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Abstract: We propose a rigorous method to classify the dimensionality of wave confinement by
utilizing unsupervised machine learning to enhance the accuracy of our recently presented scaling
method [Phys. Rev. Lett. 129, 176401 (2022)]. We apply the standard k-means++ algorithm as
well as our own model-based algorithm to 3D superlattices of resonant cavities embedded in a 3D
inverse woodpile photonic band gap crystal with a range of design parameters. We compare their
results against each other and against the direct usage of the scaling method without clustering.
Since the clustering algorithms require the set of confinement dimensionalities present in the
system as an input, we investigate cluster validity indices (CVIs) as a means to find these values.
We conclude that the most accurate outcome is obtained by first applying direct scaling to find
the correct set of confinement dimensionalities, and subsequently utilizing our model-based
clustering algorithm to refine the results.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Completely controlling the propagation of photonic waves in periodic media is a key challenge that
is essential for a large variety of applications [1–9]. A remarkable degree of control is obtained
when confining waves by introducing disorder and functional defects into an otherwise periodic
medium [10–13]. The interference of waves in such an altered structure may result in a strong
concentration of the energy density inside a small sub-volume of the medium. Wave confinement
has been investigated for different types of waves and in various settings, e.g., classical mechanics
[14], photonics [3,4,15–17], solid state physics [18–22], or magnonics [23,24]. Its applications
include sensors, controlled spontaneous emission, and enhanced interactions between hybrid
wave-types such as sound and light [25–33].

Recently, we described a rigorous method to characterize the confinement of waves in periodic
media with defects and in superlattices in general [34]. We first introduced a so-called confinement
dimensionality, that quantifies the intuitive term of "confinement". Next we developed a scaling
theory to determine the confinement dimensionality of every band in a given system. This scaling
theory is valid for any type of physical wave - acoustic, electromagnetic, electron, spin, etc. - in
both quantum and classical setting, and for systems in any dimension, and is readily usable in
computer algorithms, allowing for automated classification of the bands.

Nevertheless, the theory of Ref. [34] requires for every investigated superlattice a smaller
reference superlattice, so that one can observe the scaling behavior of the key quantities when
changing the supercell size. Generally, obtaining the data for the reference supercell is significantly
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less computationally demanding than performing the calculations for the supercell of interest. On
the other hand, the requirement for a reference supercell makes the scaling approach of Ref. [34]
inapplicable when a reference supercell is not available. Furthermore, the scaling theory is exact
only in the case of infinitely large supercells and thus for experimentally relevant small supercells
inaccuracies may occur [34]. Since the reference supercell is smaller than the investigated one, it
is clear that eliminating the reference supercell from the confinement determination may provide
an advantage in terms of accuracy of the scaling method.

Assigning the confinement dimensionality to each band in a spectrum is a typical classification
task, which is among the archetypal problems solved by unsupervised machine learning [35].
A prominent approach within unsupervised learning are clustering algorithms, which aim to
partition the dataset into several clusters in such a way that “similar” data points are grouped
together in the same cluster [36,37]. In the context of wave characterization, machine learning has
been employed, e.g., by Refs. [38,39] for topological classification of band structures pertaining
to various types of periodic lattices.

In this paper, we investigate the application of clustering algorithms to improve the precision
of confinement identification for waves in small supercells. We partition the bands of interest
in the two-dimensional parameter space of mode volume and confinement energy, so that each
resulting cluster corresponds to a specific confinement dimensionality. To perform this task,
we employ two clustering algorithms. One is the well-known k-means algorithm [40] with
improved initialization [41], that measures the “similarity” between the bands by their distance
in a parameter space. This is a standard algorithm, which, however, does not take into account
any specific physical properties of our system and, as we show, this results in less accuracy
in some cases. A second is our own model-based clustering algorithm (MBC), that uniquely
merges clustering with the physical model behind the wave confinement, measuring the similarity
between the bands by their distance from scaling curves predicted by Ref. [34]. The MBC
algorithm shows improved accuracy in the cases where k-means fails. We conclude that even
though the clustering approach brings specific complications on its own, it can be used to enhance
the precision of confinement identification for small supercells, especially if one first employs the
direct scaling method of Ref. [34] to determine the correct set of confinement dimensionalities.
In terms of computational complexity, the additional clustering step is negligible, taking mere
seconds for the cases presented in this paper.

2. Superlattices and scaling

Superimposing a periodic lattice of defects on another underlying crystal lattice gives rise to a
so-called superlattice [34,42–44]. A unit cell of such a superlattice is called a supercell. Figure 1
depicts supercells containing various types of defects. This is a traditional model for, e.g., defects
in periodic materials. A supercell of linear size N in a D-dimensional system contains ND unit
cells. A defect with a dimensionality d can confine waves in c = D − d dimensions, as illustrated
in Fig. 1. The number c is referred to as confinement dimensionality.

In Ref. [34], we developed a general scaling theory of wave confinement that uses the
confinement quantity W(r) as input, that depends on the investigated system and represents what
is intuitively understood as confinement; it is, e.g., the energy density in photonic systems, or
the charge density in electronic systems. Here we concentrate on photonic crystals, with W(r)
corresponding to the time-averaged energy density of electromagnetic field defined as

W(r) := ε |E(r)|2, (1)

where E(r) is the time-harmonic electric field. From W(r), two other quantities are calculated;
firstly, the relative confinement energy defined as

˜︁E :=

∫
VC

W(r)dV
ES

, (2)
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Fig. 1. Illustration of 3D supercells containing various defects that contain waves. Blue
spheres represent unperturbed unit cells, red spheres correspond to defect unit cells and
confined waves are depicted in yellow. (a) Supercell containing a point defect, c = 3. (b)
Supercell containing a line defect, c = 2. (c) Supercell containing a plane defect, c = 1. (d)
Supercell with no defects, where all unit cells are identical, does not support confined waves,
c = 0.

where the quantity ES :=
∫
VS

W(r)dr represents the total energy in the supercell and VC is a
specific integration volume usually chosen such that it contains a part of the defect, and, secondly,
the relative mode volume defined as

˜︁V :=

∫
VC

W(r)dV
VS max

r∈VS
{W(r)} . (3)

Here, VS denotes the supercell volume. The quantities defined by Eqs. (2) and (3) have the
following scaling behavior in the limit N → ∞:

˜︁V = AN−c, ˜︁E = BNc−D, (4)

with A, B constants independent of N. While the choice of VC, discussed in Ref. [34], in principle
does not affect the theoretical results, it may, however, influence the speed of convergence of the
scaling behavior with respect to N and thus also the results for small supercells. Here we choose
VC around the volume where the confinement is expected, which should provide the highest
possible accuracy.

