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Babke.
To my grandma.



“Nothing in life is to be feared, it is only to be understood.
Now is the time to understand more, so that we may fear less.”

Maria Skłodowska-Curie
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1 Introduction

1.1 Crystals and waves
The term crystal immediately brings up images of colorful minerals exhibiting

curious, almost unnaturally sharp angles, or perhaps of gems, cut elaborately
so that their faces reflect light in the most alluring fashion. These are already
excellent examples of the nature’s beauty. The term crystal, however, contains
much more than just that. As we describe in the following, crystals encompass an
immense variety of natural or man-made materials within frameworks of various
physical systems.
From the physics point of view, a crystal, in the most general sense, is any

periodic arrangement of matter on a lattice, i.e., a crystal is made of constituents
arranged in certain kind of a repeating pattern. In terms of minerals, we are
speaking about the periodic arrangement of their constituent ions. This periodic
arrangement within mineral crystals was first observed in 1912 by the father-
and-son duo William H. Bragg and William L. Bragg [1, 2], who later shared a
Nobel prize for this discovery. They found that the crystal periodicity had strong
interference effects on X-rays passing through them, only reflecting rays with
specific angles of incidence. This remarkable interaction between electromagnetic
waves and crystals occurs because the wavelength of X-rays is similar to the
spacing between the ions in the crystal structure.
X-rays are not the only type of waves heavily influenced by crystalline solids.

The power of these materials fully showcases when we realize that electrons,
thanks to their wave-particle duality, also have wavelength of the same order of
magnitude as the distance between the ions in crystals [3]. In this case, it has
been discovered that by disrupting the periodicity of a perfect crystal lattice, one
can achieve the manipulation of waves for very specific purposes. This property is
manifested especially powerfully in semiconductors, which allow for the control
of the electron transport, thus enabling us to tune the conductivity of these
materials. The most suitable semiconductors are used to build transistors on
chips, thus becoming the true technological backbone of the modern society. It
is therefore no exaggeration to say that at the heart of the digital revolution of
the 20th century are crystals that allow us to control electronic waves.
In a similar manner to ions in minerals, upon ordering materials with different

optical properties on a periodic lattice, one may create a photonic crystal. In
this case, it is not single atoms, but larger structures separated by distances
comparable to the wavelength of visible or infrared light. Such a material then
exhibits different colors and iridescence when viewed under different angles. This
phenomenon is responsible for the iridescence of precious opals [4], as illustrated
in Fig. 1.1(a). Photonic crystals also occur within living organisms, e.g., on wings
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Figure 1.1: Photonic crystals in nature. (a) Opal gemstone. Source: [10]. (b) Wings of
the butterfly Cyanophrys remus. Left side of the image depicts the dorsal (top) surface
of the wings, while the right side shows the ventral (bottom) side. Source: [5].

of some butterflies [5] (see Fig. 1.1(b)), abdomens of spiders [6], exoskeletons of
beetles [7], bodies of comb jellies [8], or peacock feathers [9], creating not only
angular-dependent coloration, but also allowing for so-called structural colors
that are hardly achievable by pigmentation.
One can extend the notion of controlling wave behavior by crystals to other

physical realms as well. Magnonic crystals are able to control spin waves [11].
Phononic crystals have been developed to manipulate mechanical vibrations and
sound [12]. Proposals have been made to build “seismic shields”, giant crystals
able to reflect earthquakes away from cities or vulnerable areas or to enhance
building stability [13–16].
In this PhD thesis, we concentrate on the control of electromagnetic waves by

photonic crystals as our main application. Many of our results are, however, very
general and directly applicable to the control of other types of waves by crystals
(Chapter 2 and Chapter 3), while some other provide essential ideas that can
possibly be generalized to such media (Chapter 5).

1.2 Photonic crystals

The most important characteristic of photonic crystals from both the funda-
mental and applied point of view is the existence of band gaps in the spectrum of
these materials. In a photonic crystal structure, the translational symmetry gives
rise via interference effects to a stop gap, which is a range of frequencies for which
light is not allowed to propagate inside the crystal for specific directions. Stop
gaps are generally also polarization-dependent [4]. In three-dimensional (3D)
photonic crystals, the interference effects are so strong and omnidirectional, that
a 3D photonic band gap arises: a range of frequencies for which light is not allowed
to propagate inside the crystal irrespective of its wave vector and polarization [4,
17, 18]. The phenomenon of stop gaps has been studied since lord Rayleigh in
the 19th century [19], and later by Russell [20] and Kawakami [21]. 3D periodic



