clearly be rejected since
its bilinear tentlike density differs markedly from numerical
simulations that favor the “best-fit model” [see Fig. 4(a)]. In
Fig. 4(b) we see that the source distributions vary strongly
from one model to the other. The models “n = 1" and “best
fit” have rather similar sources but hardly distinguishable en-
ergy densities.

This discussion suggests that in order to discriminate
between different models for optimized transmission, one
should focus on the source density profile, rather than on the
energy density. The “n = 1” model seems to be an accurate
candidate, but numerical simulations do reveal the signifi-
cance of higher-n modes that represent 2% of the energy [12].
The “best-fit model” has a source density that deviates from
the n = 1 model near the boundaries, maybe because the dif-
fusion approximation breaks down there. It is also remarkable
that the very small value for py(n = 2) is 10x smaller than
the one for the flat model. Finally, we are in a position to
investigate the total energy in the slab associated with opti-
mized transmission. Total energy for optimized transmission
can be related to the average dwell time for the waves emitted
by the source to reach the sample surface [38]. For R = 0,
T=S=1,

dor (L +220)% <= pm(n)
d3 = = )
/ rou(®) =7 2D ; -1

(38)

The dwell time itself can be optimized [6] or manipulated [9]
as well as the closely related delay time [2]. We infer from
Table II that the stored energy varies only weakly among the
different models for optimized transmission. This is due to
the fact that the Fourier components in Eq. (38) decay as fast
as 1/(2n — 1)*. Because phase is measurable after optimizing
transmission, this could be an opportunity to measure the
diffusion coefficient in optimized transmission.
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FIG. 4. (a) Normalized energy densities and (b) normalized
sources for the six different models specified in Table II: Delta
(black dash-double-dotted), log-singular (green dash-dotted), n = 1
from diffusion (blue drawn), best fit (red dashed), flat (orange, short
dashed), and symmetric (gray short dashed).
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VI. CONCLUSION

In this work, we have applied mesoscopic speckle theory
to describe the energy density created by a wavefront-shaped
incident signal that focuses on a point in the random medium.
The focus is determined by the short-range C; speckle,
whereas the long-range C, speckle creates a background en-
ergy density that dominates deep inside the medium. This part
also generates an energy source inside the medium. The fo-
cus is due to constructive interference between incoming and
outgoing spherical waves, like in time-reversal experiments,
and is not due to the source. We demonstrate the often im-
plicit assumption that the background energy of the optimized
profile, when averaged over different realizations and in ex-
periments often performed over different frequencies, angles,
channels, etc. [16], obeys a diffusion equation with the usual
radiative boundary conditions. This settles one major chal-
lenge of this work. Because the C; speckle creates a source
near the incident surface, much like an incident plane wave
usually does in radiative transfer, the focusing to a point does
not optimize transmission. We have developed the idea that
optimizing transmission removes this C; source and creates
a source for the diffuse energy background inside the sample
associated with the optimized wavefront that is positive and
mirror-symmetric. This argument leads to an energy density
for which the lowest diffusion eigenmode dominates, as was
shown first by Ojambati et al. [7] and later confirmed in
more detail by Koirala et al. [14]. A major challenge exists to
understand this profile from first principles and in particular
why it is not exactly equal to the lowest mode.
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APPENDIX A: CURRENT
OF WAVEFRONT-SHAPED WAVES

1. Current of the background signal

The complex field sent back by the array after time reversal
is given by Eq. (3). The background density was obtained in
Eq. (12) in the C; approximation and in Eq. (22) in the C,
approximation. They have in common that the last scatterer of
field and complex conjugate before measurement is the same:
ry = rjt. The expressions for the background densities in both
the C and C, approximation can be summarized by the spatial

correlation function
(@(r)(r')") = /d3l‘4f(l‘4)G(r4,r)G*(r4,r’), (A1)

with G the bulk Dyson Green’s function given in Eq. (2),
and f(r) some real-valued function obtained from correlation
functions that varies slowly on the scale of the mean free path.
For monochromatic scalar waves, the cycled-averaged (radia-
tive) density is proportional to p(r) = |®(r)|?>. Forr = r', we
neglect spatial variation of f(r) within a mean free path, and
we use Eq. (7), giving
12
(p()) = —f(r). (A2)
4
The cycle-averaged current-density is J = (c(% /w)Im &*(r)
V&(r). Using Im G*(r)VG(r) = kt|G(r)|?>, we find from
Eq. (Al), setting X =r — 1y,
_ kc%

Jmy) = —= / d’xf(r — x)XIGx)[*
2
~ K f X[V ORGP
w
2

ey
= —5—5 x V{(p(r)),
Up

(A3)

with vp the phase velocity. This implies that the diffusion
equation applies regardless of where f(r) stems from, here
from two-particle diagrams, and with the same diffusion coef-
ficient as the one found for the one-particle Green’s function
(the matter energy density inside scatterers should be treated
to find the correct velocity). Any source or sink of energy in
the medium is characterized by a nonzero value for VZ(p(r)).