By observing the scaling behavior of the combined quantity

˜︁Vα

˜︁E = CNκ (5)
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with respect to the supercell size N, one can determine the confinement dimensionality c for
each band of states of a given system for judiciously chosen auxiliary powers α [34]. Here, the
constant C = Aα/B is a priori unknown and may depend on various system parameters and
on the specific investigated band. Although this scaling approach is rigorously valid only for
N approaching infinity, it was found that it works for several small systems as well, which is
unusual for scaling theories. We attribute this efficiency to the fact that the wave functions of
most confined bands decay very fast in space, which is mathematically manifested in the quick
vanishing of the sub-leading order terms in N in Eq. (5). However, in these small supercells the
method sometimes also returned unphysical results for certain bands, necessitating a critical
evaluation of the results. We note that the scaling theory requires from the outset the introduced
defects to be arranged in a periodic structure (a superlattice). If one wishes to also include
positional disorder of the introduced defects, this might be feasible via some statistical approach;
however, this further pushes the necessary computational resources that are currently already
stretched to their limits.

3. Machine-learning approach to scaling

Instead of combining the quantities in Eqs. (2) and (3) into the ratio (5), one can also express the
mode volume as a function of confinement energy, in the limit N → ∞:

˜︁V = ˜︁C˜︁E −c
c−D , (6)

where ˜︁C = A
B −c

c−D
. (7)

Equation (6) represents a different form of scaling than Eq. (5), this time with respect to˜︁E. Of course, from Eq. (4), it is clear that ˜︁E also changes with the system size N. The band
behavior based on Eq. (6) is graphically illustrated in Fig. 2. For small supercell sizes N, the
bands are accumulated in the upper right corner with relatively high ˜︁E and ˜︁V . As the supercell
size increases, the bands start to follow a path corresponding to their confinement dimensionality
c. Eventually, bands with the same c form clusters as depicted in Fig. 2. The bands in a D
dimensional system will, for non-fractal defects, form at most D + 1 clusters, corresponding to
all possible values of the confinement dimensionality c.

The immediate advantage of this approach compared to the one presented in Ref. [34] is that
this method does not require a smaller reference supercell, but one can directly analyze which
bands belong to which cluster for the supercell size of interest. Nevertheless, since Eq. (6) strictly
holds only for N → ∞, the clusters will be clearly distinguishable only for sufficiently large
supercells. In both computations and experiments, one is realistically constrained to relatively
low N and it thus may become difficult to distinguish the clusters from each other. To improve
the accuracy of confinement determination, we propose here the employment of a clustering
algorithm, which divides the data into clusters quantitatively and automatically.

3.1. Data clustering

Data clustering is one of the staple problems of machine learning techniques [35] and it is thus
reasonable to expect that such techniques enhance the precision of confinement identification. In
order to formulate the band confinement identification as a clustering problem, we consider the
logarithm of mode volumes log10 ˜︁Vi and the confinement energies ˜︁Ei for each band i = 1, . . . , MN ,
where MN is the total number of bands for the corresponding supercell within the frequency
interval of interest. To ensure that both log10 ˜︁Vi and ˜︁Ei are treated with equal importance and thus
neither dominates the clustering, we renormalize the data once again, so that both variables have
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Fig. 2. Schematic of the scaling behavior of the bands according to Eq. (6). Mode volume
versus the confinement energy. For small supercell size N all the bands are grouped together,
but, for larger N, they spread over the (˜︁E,˜︁V) space, forming clusters in accordance with their
confinement dimensionality c.

the same range of values prior to clustering. The normalization is performed for each dataset
separately as follows:

Ei =
˜︁Ei

max
1≤j≤MN

{︂˜︁Ej

}︂
− min

1≤j≤MN

{︂˜︁Ej

}︂ , (8)

Vi =
log10 ˜︁Vi

max
1≤j≤MN

{︂
log10 ˜︁Vj

}︂
− min

1≤j≤MN

{︂
log10 ˜︁Vj

}︂ . (9)

Note that we choose the semi-logarithmic variable space because this provides more uniformly
spread data than both linear and log-log view. The normalized dataset used for the clustering is
thus XN = {xi := (Ei,Vi) | i = 1, . . . , MN}.

The goal of a clustering algorithm is to subdivide the data in XN among K clusters, such
that “similar” data points are assigned to the same cluster Ck = {xk

j | j = 1, . . . , Mk}, where
k = 1, . . . , K. In total, each cluster will contain Mk ≥ 1 data points, such that

∑︁K
k=1 Mk = MN .

We refer to the specific distribution of the data points within the clusters as a partition, denoting it
as CK = {C1, . . . , CK}. The centroid ck of the cluster Ck is defined as the mean of its constituent
points, i.e., ck = (∑︁Mk

j=1 xk
j )/Mk. We denote the set of all possible partitions of the dataset XN into

K clusters as PK .
We explore two different ways of clustering the data for the purpose of confinement identification:

A standard k-means++ algorithm implemented in the Python library scikit-learn [45] and our
own MBC algorithm utilizing physical insight to perform the clustering. Each of them utilizes a
slightly different notion of what it means for two data points to be “similar”, and therefore employs
a different approach to obtain the resulting partition, as described below. For computational and
methodological details, see Appendix A.
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3.2. k-means++ algorithm

A well-known known clustering algorithm is the k-means algorithm [40], which considers two
data points to be “similar” if their Euclidean distance in the data space is small. Therefore, it
aims to group such points together in one cluster. Within a given partition CK , this notion of
similarity can be measured via the cost function Ψ : PK → R representing the sum of distances
of each data point from the centroid of its cluster:

Ψ(CK) :=
K∑︂

k=1

∑︂
x∈Ck

∥x − ck∥2 , (10)

where ∥·∥ denotes the Euclidean norm. The k-means algorithm aims to minimize the cost function
Ψ over all possible partitions. The partition C̃K , for which Ψ attains its minimum is considered
the best partition of the dataset, i.e., C̃K is such that

Ψ(C̃K) = min
CK ∈PK

Ψ(CK). (11)