Photonic crystals 15

photonic media were pioneered by Bykov [22, 23] and it were Yablonovitch and
John [24, 25] who introduced the concept of a 3D band gap and of a photonic
crystal into the modern scientific literature.
Photonic band gaps are a powerful phenomenon, allowing for radical control of

light propagation and emission [4, 26–31] lending itself to a range of applications,
such as the inhibition of spontaneous emission [24, 31–33], efficient reflectors [34,
35], absorption enhancement of thin silicon films such as solar cells [36], thermal
emission control [37–39], and even cloaking [40].
Inclusion of defects in a photonic crystal disrupts the local symmetry of the

crystal, resulting in a variety of bands appearing inside the band gap [4]. Certain
frequencies of light can then become confined within these defects, shielded from
the outside environment by the remainder of the band gap [4, 41–43]. This mech-
anism can be utilized for applications ranging from slow light [44], photon trap-
ping [45], lasing [46–48], enhancement of solar cell absorption [49], detectors [50],
enhanced spontaneous emission [51], to cavity quantum electrodynamics [52–55].
An especially interesting scattering behavior occurs when randomized defects

are introduced into a photonic crystal, creating disorder [56]. This environment
has been predicted to lead to Anderson localization [57–59], a state of light char-
acterized by the lack of transport due to random scattering [25, 56, 60–62].
Throughout the years, a great number of photonic crystal structures have

been proposed and fabricated. Ref. [29] provides a comprehensive analysis of
these crystals, including a database of the gathered data. Among the variety
of existing photonic crystals, the width of the band gap is a crucial factor to
be considered for experiments and applications. A wide band gap is important
in order to be robust with respect to fabrication disorder [63] and to effectively
shield the defect states from the surrounding vacuum states [55]. Exceptionally
wide band gaps are known to occur in crystals with diamond-like symmetry
[64]. An example of these are the so-called inverse woodpile photonic crystals,
consisting of two 2D arrays of nanopores etched perpendicularly to each other
into a high-permittivity backbone medium [65, 66].
In the Complex Photonic Systems chair at the University of Twente, CMOS-

compatible nanofabrication methods are used to etch nanopores into silicon, thus
creating inverse woodpile photonic crystals [67–69]. The defect in these crystals
is realized by altering the radius of two proximate orthogonal nanopores, thereby
creating an excess of either air or silicon in their proximal region [42]. Over
the years, extensive research has been done by COPS on these structures, both
theoretical and experimental [35, 36, 42, 43, 63, 70–73]. The research presented
in this PhD thesis is a part of this effort.
It is important to keep in mind that many properties of light inside photonic

crystals are straightforwardly generalizable to other types of waves in different
crystal types. Although most results of this PhD thesis are applicable to general
wave systems, the ideas are often applied to the inverse woodpile structures in
order to keep the explanation as intuitive as possible.
In order to understand the physical properties of any system, it is important

to have a proper mathematical description of the specific phenomenon and its
implications. Therefore, we continue this Section by describing the basic mathe-
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matical concepts of light propagation in photonic crystals. In Subsection 1.2.1, we
derive the key time-harmonic equation describing the light propagation through
photonic crystals from the general Maxwell’s equations of electrodynamics. Sub-
section 1.2.2 then introduces the mathematical notation for the description of
crystals. Subsection 1.2.3 combines the previous two subsections to describe
the behavior of light in photonic crystals. Subsection 1.2.4 introduces energy-
related concepts for a better understanding of the physics of photonic crystals.
Subsection 1.2.5 then applies the physical and mathematical insight gained in
the previous subsections to describe the most important phenomena arising in
photonic crystals, including the photonic band gap. Lastly, Subsection 1.2.7 in-
troduces the inverse woodpile photonic crystal as the main means of application
and illustration of ideas in this PhD thesis.

1.2.1 Maxwell’s equations

The macroscopic behavior of light is described by Maxwell’s equations [4, 74]:

∇ ·B(r, t) = 0, ∇×E(r, t) +
∂B(r, t)

∂t
= 0,

∇ ·D(r, t) = ρ(r, t), ∇×H(r, t)− ∂D(r, t)

∂t
= J(r, t),

(1.1)

where E,H, are electric and magnetic intensity, D,B, are electric and magnetic
induction fields, and ρ,J, are the free charge and current densities, respectively,
r is the position vector and t is time. In this PhD thesis, we restrict ourselves to
time-independent media with no sources of light, thus setting ρ = 0 and J = 0.
The set of Eqs. (1.1) contains more variables than equations and as such needs

to be supplemented by constitutive relations, relating some of the variables. We
assume that all media we are considering are isotropic, the field strengths are
small, and we neglect any frequency dependence of the permittivity, considering
the materials at frequencies away from material resonances. Then, the constitu-
tive relations are given by

B(r, t) = µ0µ(r)H(r, t),

D(r, t) = ε0ε(r)E(r, t),
(1.2)

where ε0, µ0 are the vacuum permittivity and the vacuum permeability, and
ε(r), µ(r) are the relative permittivity and the relative permeability distribution
within the system. We also assume that ε(r) is purely real, i.e., that all media
are lossless, and that ε(r) > 0.
We note that the speed of light in vacuum ν is given by

ν =
1

√
ε0µ0

, (1.3)

and the refractive index n of a medium is equal to

n =
√
εµ. (1.4)
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In the following, we assume µ(r) = 1, which is a good approximation for many
dielectric materials at optical frequencies. To simplify the notation, we will use
units such that ν = ε0 = µ0 = 1.
Since Maxwell’s equations (1.1) are linear, one can separate the time depen-

dence from the spatial dependence by means of Fourier transforms, leading to a
family of problems for monochromatic waves with frequency ω [4, 75]. The fields
then obtain the time-harmonic form:

H(r, t) = H(r)eiωt

E(r, t) = E(r)eiωt,
(1.5)

Combining (1.5) with the constitutive relations (1.2) and inserting these into
Eqs. (1.1), we obtain the time-harmonic Maxwell’s equations:

∇ ·H(r) = 0 (1.6a)
∇ · [ε(r)E(r)] = 0 (1.6b)

∇×E + iωH(r) = 0 (1.6c)
∇×H− iωε(r)E(r) = 0. (1.6d)

Eqs. (1.6) still couple the electric and magnetic fields. However, the fields can
be decoupled by taking the curl of Eq. (1.6c) and using the Eq. (1.6d) to eliminate
H. One thus obtains the equation for the electric field E only:

∇×∇×E(r)− ε(r)ω2E(r) = 0. (1.7)

The magnetic field H is then obtained by inserting the computed E field back
into Eq. (1.6c):

H(r) =
i

ω
∇×E(r). (1.8)

Alternatively, one derives the equation for the magnetic field H only by taking
the curl of Eq. (1.6d) and using the Eq. (1.6c) to eliminate E:

∇× 1

ε(r)
∇×H(r)− ω2H(r) = 0. (1.9)

The electric field E is then obtained from H via

E(r) = − i

ε(r)ω
∇×H(r). (1.10)

Eqs. (1.7) and (1.9), supplemented by suitable boundary conditions on a given
computational domain, are the standard differential equations used to describe
the propagation of light through photonic crystals. Based on the specific solver
or application, one of the equations may be more advantageous to use than the
other. In the end, however, all results obtained for photonic crystals in this PhD
thesis stem from these two equations.

1.2.2 Mathematical description of crystals
The periodicity of a crystal in three dimensions is mathematically expressed

via the periodic lattice Λ, also called Bravais lattice [3], defined as

Λ :=


3∑
j=1

njaj |nj ∈ Z, j = 1, 2, 3

 , (1.11)
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where aj ∈ R3, for j = 1, 2, 3, are linearly independent lattice vectors. The lattice
Λ thus consists of a point copied along the lattice vectors infinitely many times
throughout the space. Thanks to this periodicity, one can fill the whole space R3

by taking a certain shape, called a unit cell, and repeating it over a subset of the
vectors from Λ, such that they only overlap at the interfaces. In other words, if
we take a unit cell and start placing it in some (but not necessarily all) lattice
points, we will eventually cover the whole space.
The smallest possible unit cell for a given lattice, containing only one lattice

point is called a primitive unit cell Ω̂. The primitive unit cell is not uniquely
defined. A convenient choice is

Ω̂ :=


3∑
j=1

sjaj | sj ∈
[
−1

2
,

1

2

]
, j = 1, 2, 3

 . (1.12)

Alternatively, one may choose a Wigner-Seitz cell W as a primitive unit cell,
defined as the region of space closer to a chosen lattice point than to any other
lattice point [3]. If the lattice vectors aj are orthogonal, the Wigner-Seitz cell W
coincides with the parallellogram primitive cell Ω̂.
Let us now consider a plane wave

E(r) = E0e
ik·r+iωt, (1.13)

propagating through the lattice Λ, with the amplitude E0 and wave vector k.
One can make a specific choice of the wave vector, so that the wave will have the
same periodicity as the Bravais lattice Λ of the crystal. Such a wave vector K
must then by definition satisfy

eiK·(r+R) = eiK·r, (1.14)

where R is any linear combination of the lattice vectors

R = n1a1 + n2a2 + n3a3. (1.15)

Eq. (1.14) corresponds to the following condition:

eiK·R = 1. (1.16)

The set of all wave vectors K satisfying Eq. (1.16) gives rise to a dual lattice to
Λ, also known as the reciprocal lattice Λ∗ [3]. Let us define the reciprocal lattice
vectors bi, for i = 1, 2, 3 of Λ∗ by

bi · aj = 2πδij , (1.17)

where δij is the Kronecker delta. If we now write K as a linear combination of
these reciprocal basis vectors

K = k1b1 + k2b2 + k3b3, for k1, k2, k3 ∈ Z, (1.18)
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Figure 1.2: Brillouin zone of a tetragonal unit cell (black) with the corresponding
irreducible Brillouin zone (red). The edges of the IRBZ represent the high-symmetry
path, with the vertices labeled by convention, see, e.g., Ref [77]. Γ represents the origin
of the Brillouin zone. The basis vectors bi, for i = 1, 2, 3 are depicted in blue and for
convenience shifted away from the origin. For more details, see Ref. [77].

we immediately see that such a K satisfies the condition (1.16). The reciprocal
lattice is thus defined as

Λ∗ :=


3∑
j=1

kjbj | kj ∈ Z, j = 1, 2, 3

 . (1.19)

In analogy to the direct lattice Λ, the reciprocal lattice Λ∗ gives rise to the
reciprocal primitive unit cell, for example:

Ω̂∗ :=


3∑
j=1

sjbj | sj ∈
[
−1

2
,

1

2

]
, j = 1, 2, 3

 . (1.20)

One may again define a Wigner-Seitz cell on the reciprocal lattice, which is called
the first Brillouin zone B [3]. In literature, the term Brillouin zone and the label
B is sometimes used for a general reciprocal unit cell Ω̂∗ (see, e.g., Ref. [76]) and
in this PhD thesis we will employ the same nomenclature.
Finally, for each crystal lattice, the Brillouin zone has certain symmetries.