2. Source of focused signal

In this Appendix, we investigate the anisotropy of the fo-
cused energy around the focal point rg, and we determine the
associated source. The average field at a point r near focal
point S follows from Eq. (3),

(®(r)) = Ny f / e L(r1, 12)G(rs, 12)G* (12, T).
1J2 (A4)

Let us recall that the factor ®( has the same unit as the field
unit, and that |®g|> has the dimension of field energy density.
This expression contains a rapidly varying part on the scale of
the wavelength, as well as an exponential decay of the Green’s
function G(x) on the scale of the mean free path. Because £
varies slower on this scale, we can substitute X = r — r, and
y =r —rg, and expand L(ry, rp) around r as

/ — /d3xG(x — V)G X)[L(r, 1) —x- V. L(r;,1)].
2

The integral over r; generates ££(0,z,q =0) = 2L(0, 7).
The integral over x can be performed to find

(@(z,y)) ~ NOoL? [P(y)/j(O, )+ iP’(y))A’ -V L, z)},

with P(y) = —Im G(y). The second term in the expansion
represents the anisotropic angular dependence of the focused
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field around the point S. The current density associated with
this anisotropy is given by J = (co/k)Im(®P*)V (D), involv-
ing the average field (®). The released energy at distance
y from the focal point follows from the energy flow F(y)
through a surface A = 47y? around the source

Fy) = dry? / P99

The derivatives V(yP) cancel by parity in the angular inte-
gral. The derivative 9, in the current density J survives, and
we obtain

J(rs, y). (AS5)

N?|®o[*cot

e 0.z =z,

(A6)

F(y)=— Y'POP' WIV.L(z =

This current decays exponentially from the focal point § with
the mean free path. Therefore, the focused signal is not asso-
ciated with a net source.

APPENDIX B: PEAK VALUE FOR
THE DIFFUSE C; SOURCE

The Hikami source derived in Eq. (22) is proportional to

G(rs — v,
(BI)

1
I(r,r5) = /d3rz/d*r4|6(r—r2)|2| -
with |G(x)|*> = exp(—x/ﬁ)/(4nx)2. For rg and r separated by
more than a mean free path (|rg — r| > £), the two integrals

decouple, and using Eq. (7), the Hikami source takes the form
of a point source:

N 1
I(r,rs) = [ — ) (B2)
(47T> Irs —r|

When rs and r are closer, this is no longer valid. In the limit
at which both positions coincide (rs = r), we obtain

; ety
I(rs. xs) = <4 >4/ ax / R e

d¢
/(; cos ¢(cos ¢ + sin ¢)

(471)2
¢ \*1.3863
- <E> T (B3)

This outcome corresponds to replacing 1/r in Eq. (B2) for
r = 0by n/¢, with n = 1.3863.

The power density of the source is equal to V - J. The total
power is proportional to

2
/ dr(=VHI(r,rg) = 47 (i> ) (B4)
4

This means that the point source in Eq. (B2) is in reality
smeared out over one mean free path £ when rg and r are
near to each other, without affecting its total power.

APPENDIX C: Cy CORRELATIONS

The Cy correlation was first introduced by Shapiro as a
fluctuation of the source power by a nearby scatterer, and

it yields spatial correlations in the intensity of infinite range
[22]. It was later shown that Cy correlations are fluctuations
of the local density of states, to which any source is sensitive
[23-25]. Therefore, we consider here the importance of Cy
speckle for the quality of the focusing. We emphasize that
even if the source § is virtual, the focusing at § is affected by
nearby scatterers. The detection point R is assumed to contain
no real detector, but fluctuations in LDOS at R do exist. The
two Cy diagrams contributing to this speckle are shown in
Fig. 5. They describe the perturbation of both background and
peak by a scatterer close to R and S. This implies immediately
that both diagrams survive only when R and S are separated
by at most one mean free path. Both diagrams thus contribute
to the focusing and not to the background, and the infinite
correlation of Cy does not pertain to R. Let us first consider
the right-hand-side figure. It correlates all incident channels,
as was the case for the C; peak in Eq. (11). The calculation
goes as before, leading to Eq. (11) with a minor modification
of Eq. (7) that integrates out the positions r; and ry near S.
For scatterers “p” and scattering matrix ¢, this equation is
replaced by

Z 2
(E) P(rs, 1)’

— 2 X / Z G(r2, rp)tG(rp, r5)G* (12, T)
225

x G(ry, r)G*(ry, r,)t*G*(rp, rs)

( ¢ )2 87
=(—) x

4w i
where we replace )~ = p [ d’r, and use plt|> = 47 /€. The
first factor in this equation is just the one found for the C,
focusing peak, while the second factor stands for the relative
Co correction. The integral over r, averages out the oscil-
lation of the sinc-function P(r,, r), and this factor decays
as exp(—|r_r5|/6)/k2|r — rg|?. For overlapping points R = §
we find the Cj factor to be equal to 7 /k¢, consistent with our
previous work [23].

The diagram on the left of Fig. 5 can be treated similarly,
but it suffers from decorrelation between the N channels, like
the C; background in Eq. (12). This time the nearby scatterers
p impose a factor different from the one in Eq. (C1), namely

d’r,P(r,, )?|G(r,, rs)*,  (Cl)

Y 2 8x 3 *
P P(rg,r)” — ReT d’r,P(r,, r)G"(r,,1)
x P(rp, rs)G(r,, rs). (C2)

A detailed analysis shows that this expression decays expo-
nentially with the distance between R and S as well, and thus
contributes to the peak. For S = R it takes again the value
7 /k£. However, this Cy diagram is an extra factor 1/, (kz,)?
smaller than the one expressed by Eq. (C1) because this time
the N elements are not all correlated. This Cy diagram can thus
safely be neglected.

We conclude that the C, correlations contribute to the fo-
cusing peak around the virtual source S with a relative weight
7 /k€. But the Cy correlations do not significantly change the
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FIG. 5. C, contributions to the energy density at position R caused by a scatterer (in red) close to the focus locus S. Dashed lines denote
complex-conjugate wave fields. Both actually generate a contribution to the peak, but only the left diagram suffers from decorrelation between
the N channels. Complex conjugates of these diagrams exist but are not shown.

picture put forward by the C; approximation. Whereas the C)
approximation typically predicts a diffraction-limited function

(sin kx/kx)?, the Cy peak decays as exp(—x/£)/(kx)?* around
S with an amplitude that is smaller by a factor 7 /k¢.
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