Algorithm 1. k-means algorithm

3.2. The k-means++ algorithm161

A well-known known clustering algorithm is the k-means algorithm [40], which considers two162

data points to be “similar” if their Euclidean distance in the data space is small. Therefore, it163

aims to group such points together in one cluster. Within a given partition C𝐾 , this notion of164

similarity can be measured via the cost function Ψ : P𝐾 → R representing the sum of distances165

of each data point from the centroid of its cluster:166

Ψ(C𝐾 ) B
𝐾∑︁
𝑘=1

∑︁
x∈𝐶𝑘

∥x − c𝑘 ∥2, (10)

where ∥·∥ denotes the Euclidean norm. The k-means algorithm aims to minimize the cost function167

Ψ over all possible partitions. The partition C̃𝐾 , for which Ψ attains its minimum is considered168

the best partition of the dataset, i.e., C̃𝐾 is such that169

Ψ(C̃𝐾 ) = min
C𝐾 ∈P𝐾

Ψ(C𝐾 ). (11)

Algorithm 1 k-means algorithm

Input: Data array X𝑁 ⊂ R2, number of clusters 𝐾 ∈ N.

Output: Division of the data into 𝐾 clusters such that the cost function Ψ is minimized.

1. Arbitrarily select the initial centroids c𝑘 for each 𝑘 = 1, . . . , 𝐾 .

2. Assign each data point x𝑖 ∈ X𝑁 to its nearest centroid using the Euclidean metric. In case
of equality of the nearest centroids, the data point is assigned to either cluster.

3. Recalculate the centroid of each cluster as the mean of all its constituent data points.

4. Repeat the steps 2 and 3 with the new centroids until a termination criterion is reached.

The k-means algorithm is summarized in Algorithm 1. The algorithm 1 will always converge170

to a local minimum of the cost function Ψ, see Ref. [46]. There is, however, a likelihood that this171

local minimum does not coincide with the global minimum, hence the output may depend on172

the specific initialization choice. To improve the probability of reaching the global minimum,173

one may apply the algorithm 𝑁init times with different random initializations and choose the174

result with the smallest cost function Ψ. Alternatively, one may choose a more sophisticated175

method of the cluster centroid initialization, as described by the k-means++ algorithm proposed176

and mathematically analyzed, including its computational complexity, by Ref. [41]. Instead of177

choosing the initial centroids in Step 1 of Algorithm 1 at random, we choose the first centroid178

randomly from the dataset X𝑁 , with a uniform probability distribution. Then, we continue to179

choose each subsequent centroid c𝑘 , 1 < 𝑘 ≤ 𝐾 randomly from the dataset X𝑁 with the adjusted180

probability distribution181

𝑃𝑘 (x) =
𝐷2
𝑘
(x)∑

x′∈X𝑁 𝐷
2
𝑘
(x′) , (12)

where182

𝐷𝑘 (x) = min
1≤ 𝑗<𝑘

{x − c 𝑗
} (13)

is the distance of the point x to the closest centroid that has already been determined. The183

remaining part of the k-means++ algorithm is the same as for the standard k-means algorithm,184

described in Algorithm 1.185

The k-means algorithm is summarized in Algorithm 1. The algorithm 1 will always converge
to a local minimum of the cost function Ψ, see Ref. [46]. There is, however, a likelihood that this
local minimum does not coincide with the global minimum, hence the output may depend on
the specific initialization choice. To improve the probability of reaching the global minimum,
one may apply the algorithm Ninit times with different random initializations and choose the
result with the smallest cost function Ψ. Alternatively, one may choose a more sophisticated
method of the cluster centroid initialization, as described by the k-means++ algorithm proposed
and mathematically analyzed, including its computational complexity, by Ref. [41]. Instead of
choosing the initial centroids in Step 1 of Algorithm 1 at random, we choose the first centroid
randomly from the dataset XN , with a uniform probability distribution. Then, we continue to
choose each subsequent centroid ck, 1<k ≤ K randomly from the dataset XN with the adjusted
probability distribution

Pk(x) =
D2

k(x)∑︁
x′∈XN D2

k(x′) , (12)

where
Dk(x) = min

1≤j<k

{︁
x − cj

}︁
(13)

is the distance of the point x to the closest centroid that has already been determined. The
remaining part of the k-means++ algorithm is the same as for the standard k-means algorithm,
described in Algorithm 1.
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4. Clustering accuracy

Clustering the bands based on their confinement dimensionality is complicated by the fact that
there is no known ground truth, i.e., there is no reference solution against which we can assess
the accuracy of the clustering process and evaluate its validity. This is an important hurdle for
the clustering approach, since the k-means++ algorithm requires the number of clusters K as
an input, which is, however, not known a priori. One can, of course, run the algorithms for
all possible values of K, but how can we determine that we have found the correct number of
clusters? Since the cost function Ψ defined by Eq. (10) is by definition a decreasing function of
cluster numbers, it cannot be used to determine the correct K. We therefore need another type of
clustering accuracy measure and this is where cluster validity indices (CVIs) come into play.

CVIs are quantitative measures to determine the validity of the clustering results. A plethora
of CVIs has been proposed that employ various approaches to measure the clustering accuracy
[47]. Based on the definition of each CVI, better clustering results correspond to either lower or
higher values of the index. Thus the most accurate clustering out of a set of results is the one
achieving the optimum CVI, i.e., either the minimum or the maximum. CVIs can be divided
into two straightforward categories: external indices that compare the clustering result against
the ground truth, and internal indices that analyze only the partitioned data without external
information [48]. It is clear that for our purposes we are interested in the CVIs of the internal
type.

Most CVIs measure cluster cohesion and cluster separation of the data. Cluster cohesion
describes the extent to which entities inside a cluster are alike, whereas cluster separation evaluates
how well different clusters are separated. Since the behavior of the CVIs largely depends on the
context and the setting [47], numerical tests must be conducted to select the CVI that provides
the correct measure of accuracy in the given context. This obviously also applies to clustering
for wave-confinement analysis studied here. Therefore, in this section, we analyze select CVIs, in
order to find the ultimate clustering accuracy measure for our specific nanophotonic problem. To
limit the number of CVIs to be tested, we pick six of the best-performing CVIs from Ref. [47].
These are the Silhouette coefficient (Sil), the Calinski-Harabasz (CH), the Davies-Bouldin (DB)
including its slight variation (DB*), the COP and the S_Dbw indices.