One can reduce the Brillouin zone by all these symmetries to obtain a smaller
volume, the so-called irreducible Brillouin zone (IRBZ). An example of the Bril-
louin zone and its irreducible counterpart for the tetragonal lattice is depicted in
Fig. 1.2. The tetragonal Brillouin zone has three mirror planes cutting it in half
along every axis and another two mirror planes given by the body diagonals of
the tetragon. Upon applying these symmetries to the IRBZ, we obtain the full
tetragonal Brillouin zone.
The edges of the IRBZ have more symmetries than the points inside its volume.

A path along all these edges is referred to as the high-symmetry path. The vertices
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Figure 1.3: Transverse electric field amplitude E of a Bloch mode EBloch
k = (E, 0, 0) in

a 1D photonic crystal, also called a Bragg stack. The structure consists of periodically
stacked infinite slabs of permittivity ε1 = 13 (green) and ε2 = 3 (yellow). The blue
curve shows the real part of the electric field amplitude E, while the red curve shows
|E|, corresponding to the periodic component of the Bloch mode. The frequency is
ω = 0.8a/ν.

of the IRBZ are the points with the most symmetries, appropriately referred to
as the high-symmetry points, and are assigned conventional labels by capital
letters, which generally depend on the specific lattice. For the description of
high-symmetry paths for various 3D lattices, see Ref. [77].

1.2.3 Electromagnetic waves in photonic crystals
From the Bloch-Floquet theory (see, e.g., Refs. [76, 78, 79]), it is known that

the electric field E in a photonic crystal has the specific form of a Bloch mode

EBloch
k (r) := Eper

k (r)eik·r. (1.21)

Here, Eper
k is a periodic function on the lattice Λ and is thus fully determined by

its values on the unit cell Ω̂ for each k ∈ B. An example of a Bloch mode in a 1D
photonic crystal is illustrated in Fig. 1.3. We note that a Bloch mode EBloch

k (r)
is not periodic in general, with the periodicity only appearing for the wave vector
coinciding with the lattice points of the reciprocal lattice, i.e., k ∈ B ∩ Λ∗.
Upon inserting the form (1.21) into the equation (1.7), we obtain for each

k ∈ B:

∇k ×∇k ×Eper
k (r)− ε(r)ω2Eper

k (r) = 0, for all r ∈ Ω̂, (1.22)

with Eper
k satisfying the boundary condition

Eper
k (r + R) = Eper

k (r), for all R ∈ Λ and r ∈ ∂Ω̂, (1.23)

where
∇k :=∇+ ik. (1.24)

Eq. (1.22) can be conveniently written in the form of a generalized eigenvalue
problem, see Refs. [4, 76], i.e., for each k ∈ B we look for the eigenpair (Eper

k , ω2)
such that

Θ̂EE
per
k = ω2ẐEE

per
k , (1.25)
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with the operators Θ̂E = ∇k × ∇k× and ẐE = ε. The periodic part Eper
k

of the Bloch mode electric field can thus be seen as an eigenfunction of the
problem (1.25), corresponding to the eigenvalue ω2.
Alternatively, for the magnetic field of the Bloch modes

HBloch
k (r) := Hper

k (r)eik·r, (1.26)

one can derive the equation

∇k ×
1

ε(r)
∇k ×Hper

k (r)− ω2Hper
k (r) = 0, for all r ∈ Ω̂, (1.27)

with Hper
k satisfying the boundary condition

Hper
k (r + R) = Hper

k (r), for all R ∈ Λ and r ∈ ∂Ω̂. (1.28)

Eq. (1.27) leads to a standard eigenvalue problem, similar to the one in Eq. (1.25):
For each k ∈ B find the eigenpair (Hper

k , ω2) such that

Θ̂HHper
k = ω2Hper

k , (1.29)

with Θ̂H = ∇k × 1
ε∇k×. The periodic part of the Bloch mode magnetic field

Hper
k can be then seen as an eigenfunction of the problem (1.29), corresponding to

the eigenvalue ω2. We note that, despite leading to a simpler eigenvalue problem
than (1.25), the formulation (1.29) may pose a disadvantage in some cases due
to the permittivity ε appearing in the operator Θ̂H . One therefore always needs
to evaluate which of the two formulations is preferable for the specific problem
and solution technique.
We note that the (generalized) eigenvalue problems (1.25) and (1.29) can also

be formulated “in reverse”, where for each frequency ω > 0, one is looking for
a corresponding wave vector k, see, e.g., Ref. [80] and Chapter 5 of this PhD
thesis.
The relations between the periodic parts of the electric and magnetic Bloch

mode fields can be derived by inserting the definitions (1.21) and (1.26) into
Eqs. (1.8) and (1.10). We then obtain

Hper
k (r) =

i

ω
∇k ×Eper

k (r) (1.30)

and
Eper

k (r) = − i

ε(r)ω
∇k ×Hper

k (r). (1.31)

1.2.4 Electromagnetic energy in photonic crystals
The time-averaged energy of the time-harmonic electric and the magnetic field,

respectively, is given by [4, 74]:

UE =
1

4

∫
Ω̂

ε(r)|Eper
k (r)|2dV,

UH =
1

4

∫
Ω̂

|Eper
k (r)|2dV.

(1.32)
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In time-harmonic modes the energy is periodically exchanged between the electric
and the magnetic field, which means that for the time-averaged values UE = UH

(for a mathematical proof, see Ref. [4]). For a physical description of the Bloch
modes, we could already settle with the expressions (1.32). Nevertheless, in order
to gain deeper understanding of the phenomena occurring in photonic crystals,
it is worthwhile to look at a more abstract concept of energy.
Variational theorems are powerful tools to understand the physics of any sys-

tem and photonic crystals are no exception. We therefore introduce the energy
functional (see Ref. [4]), also called Rayleigh quotient, for each k ∈ B:

U(Hper
k ) :=

(Hper
k , Θ̂HHper

k )

(Hper
k ,Hper

k )
, (1.33)

where (v1,v2) =
∫

Ω̂
v1 · v∗2 dV denotes the scalar product of the vector fields

v1,v2 and the ∗ denotes complex conjugation. To simplify the notation, we will
drop the “per” superscript in this subsection.
It can be shown that the function Hk,0 minimizing the functional U(Hk) cor-

responds to the lowest eigenvalue of Θ̂H and therefore to the lowest-frequency
Bloch mode (see Ref. [4]). The Bloch mode with the second-lowest frequency then
minimizes U(Hk) in the subspace of functions orthogonal to Hk,0, etc. Note that
this approach is also known as the min-max theorem [81].
We can use the energy functional U(Hk) to understand some crucial properties

of the Bloch modes. In order to do so, we rewrite the functional defined by
Eq. (1.33) in terms of Ek. Firstly, expressing the operator Θ̂H from its definition
and substituting for Hk from Eqs. (1.30) and (1.31), we have

(Hk, Θ̂HHk) = (
i

ω
∇k ×Ek,∇×

1

ε
∇k ×Hk)

= (
i

ω
∇k ×Ek,−

ω

i
∇k ×Ek)

=

∫
Ω̂

|∇k ×Ek|2dV.

(1.34)

Secondly, we use the definition of the eigenvalue problem (1.29) and (1.31) to
obtain

(Hk,Hk) = (Hk,
1

ω2
Θ̂HHk)

=
1

ω2

∫
Ω̂

Hk ·
(
∇k ×

1

ε
∇k ×Hk

)∗
dV

=
1

ω2

∫
Ω̂

Hk ·
(

(∇+ ik)× 1

ε
∇k ×Hk

)∗
dV

=
1

ω2

∫
Ω̂

(∇+ ik)×Hk ·
(

1

ε
∇k ×Hk

)∗
dV

=
1

ω2

∫
Ω̂

∇k ×Hk ·
(

1

ε
∇k ×Hk

)∗
dV

=

∫
Ω̂

ε|Ek|2dV.

(1.35)
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In the fourth step in (1.35), we used the identities A · (B×C) = C · (A×B) and
∇ · (F×G) = (∇× F) ·G− (∇×G) · F, in combination with the divergence
theorem, and neglected all the surface terms due to the periodicity of the fields.
Finally, inserting (1.34) and (1.35) into (1.33), we obtain the expression

U(Hk) =

∫
Ω̂
|∇k ×Ek|2dV∫
Ω̂
ε|Ek|2dV

. (1.36)

Let us now inspect the formula (1.36) more closely. We know that the physi-
cal Bloch mode minimizes the functional U(Hk). Since Ek are eigenfunctions,
they can be normalized without loss of generality. If we normalize them so that∫

Ω̂
ε|Ek|2dV = 1, then the minimum of the energy functional U(Hk) will corre-

spond to the minimum of the numerator in (1.36). Since the numerator consists
of ∇k × Ek, each higher mode will have larger curl magnitude that the lower
ones. In 1D, the curl reduces to simple derivative, directly corresponding to the
amount of oscillation of the field and thus, in this case, higher modes will os-
cillate more. On the other hand, we may choose the normalization such that∫

Ω̂
|∇× Ek|2dV = 1. In this case, the minimum of U(Hk) corresponds to the

maximum of the denominator in (1.36), which is achieved when the electric field
is concentrated in the high-permittivity regions. Since the denominator in (1.36)
is proportional to the physical energy UE, the physical mode minimizing U(Hk)
will have the highest physical energy among the modes with

∫
Ω̂
|∇×Ek|2dV = 1.