The test procedure was executed in an identical fashion for each CVI, using the reference
inverse woodpile structure with R = 0.24a and R′ = 0.5R, specified in Supplement 1. To find
the CVI that provides the best accuracy measure, we run the clustering algorithm for various
total number of clusters K and subsequently compute each CVI for that partition. The global
optimum (minimum or maximum, depending on the CVI definition) should then be attained for
the correct number of clusters K = 3. For this analysis, we choose the range of K = 2, . . . , 25.
While this range exceeds the number of clusters expected for wave confinement, such a broad
range of values may provide additional information on the accuracy of the CVIs. We do not use
K = 1 since the value of the CVIs is not defined for only one cluster, see their definitions in
Appendix B. It is important to note that the choice of the clustering algorithm should not affect
the CVI performance, since CVIs only evaluate the intrinsic clustering outcome [49,50]. This is
why for the purpose of the CVI analysis we stick to only the k-means++ algorithm. For each
specific computation, we repeated the random initialization of the algorithm Ninit = 1000 times.

According to the supercell scaling method, the distance between the clusters with different
confinement dimensionalities should increase as the supercell size N grows. Taking also into
account that we always normalize the dataset to a unit domain, we expect the well-behaved CVIs
to display better result, i.e., lower minimum or higher maximum, every time N is incremented. In
other words, the CVI must be a monotonically increasing or decreasing function of N, depending
on the CVI definition.

Thus, in this section, we are looking for the best performing CVI for our specific setting of
wave confinement analysis. The suitable CVI has to satisfy the following two criteria:

https://doi.org/10.6084/m9.figshare.23296394
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1. For the reference structure, the maximum or minimum of the CVI should be obtained for
K = 3 clusters.

2. The CVI should be a monotonically increasing or decreasing function of the supercell size
N.

4.1. Results and discussion

Figure 3 shows CVIs as a function of the input number of cluster K, for the reference structure.
For the supercell size N = 2, none of the indices achieve their respective optimum for K = 3.

Fig. 3. Cluster validity indices (CVI) as a function of the number of clusters K for various
supercell sizes. The investigated CVIs are Silhouette (Sil), Calinski-Harabasz (CH), Davies-
Bouldin (DB) including its slight variation (DB*), COP, and S_Dbw CVIs. The arrows
in the legend indicate if the optimum of a specific CVI is a minimum (down arrow) or a
maximum (up arrow). The suitable CVI should attain its respective optimum at the correct
number of clusters K = 3, highlighted with the dotted vertical line. Note that for K = 1 the
CVIs are undefined. (a) N = 2 supercell. (b) N = 3 supercell. (c) N = 4 supercell.
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Fig. 4. CVI values as a function of the supercell size N for the correct number of clusters
K = 3. Investigated indices are Silhouette (Sil), Calinski-Harabasz (CH), Davies-Bouldin
(DB) including its slight variation (DB*), COP and S_Dbw. The arrows in the legend
indicate if the optimum of a specific CVI is a minimum (down arrow) or a maximum (up
arrow). The suitable CVI is expected to decrease (increase) with growing N, if its optimum
is a minimum (maximum).

This is not surprising, as this is an extremely small supercell and the scaling properties are not yet
well developed for this size. In the case of N = 3, the only CVI achieving correctly its optimum is
DB* at K = 3. Finally, for N = 4, both DB and DB* achieve their minimum for the correct value
K = 3. DB and DB* also exhibit very similar behavior with respect to the number of clusters K
and certain qualitative difference between them is only visible in the regime of large K, where
DB stays mostly constant around a value relatively close to its minimum, whereas DB* oscillates
around a value much greater than its minimum. The other CVIs exhibit rather erratic behaviour.
CH and S_Dbw exhibit local, but not global optima at K = 3, whereas Sil and COP do not even
exhibit local optima at the correct number of clusters.

Figure 4 shows the of CVIs with respect to the supercell size N. It is apparent that all indices
obey the required monotonic behavior. Based on our analysis, we conclude that out of our tested
sample of CVIs, DB* is the only CVI to satisfy the requirements for a good clustering accuracy
measure in our setting for both N = 3 and N = 4 supercell sizes. Therefore, we focus on this CVI
in the remainder of this paper. We also note that for the larger supercell size N = 4, DB also
seems to be well-behaved and thus might be suitable as a CVI for larger supercell sizes.

5. Model-based clustering

The k-means clustering algorithm is a standard and easy-to-implement process. However, it
simply clusters data without any account for the underlying physics. Therefore, we present here
our model-based clustering (MBC) algorithm, a unique mix of clustering and a model-based
regression method.

As discussed in Section 3, bands in a superlattice analysis follow certain trajectories in the
(˜︁E, log10 ˜︁V) space based on their confinement dimensionalities c, forming clusters as depicted
in Fig. 2. Mathematically, upon transforming Eq. (6) from the (˜︁E,˜︁V) to (˜︁E, log10 ˜︁V) space, the
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trajectory of a band with confinement dimensionality c will be given by

log10 ˜︁V = log10 C̃ +
c

D − c
log10 ˜︁E. (14)

Note that the second normalization given by Eqs. (8) and (9) only adds a constant to the
right-hand side of Eq. (14), which can be absorbed by the unknown constant C̃. We can thus
directly write

V = log10 C̃ +
c

D − c
log10 E. (15)

In the MBC method, instead of evaluating the distance of a data point to the centroid of its
cluster, we evaluate the distance of a point to the curve given by Eq. (15). For 0 ≤ c ≤ D, we
define the distance of a point x0 = (E0,V0) to a point x = (E,V) on the curve (15) as

δc(x0) := min
x∈γc

∥x − x0∥ , (16)

where
γc := {(E,V), satisfying (15)}. (17)

Note that γc formalizes the curves in Fig. 2: In a D = 3 system, γ0 corresponds to the black, γ1
to the red, γ2 to the blue and γ3 to the green curve, for specific choices of the scaling constants C̃.
For 0 ≤ c<D, the norm on the right hand side of Eq. (16) can be explicitly written as

∥x − x0∥ =
√︃
(E − E0)2 + (log10 C̃ +

−c
c − D

log10 E −V0)2, (18)

and, for c = D, it is simply given by the difference in the mode volumes |V −V0 |.
In the MBC algorithm, we calculate the distance of each data point to each curve corresponding

to different values of c and assign the data point to the cluster corresponding to the smallest
distance. Based on this clustering, we then calculate the centroids of each cluster and adjust the
curves γc to pass through these new centroids by changing C̃ in (15). Then the algorithm is
iterated again, until a termination criterion is reached. Since, for sufficiently large supercells,
curves γc are strictly separated from each other, i.e., they do not cross, as illustrated in Fig. 2,
there is no need for repeated random initialization. As initialization values, we simply set all the
centroids at the point (maxMN

i=1 E, maxMN
i=1 V) = (1, 0), corresponding to the top-right corner of the

clustering dataset in Fig. 2.
The MBC algorithm is summarized in Algorithm 2. Whereas the k-means algorithm only

performs the clustering and one needs to manually assign the corresponding confinement
dimensionality c to each cluster, MBC does this inherently and automatically, which is an
additional advantage of this approach.