At this point, we have sufficient mathematical basis to understand the behavior
of photonic crystals, including their most exciting feature: the photonic band gap.

1.2.5 Photonic band structure and band gaps

A dispersion relation is the relation between the frequency of the wave and its
wave vector ω = ω(k). A homogeneous medium with permittivity ε satisfies the
simple dispersion relation, see, e.g., Ref. [82],

ω =
ν√
ε
|k|. (1.37)

The wave vector k belongs to the Brillouin zone B and its magnitude is therefore
in the interval [−π, π]. Everything beyond this interval is a periodic repetition of
the Brillouin zone, and it is possible to “fold” the dispersion relation for k 6∈ B into
B [3]. This way, the dispersion relation (1.37) is separated into lines corresponding
to so-called bands, connecting at the end of the Brillouin zone. The set of such
bands is called a band structure, and for a homogenous medium is illustrated in
Fig. 1.4.
By solving the eigenproblem (1.25) or (1.29), we obtain the band structure of a

photonic crystal. Let us consider an inverse woodpile photonic crystal, consisting
of air pores within bulk silicon, described in detail in Subsection 1.2.7. Fig. 1.5
depicts a band structure for an inverse woodpile crystal with the pore radius
R = 0.24a. Since in this nontrivial case ω = ω(k) is a function of the direction
of the wave vector and not only its magnitude, the issue of plotting the band
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Figure 1.4: Band structure of a homogeneous medium. The solid black lines correspond
to the vacuum and the dashed red lines represent a medium with permittivity ε = 2.1.

structure becomes nontrivial. It is a convention to plot the band structure only
for the wave vectors belonging to the high-symmetry path. For the description
of high-symmetry paths for various 3D lattices, see Ref. [77].
There are several interesting features in the band structure of Fig. 1.5. First

of all, we see that the band structure is significantly more complicated than that
of Fig. 1.4, due to the inhomogenous structure of the photonic crystal. Secondly,
despite the differences, for low frequency ω̃ = ωa/(2πc) < 0.3, the dispersion
relation is effectively linear, as if the crystal was homogenous. This is the so-
called long-wavelength limit. It can be interpreted as that the wavelength here is
significantly longer than the periodicity of the crystal and the wave is thus unable
to “see” the crystal structure. Instead, the wave behaves as if the crystal was a
homogenous medium of some intermediate permittivity between that of air and
silicon [83]. Thirdly, there is an interval of frequencies, between approximately
ω̃− = 0.5 and ω̃+ = 0.63, devoid of any bands. This region corresponds to a 3D
photonic band gap and it is the range of frequencies, for which no propagating
wave is permitted in the crystal, irrespective of the direction of its propagation
or its polarization.
The band gap is the most important characteristic of photonic crystals. But

why does it appear at all? As discussed before, the physical field modes in a crys-
tal are those minimizing the energy functional U(Hk) defined by the Eq. (1.33),
within the subspace orthogonal to all the lower modes. Upon reformulating the
functional in terms of the electric field in Eq. (1.36), we found that a higher mode
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Figure 1.5: Band structure of an inverse woodpile photonic crystal with the pore radius
R = 0.24a. The wave vector is described in terms of the high-symmetry path of the
tetragonal unit cell, using the conventional notation for the high-symmetry points, as
depicted in Fig. 1.2, and represents the direction of propagation of the given Bloch mode.
The y-axis corresponds to the reduced frequency ω̃ = ωa/(2πc). For the discussion of
the crystal structure, see Subsection 1.2.7.
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tends to be more concentrated in the regions of lower permittivity ε than a lower
mode. However, the fields in the crystal have to also satisfy the symmetry prop-
erties of the structure. Let us now assume a specific field mode E↓ in a crystal,
corresponding to an eigenvalue ω↓, found by minimizing the functional U(Hk) in
the subspace orthogonal to all the lower modes. To find the mode E↑ with the
next lowest eigenvalue ω↑ > ω↓, we now need to minimize U(Hk) again in the
subspace orthogonal to all the lower modes and this time also to the mode E↓.
In some cases, the symmetry forces the mode E↑ to have a significantly higher
U(H↑) than the mode E↓. And since, by assumption, these two modes follow
consecutively from the variational principle, no other modes are allowed between
them and a band gap opens in this region [4, 76].
Intuitively, one could also see the gap-opening mechanism as the modes below

and above the band gap having the same curl magnitude, i.e., they are normalized
so that

∫
Ω̂
|∇×Ek|2dV = 1, but their field peaks occurring in different dielectric

media, resulting in the significant difference in U(Hk). To reiterate, the reason
behind the existence of band gaps is a combination of the restrictions imposed
by the crystal symmetry with the variational principle of minimizing the energy
functional U(Hk). For more details on this mechanism, see Ref. [4]. Finally, the
emergence of a 3D photonic band gap can be seen as the result of interference
of 1D stop gaps along many different directions, which leads to band repulsion
between Bloch states. For more details on this mechanism of multiple diffraction,
see Refs. [17, 18].
It is important to realize that, despite the fact that no propagating wave is

allowed within the band gap, so-called evanescent waves may appear at the band-
gap frequencies. Evanescent waves have nonzero imaginary part of the wave
vector k = kreal + ikimag, with kreal ∈ B and kimag ∈ R3. Simply by allowing
such wave vectors in the Bloch mode definition (1.21), we can immediately see
that the nonzero imaginary part corresponds to the decay of the wave with the
distance it has traveled in the crystal:

EBloch
k (r) = Eper

k (r)eikreal·re−kimag·r. (1.38)

Note that, in an infinite crystal model, a wave decaying in one direction will
inherently increase in the opposite direction. Nevertheless, for realistic, finite
crystals, only the decaying modes are physically meaningful.
We denote the width of the band gap as ∆ω = ω+ − ω− and the band-gap

center as ωc = (ω+ + ω−)/2, where ω− and ω+ are the bottom and top edges of
the band gap, respectively. An important parameter is the relative width of the
band gap, given as

δω =
∆ω

ωc
. (1.39)

It can be shown (see Refs. [4, 84]), that kimag, and thus also the attenuation of
the evanescent mode, will be the largest in the center of the band gap and that
its magnitude is proportional to the relative band gap width δω. Furthermore,
a wider band gap is also more interesting from the application point of view,
since it offers control of light for a larger wavelength interval. As wide a band
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Figure 1.6: Illustration of supercells of size N = 5 in a 3D system with various types of
defects. Blue spheres correspond to regular unit cells, unit cells containing defects are
red and confined waves are represented by yellow. (a) Four supercells, each containing
a point defect akin to a cavity [54], trap waves in all three dimensions. (b) Supercell
with a linear defect, analogous to an optical waveguide or fiber. (c) Supercell with
a planar defect, analogous to a 2D electron gas [85]. Note that in addition to the
illustrated confined wave modes, extended modes are also possible in all of the depicted
structures.

gap as possible is thus clearly one of the important goals to aim for, regarding
successful applications of photonic crystals. It has been shown that the inverse
woodpile photonic crystals have particularly large band gap and also exhibit good
robustness against fabrication deviations [63].

1.2.6 Intentional defects and disorder in photonic crystals

Not all defects in a photonic crystal have to be undesirable. One can often
utilize the presence of a band gap, in combination with a specific defect, to
achieve exciting physical phenomena such as the manipulation and confinement
of waves.
Both in experiments and in computational models it is often convenient to

introduce the defects in a regular manner, such that, every few unperturbed
unit cells, one unit cell containing a defect occurs. This can be also seen as
superimposing the defect lattice on the unperturbed crystal lattice, giving rise to
a crystal superlattice. The unit cell of such a superlattice is called a supercell. For
notational simplicity, in this PhD thesis we assume that the supercells contain in
each direction the same number N of unit cells. The number N then represents
the linear size of the supercell. Supercells containing defects of various types are
illustrated in Fig. 1.6.
Introducing the defect lattice into a perfectly periodic photonic crystal disrupts

the crystal symmetry and thus also the band gap. As a result, several bands from
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the outside of the gap move inside of it, creating a small number of allowed bands
within the large forbidden regions. This effect makes it possible to trap the waves
within the defects, as depicted in Fig 1.6, which are then shielded from the outside
environment by the remainder of the band gap.
We distinguish two types of defects based on the analogy to semiconduc-

tors [86]: Donorlike defects correspond to doping the medium with a high-
permittivity material and result in the bands from the top of the band gap
shifting down inside the gap. Acceptorlike defects, on the other hand, are a
result of removing a high-permittivity material and cause the bands from the
bottom of the band gap to move up inside the gap.
Last but not least, the inevitable presence of random defects in real crystals,

often called disorder, creates a speckle-like interference within the crystal. Even
though in creation of periodic structures the disorder is often aimed to be sup-
pressed, it may also lead to interesting phenomena. Namely, it is hypothesised to
lead to Anderson localization, i.e., confinement of waves by the means of interfer-
ence in a disordered medium. For a detailed description of Anderson localization
see, e.g., [57–59]. For Anderson localization in photonic crystals, see Refs. [56,
61, 62].

1.2.7 Inverse woodpile photonic crystal
Inverse woodpile photonic crystals have a prominent place among the plethora

of photonic structures, known for their wide band gap [63]. Most of the work
in this PhD thesis is illustrated on or applied to the inverse woodpiles. It is
therefore worthwhile to describe their structure in detail.
The inverse woodpile photonic crystal consists of bulk silicon (ε = 12.1, see

Ref. [87]), in which nanopores of radius R filled with air (ε = 1) are etched
along the x- and z-directions [31, 65]. The primitive unit cell of this structure is
body-centered tetragonal, but for practical purposes it is convenient to work with
the simple tetragonal lattice (see Fig. 1.2) with the lattice parameters a in the
y-direction and b = a/

√
2 in the x- and z-directions. For a detailed description

of both lattices, see [77]. The structure of an inverse woodpile crystal is depicted
in Fig. 1.7(a).
Intentional defects can be incorporated in the inverse woodpile structure by

altering the radius R′ of two proximate nanopores, as illustrated in Fig. 1.7(b).
This results in the creation of a region with excess silicon (donorlike, R′ < R) or
air (acceptorlike, R′ > R) at the intersection of the two defect pores, serving as
a point defect. We include one defect of this type per supercell.