Again, we use DB* as a CVI to determine the correct number of clusters. We stress that
for MBC, the input is not only the number of clusters, but also their specific confinement
dimensionalities. The set of K clusters can thus include different combination of c values,
yielding different partitions. In such a case, DB* may sometimes prefer a physically impossible
partition, such as plane-confined bands in a structure with no plane defects. Nevertheless, if
we restrict ourselves to only sets of physically meaningful confinement dimensionalities, the
performance of DB* is comparable to the case of the k-means algorithm. This is inherently a
shortcoming of DB* applied to our problem, as it does not measure the validity with respect to
the theory, but only based on clustering cohesion and separation, as discussed in more detail
in Appendix B. There would thus be a clear benefit in devising a model-based CVI along
with our model-based clustering algorithm. This is, however, beyond the scope of this paper.
Moreover, as we discuss below, our computations suggest that the best accuracy of the confinement
identification can be achieved by finding the correct set of confinement dimensionalities via the
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Algorithm 2. Model-based clustering algorithm
Algorithm 2 Model-based clustering algorithm

Input: Data array X𝑁 ⊂ R2, values of 𝐾 confinement dimensionalities, corresponding to
different clusters.

Output: Division of the data into clusters such that the distance from each point to its corre-
sponding curve is minimized.

1. Set the initial centroids to (1,0) for each curve.

2. Assign each data point x𝑖 = (E𝑖 ,V𝑖) ∈ X𝑁 to its nearest curve 𝛾𝑐 using the distance
measure 𝛿𝑐. In case of equality of the nearest centroids, the data point is arbitrarily assigned
to one of the corresponding clusters.

3. Recalculate the centroid of each cluster as the mean of all its constituent data points and
adjust the corresponding curve to pass through the new centroid.

4. Repeat the steps 2 and 3 with the new curves until a termination criterion is reached.

we restrict ourselves to only sets of physically meaningful confinement dimensionalities, the294

performance of DB* is comparable to the case of the k-means algorithm. This is inherently a295

shortcoming of DB* applied to our problem, as it does not measure the validity with respect to296
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6. Performance analysis in confinement classification305
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with the results obtained by direct application of the scaling method described in Ref. [34]307
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qualitative discussion. For an example of such energy-density distributions, see Supplementary312

material. Note, however, that this visual inspection is a qualitative tool and it may be difficult to313

precisely assign the confinement dimensionality of certain bands in this way.314

To illustrate the parameter space we are working with, Fig. 5 depicts the bands clustered by the315

MBC algorithm, for an 𝑁 = 3 supercell of a silicon inverse woodpile photonic crystal with the316

most widely studied parameter set, namely unperturbed pore radii 𝑅 = 0.24𝑎, and defect pore317

radii 𝑅′ = 0.5𝑅, see Supplementary material and Refs. [16, 17, 51]. It is clear that the bands of318

different confinement dimensionalities are for this supercell size not yet fully separated from319

each other, unlike those illustrated in Fig. 2.320

Fig. 6 then compares the results obtained by the three investigated approaches. Both clustering321

algorithms yield the same solutions, which coincide almost perfectly with the direct scaling322

scaling method of Ref. [34] combined with physical insight and use that as an input for the
clustering algorithm. The use of a CVI can thus be skipped if one is able to perform the scaling
and has some information about the physics of the investigated structure.
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6. Performance analysis in confinement classification

We now compare the results obtained by our MBC algorithm and by the k-means++ algorithm
with the results obtained by direct application of the scaling method described in Ref. [34]
with reference supercell size N0 = 2. We do this by applying the methods to several inverse
woodpile structures with different properties. The absence of the ground truth information for
these problems complicates the analysis and therefore we attempt to somewhat alleviate this issue
by visually inspecting the energy-density distribution W(r) of selected bands, and by extensive
qualitative discussion. For an example of such energy-density distributions, see Supplement 1,
Fig. S-2. Note, however, that this visual inspection is a qualitative tool and it may be difficult to
precisely assign the confinement dimensionality of certain bands in this way.

To illustrate the parameter space we are working with, Fig. 5 depicts the bands clustered by the
MBC algorithm, for an N = 3 supercell of a silicon inverse woodpile photonic crystal with the
most widely studied parameter set, namely unperturbed pore radii R = 0.24a, and defect pore
radii R′ = 0.5R, see Supplement 1 and Refs. [16,17,51]. It is clear that the bands of different
confinement dimensionalities are for this supercell size not yet fully separated from each other,
unlike those illustrated in Fig. 2.

Fig. 5. Bands in the (E, log˜︁V) space of an N = 3 supercell of an inverse woodpile photonic
crystal (see Supplement 1) with parameters R = 0.24a, R′ = 0.5R, clustered by our MBC
algorithm. Different colored symbols correspond to clusters with different confinement
dimensionalities c.

Figure 6 then compares the results obtained by the three investigated approaches. Both
clustering algorithms yield the same solutions, which coincide almost perfectly with the direct
scaling approach [34]. It is remarkable that all three methods independently agree on the presence
of at least 9 bands with c = 3, between ω̃ ≈ 0.52 and ω̃ ≈ 0.57, instead of the 5 previously
identified by qualitative guesswork of Refs. [16,17,51]. Some of these bands have been shown to
demonstrate “Cartesian light” or 3D coupled cavity behavior [17], that has recently been observed
in experiments [52]. The direct scaling approach of Ref. [34], however, identifies several bands,
mostly near ω̃ ≈ 0.65, as c = 1 plane-confined, which is unphysical as the superlattice does
not contain planar defects but only line and point defects. Thanks to the fact that the clustering

https://doi.org/10.6084/m9.figshare.23296394
https://doi.org/10.6084/m9.figshare.23296394
https://doi.org/10.6084/m9.figshare.23296394
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algorithms do not require a smaller reference supercell, but work only with the larger investigated
supercell, the clustering approach successfully avoids these unphysical results. In this case, we
therefore conclude that the clustering approaches are superior to direct scaling. We emphasize
that the scaling theory beyond the approach of Ref. [34] still remains valid and the clustering
merely improves its accuracy for small supercells.

Fig. 6. Band structure of an N = 3 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.24a, R′ = 0.5R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended
c = 0. The vertical axis is given in the reduced frequency ω̃ = ωa/(2πν), with a being the
lattice constant and ν the speed of light. The left panel shows the confinement classification
for the MBC clustering, the central panel for the k-means++ clustering, and the right panel
for the direct application of the scaling approach from Ref. [34].

Figure 7 shows the results of our confinement identification on a larger N = 4 supercell of the
inverse woodpile photonic crystal with the same unperturbed pore size R = 0.24a, and defect pore
size R′ = 0.5R as in the previous paragraph. Note that all approaches agree that a higher number
of c = 3 bands is present here than for the N = 3 supercell with the same pore sizes. This clearly
illustrates the problem with small supercells: the localization length of some confined bands
is too large to be identifiable in the small supercells and hence these confined bands are only
apparent with larger supercells. In this case, the clustering approach again avoids the unphysical
plane-confined bands (c = 1) obtained by the direct scaling application near ω̃ ≈ 0.65. The
k-means++ algorithm classifies the c = 2 and the c = 3 bands in a very similar way to the direct
scaling approach. The direct scaling approach, however, contains a unique red (c = 3) band
at ω̃ ≈ 0.61 and several green (c = 2) bands around ω̃ ≈ 0.58, within the area filled with blue
c = 2 bands. The red c = 3 band seems to be degenerate with a blue c = 2 band, which seems
physically implausible and has been already observed by Ref. [34] for a crystal structure with
different pore sizes. The more robustly grouped result of the clustering approach thus seem to be
more physically plausible also in this case.

The MBC approach offers another remarkable insight, namely, it assigns the green c = 1 bands
from the scaling approach to be c = 2 bands. Even by the visual inspection of energy density
distribution W(r) it is hard to judge if the bands in question are c = 2 or c = 0 as concluded by
the MBC and the k-means++ algorithm, respectively. There does not seem to be a significant

https://doi.org/10.6084/m9.figshare.23296394
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Fig. 7. Band structure of an N = 4 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.24a, R′ = 0.5R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended c = 0.
The left panel shows the confinement classification for the MBC clustering, the central panel
for the k-means++ clustering, and the right panel for the direct application of the scaling
approach from Ref. [34].

qualitative difference between the energy density distributions for the bands around ω̃ ≈ 0.65
and the bands around ω̃ ≈ 0.67, when visually compared. All of them have W(r) extended
throughout the whole supercell, but also with certain peaks at the defect positions. Those peaks
are, nevertheless, noticeably lower than the bands between ω̃ ≈ 0.52 and ω̃ ≈ 0.60. The correct
classification of the bands above ω̃ ≈ 0.65 thus remains an open question at this time.

Figure 8 shows the results of confinement identification on an N = 3 supercell of the inverse
woodpile photonic crystal with different structural parameters, namely the same unperturbed pore
size R = 0.24a, but increased defect pore size R′ = 0.8R. The results of the clustering algorithms
are almost identical, here, again avoiding unphysical cases. The direct scaling approach finds two
degenerate unphysical c = 1 bands below the band gap at ω̃ ≈ 0.47. However, visual inspection
of the energy density indicates that these two bands are unconfined (c = 0), which was concluded
by the clustering algorithms. There are several other bands, between ω̃ ≈ 0.62 and ω̃ ≈ 0.67, that
the scaling approach identifies as having c = 1. Some of these bands are assigned to have c = 2
(among the other blue bands), while others c = 0 (above the other black bands) by the clustering
algorithms, which seems a lot more consistent. Thus, also in this case, the clustering performs
better than the direct scaling approach.

Figure 9 shows the results of confinement identification on an N = 3 supercell of the inverse
woodpile photonic crystal with unperturbed pore size R = 0.15a, and defect pore size R′ = 0.5R.
In this parameter set, the main pores are smaller than optimal, a situation typical of experiments
[9,53,54]. In this case, the results obtained by both clustering algorithms almost coincide again.
The direct scaling approach again shows several unphysical green c = 1 bands. Some of these
bands are classified by the clustering algorithms as c = 2 and some as c = 0. Visual inspection
of the energy density indicates that the c = 1 bands around ω̃ ≈ 0.41, resulting from the direct
scaling approach, are in fact c = 0. This has been also identified by the clustering algorithms.
We thus again conclude that the clustering algorithms outperform the direct scaling approach.

https://doi.org/10.6084/m9.figshare.23296394


Research Article Vol. 31, No. 19 / 11 Sep 2023 / Optics Express 31191

Fig. 8. Band structure of an N = 3 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.24a, R′ = 0.8R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended c = 0.
The left panel shows the confinement classification for the MBC clustering, the central panel
for the k-means++ clustering, and the right panel for the direct application of the scaling
approach from Ref. [34].

The black c = 0 band at ω̃ = 0.39, resulting from the scaling and the MBC algorithm has similar
energy-density distribution properties to its neighboring bands and therefore it looks like it should
have been also labelled as c = 1, which has been done only by the k-means++ algorithm.

Figure 10 shows the results of confinement identification on an N = 3 supercell of the inverse
woodpile photonic crystal with large unperturbed pores with R = 0.29a, and defect pores with
R′ = 0.5R. This is a case where the direct scaling application overcomes the clustering. Visual
investigation of the energy-density distribution W(r) clearly shows that there are c = 3 bands
present in this system, such as those around ω̃ ≈ 0.77. The clustering algorithms with the help of
DB* as a CVI thus clearly failed to identify the correct number of clusters here.

To exclude possible errors in CVI performance, we now eliminate the need for finding the
correct number of clusters and confinement dimensionalities by explicitly imposing these values
based on the results of the direct scaling. Figure 11 shows the clustering classification where
we have explicitly imposed the number of clusters K = 3 for the k-means++ algorithm and the
possible confinement dimensionalities c = 0, 2, 3 for the MBC. Now, both clustering algorithms
identify c = 3 bands similarly to the scaling algorithm. Here, we see much better agreement
regarding the c = 3 bands among all three approaches. The clustering algorithms obviously
avoid the unphysical c = 1 bands, thanks to the imposing of the number of clusters and the
confinement dimensionalities before the analysis. In this case, there is a remarkable difference
between the line-confined c = 2 bands identified by the k-means++ and the MBC algorithms.
The k-means++ algorithm finds a large number of these bands, especially also below the band
gap of an unperturbed structure ω̃<0.72, which seems physically highly implausible. Indeed,
visual inspection of the energy density of some of these bands indicates that they are c = 0.
Note that MBC also classifies a few bands below the gap as c = 2. To our surprise, the visual
inspection of the energy density for some of these bands shows that, despite not being truly

https://doi.org/10.6084/m9.figshare.23296394
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Fig. 9. Band structure of an N = 3 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.15a, R′ = 0.5R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended c = 0.
The left panel shows the confinement classification for the MBC clustering, the central panel
for the k-means++ clustering, and the right panel for the direct application of the scaling
approach from Ref. [34].

Fig. 10. Band structure of an N = 3 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.29a, R′ = 0.5R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended c = 0.
The left panel shows the confinement classification for the MBC clustering, the central panel
for the k-means++ clustering, and the right panel for the direct application of the scaling
approach from Ref. [34].
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spatially confined, these bands do exhibit some confinement patterns at the defect cross-sections.
Therefore, MBC outperforms the other approaches here.

Fig. 11. Band structure of an N = 3 supercell of an inverse woodpile photonic crystal (see
Supplement 1) with parameters R = 0.29a, R′ = 0.5R, with bands color-coded to indicate
the confinement dimensionalities c of each band. Red color corresponds to point-confined
c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black to extended c = 0.
The left panel shows the confinement classification for the MBC clustering, the central panel
for the k-means++ clustering, and the right panel for the direct application of the scaling
approach from Ref. [34]. Here, we have explicitly chosen the number of clusters for the
k-means++ algorithm and the clustering curves for the MBC, based on the direct scaling
results.

In this section, we investigated the confinement-classification performance of MBC, k-
means++ and the direct scaling application methods on small supercells of various inverse
woodpile structures. The clustering algorithms clearly outperform the direct scaling approach if
the implemented CVI identifies the correct number of clusters to use as the input to the algorithms.
The performance of the two clustering algorithms is in most cases very similar. Nevertheless,
the MBC algorithm takes into account the underlying physics behind the clustering, which may
prove beneficial in some cases, such as the one illustrated in Fig. 11. Moreover, MBC has an
additional advantage of immediately assigning the clusters to their corresponding confinement
dimensionalities, offering an additional advantage over the k-means++ algorithm where one has
to assign the dimensionalities to the clusters manually. Finally, to avoid errors in cases when the
CVI fails, we find it valuable to first directly employ the scaling analysis of Ref. [34] to identify
the correct set of physically plausible confinement dimensionalities and then use those values as
input for refinement by the MBC algorithm.

7. Conclusion and outlook

In this paper, we investigate the application of clustering algorithms - particular techniques of
unsupervised machine learning - to classify the confinement dimensionality of bands of confined
states in photonic band gap superlattices. We find that the use of clustering algorithms increases
the accuracy of band confinement classification for small supercells. To overcome the lack of a
ground truth, we employ cluster validity indices (CVI) to measure the partition correctness and

https://doi.org/10.6084/m9.figshare.23296394
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to find the correct number of clusters. We analyze several CVIs and find that the most suitable
validity measure for our application is the DB* variant of the Davies-Bouldin index.

We propose two different algorithms for band confinement identification: the k-means++ and
our own model-based clustering (MBC). We analyze the performance of these two algorithms in
comparison to the direct application of scaling without clustering and find that the addition of
clustering improves the accuracy of identification if the number of clusters is correctly found.
Nevertheless, we also find that even with the use of the CVI, the clustering algorithms are not
always able to identify the correct number of clusters. To overcome this issue, we propose to first
directly apply scaling to find the set of physically valid clusters and then use those as an input for
the clustering algorithms to find the best band confinement classification.

Even though both the k-means++ and our MBC algorithm usually perform well, in some cases
the MBC algorithm provides better results than the k-means++ algorithm. Combined with the
fact that MBC assigns confinement dimensionalities to the clusters inherently and automatically
without any need for external input, we suggest to choose this algorithm over the k-means++
algorithm.

In future, it is beneficial to devise a model-based CVI that measures the cluster validity not
only in terms of cohesion and separation, but also with respect to the adherence to the scaling
theory of confinement, similarly to our model-based clustering algorithm. It is also relevant to
consider if there are additional parameters beyond the mode volume and the energy density that
contain independent information about confinement for small supercells, or if such additional
information may be extracted from smaller, computationally more feasible supercells than the
scaling method currently allows. Such additional sources of information about confinement could
then naturally enhance the accuracy of confinement identification. Furthermore, application of
fuzzy clustering should be explored to include an error measure of assigning each point to its
cluster [37]. Finally, it may be interesting to explore the use of more complex scaling algorithms.

Appendix A

Methods. Throughout this paper, we use as a reference system a 3D inverse woodpile photonic
band gap crystal with two proximate defects [55], described in detail in Supplement 1. This
system represents a suitable model due to its relatively complex arrangement of linear defects
creating a cavity at their crossover. We know that, as a result, the system exhibits extended
(c = 0), line-confined (c = 2), and point-confined (c = 3) bands that need to be distinguished,
corresponding to the total number of K = 3 clusters. On the other hand, we know from physics
that the system does not support plane-confined (c = 1) bands and those should therefore not
appear in the correct clustering result. We employ the range of supercell sizes N = 2, 3, 4,
exhausting what is feasible in a reasonable computing time. For every supercell size N, we used
the plane-wave expansion method implemented via the well-known MPB code [56] to obtain the
mode volume and energy density for each band.

The cluster validity indices Sil, CH, and DB were implemented via the package library
scikit-learn, S_Dbw was implemented via the package library S_Dbw, and DB* and COP were
implemented directly by ourselves. For the overview of the CVIs and their definitions, see
Appendix B.

Appendix B

Overview of the studied CVIs. Here, the mathematical definition for each CVI is provided along
with some intuitive explanation of each formula, mainly in terms of cluster cohesion and cluster
separation. For a comprehensive review, see Ref. [47]. We denote the centroid of the dataset X
containing M data points as x = 1

M
∑︁

xi∈X xi.

https://doi.org/10.6084/m9.figshare.23296394
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B.1 Silhouette

The Silhouette index [49] is defined as

Sil(C) :=
1
M

∑︂
Ci∈C

∑︂
xj ∈Ci

b(xj, Ci) − a(xj, Ci)
max{a(xj, Ci), b(xj, Ci)} (19)

and is aimed to be maximized for the best clustering outcome. Here,

a(xi, Ck) :=
1

Mi

∑︂
xj ∈Ck

∥︁∥︁xj − xi
∥︁∥︁2 , for xi ∈ Ck, (20)

represents the cohesion of the cluster Ck given as a distance between a chosen point xi ∈ Ck
and all other points in the given cluster. Clearly, the smaller a is, the better the cluster cohesion.
Furthermore, the function

b(xi, Ck) := min
Cl∈C\Ck

⎧⎪⎪⎨
⎪⎪⎩

1
Ml

∑︂
xj ∈Cl

∥︁∥︁xj − xl
∥︁∥︁2
⎫⎪⎪⎬
⎪⎪⎭

, for xi ∈ Ck, (21)

represents the separation of the cluster in terms of nearest neighbor distance from the other
clusters Cl, l ≠ k to the point xi ∈ Ck. The larger b is, the further apart different clusters are from
each other and thus the better the cluster separation is.

B.2 Calinski-Harabasz

The Calinski-Harabasz index [57] is defined as

CH(C) :=
M − K
K − 1

∑︁
Ci∈C Mi ∥ci − x∥2

∑︁
Ci∈C

∑︁
xj ∈Ci

∥︁∥︁xj − ci
∥︁∥︁2 . (22)

A high value of CH is assumed to correspond to better data clustering.
Intuitively, the distance between the global centroid x and the cluster centroids ci in the

numerator acts as a cluster separation measure, with larger number corresponding to better
separation. The cluster cohesion is represented by the denominator as the sum of distances
between the cluster centroids and their constituent data points. Smaller distances between the
cluster centroid and the cluster data obviously correspond to a more cohesive cluster. For a good
clustering, one thus aims for maximizing the numerator and minimizing the denominator of CH,
thus maximizing its overall value.

B.3 Davies-Bouldin

The Davies-Bouldin index [50] is defined as

DB(C) :=
1
K

∑︂
Ci∈C

max
Cj ∈C\Ci

{︄
S(Ci) + S(Cj)∥︁∥︁ci − cj

∥︁∥︁2

}︄
, (23)

where
S(Ci) :=

1
Mi

∑︂
xj ∈Ci

∥︁∥︁xj − ci
∥︁∥︁2 . (24)

DB is expected to decrease with better partitioning. The cohesion of the cluster Ci is gauged
by the function S(Ci) in the numerator, as the sum of the intracluster distances, i.e., the sum of
the distance of each data point assigned to the cluster Ci to the cluster centroid. The separation
is measured in the denominator simply as the distance between the cluster centroids. A good
clustering result will have a small numerator and a large denominator, thus resulting in a small
value of DB.
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B.4 Davies-Bouldin*

This variant on the Davies-Bouldin algorithm, described in Ref. [58], is defined as

DB∗(C) :=
1
K

∑︂
Ci∈C

maxCj ∈C\Ci

{︁
S(Ci) + S(Cj)

}︁
minCj ∈C\Ci

{︂∥︁∥︁ci − cj
∥︁∥︁2
}︂ (25)

and is expected to attain low values for good clustering outcomes. The fact that the standard
DB minimizes the maximum of the ratio of cluster cohesion and cluster separation can lead to
pathological cases, as described by Ref. [58]. To remedy this, DB* instead maximizes the cluster
cohesion and minimizes the cluster separation independently.

B.5 COP

The COP index [59] is defined as

COP(C) :=
1
M

∑︂
Ci∈C

Mi

1
Mi

∑︁
xj ∈Ci

∥︁∥︁xj − ci
∥︁∥︁2

minxj∉Ci maxxk ∈Ci

{︂∥︁∥︁xj − xk
∥︁∥︁2
}︂ (26)

and is expected to be small for good clustering results. Here, the cluster cohesion is measured in
the numerator as the average of intracluster distances and the cluster separation is measured by
minimizing the furthest-neighbor distance to a given cluster in the denominator. One aims to
minimize the numerator and maximize the denominator, thus maximizing the value of COP. We
note here that, due to the furthest-neighbor distance measure, long and thin cluster can possibly
skew this measure by overestimating the actual separation between the clusters.

B.6 S_Dbw index

The S_Dbw index [60] is defined as

S_Dbw(C) :=
1
K

∑︂
Ci∈C

∥σ(Ci)∥
∥σ(X)∥

+
1

K(K − 1)
∑︂
Ci∈C

∑︂
Cj ∈C\Ci

ρ(Ci, Cj)
max

{︁
ρ(Ci), ρ(Cj)

}︁ (27)

and is expected to attain small values for good partitions. Here, σ(X) is the variance of each
component of the data set X. Its p-th component is defined as

σp(X) :=
1
|X |

∑︂
xj ∈X

(xp
j − Xp)2, (28)

Furthermore, τ(C) is the standard deviation of the partition C, defined as

τ(C) :=
1
K

√︄∑︂
Ci∈C

∥σ(Ci)∥. (29)

We further define the terms
ρ(Ci) :=

∑︂
xj ∈Ci

θ(xj, ci), (30)

and
ρ(Ci, Cj) :=

∑︂
xk ∈Ci∪Cj

θ

(︃
xk,

ci + cj

2

)︃
, (31)
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where

θ(xj, Ci) :=

{︄
0 if

∥︁∥︁xj − ci
∥︁∥︁>τ(C)

1 else
. (32)

The term ρ(Ci) evaluates the number of points in a cluster Ci within the standard deviation of
the partition and the term ρ(Ci, Cj) evaluates the number of points at the midpoint between the
centers of Ci and Cj. A good clustering corresponds to large ρ(Ci), ρ(Cj) and small ρ(Ci, Cj) for
each i, j ≤ K, i ≠ j, which translates into a small value of the second term in (9). The first term in
(9) is termed intracluster variance and is a measure of the cluster cohesion in terms of a mean
cluster variance.

The first term in Eq. (9) thus corresponds to the cluster cohesion and the second term represents
the cluster separation [60]. Unlike all other CVIs described in this paper, S_Dbw relates these
two terms by addition, instead of a ratio. Overall S_Dbw aims to minimize both of these terms
for a good clustering result.
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