1.3 Finite element methods for photonic crystals
The world around us and its behavior can be described by mathematical models

and equations. However, solving these equations analytically is often too difficult,
with the exception of the most simplified cases. This is where numerical methods
come into play. They discretize the problem by describing it using a finite set of
parameters and obtain the solution in terms of a finite set of values. The crucial
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Figure 1.7: (a) Structure of an inverse woodpile photonic crystal. We use a tetragonal
unit cell with lattice parameters a in the y direction and b = a/

√
2 in the x and z

directions. The pore radius is denoted by R. The unit cell is designated by the dashed
border. (b) Design of a defect in an inverse woodpile. The radius R′ of two proximate
defect pores (shown in green) is altered. At their intersection a region with excess of
one material is created that serves as a point defect (red glow).

factor here is that the numerical solution must converge to the real solution, i.e.,
the difference between the numerical solution and the real solution can be made
arbitrarily small, just by increasing the number of discretization parameters.
Moreover, this convergence must happen sufficiently fast for the method to be
practically usable. Discretized problems can be directly translated into computer
code and solved by the machine, where the discretization precision is only limited
by the available processing power and memory.
There are several standard numerical methods used for solving the equa-

tion (1.7) for light propagation through photonic crystals (see Ref. [41]). The
most notable ones are plane-wave expansion (PWE), expanding the dielectric
function and the electromagnetic fields in terms of the reciprocal lattice vec-
tors [88]; finite-difference time-domain (FDTD), replacing continuous derivatives
by finite differences [89–91]; and finite element methods (FEM).
FEM are the most flexible of the computational methods, since they represent

not one, but a whole class of approaches [92, 93] supported by a solid mathe-
matical framework. Their broad applicability ranges from high-accuracy time-
harmonic problems [35, 36, 70] to time-domain computations [94], to topology
optimization [95].
Solving a problem via FEM constists of three main steps [41, 96]. Firstly,

the equation is reformulated as a variational problem, which yields the so-called
weak formulation. Secondly, the weak formulation is discretized. This is done
by dividing the computational domain into finite elements, which standardly
have the shape of triangles in 2D or tetrahedrons in 3D, albeit, in principle,
arbitrary shapes are possible. Within each element, the solution of the problem
is expanded as a linear combination of basis functions of a chosen approximation
space. Thirdly, the discretized problem is transformed into a sparse system of
linear equations, such that the coefficients of the linear combination from the
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previous step form the solution.
The beauty and flexibility of FEM comes from the freedom of choosing the

approximation space in which to look for the solution. If this space is chosen
correctly, it can significantly alleviate the computational costs of the method.
Typically, if there are no specific requirements on the approximation space, one
chooses a simple space of hat functions, i.e., polynomials with nonzero support
only on a limited set of the elements. In this case, increasing the order of the
polynomials increases the approximation accuracy. Typically, one assumes the
approximating functions to be continuous across neighboring elements. This
ensures the relative simplicity of the method, but places some restrictions on
the approximation space. The discontinuous Galerkin framework removes the
continuity requirement at the cost of additional terms in the approximation,
expressed at the element boundaries.

1.4 Outline of this PhD thesis

In this PhD thesis, we study the propagation and behavior of waves in crys-
talline systems, with the emphasis on electromagnetic waves in photonic crystals
and their confinement.
Chapter 2 introduces a general scaling theory of identification and classifica-

tion of wave confinement in crystal superlattices. Starting from the confinement
energy and the mode volume, we use finite-size scaling to find that ratios of these
quantities raised to certain powers yield the confinement dimensionality of each
band. Our classification has negligible additional computational costs compared
to a band structure calculation and is valid for any type of wave, both quantum
and classical, and in any dimension. In the quantum regime, we illustrate our
method on electronic confinement in 2D hexagonal boron nitride with a nitrogen
vacancy, in agreement with previous results. In the classical case, we study a
three-dimensional inverse woodpile photonic band gap cavity superlattice, where
we identify novel acceptor-like behavior.
In Chapter 3, we investigate the possibility of improving the accuracy of our

scaling method for classification of wave confinement in very small supercells by
means of machine learning. This is often the case for 3D photonic crystals, since
light propagation through these structures is notoriously difficult to calculate and
one is restricted to very small supercells in the computations. Moreover, small
supercells are also often used in the experiments, making them an extremely im-
portant case to investigate. Unfortunately, due to the nature of scaling theories
in general, small supercells are also those where the results of our scaling method
are the least accurate. We therefore slightly reformulate the scaling theory of
Chapter 2 and use it to implement two different clustering algorithms to clas-
sify wave confinement in photonic crystals. We compare the performance of the
clustering algorithms with the results obtained by direct application of the scal-
ing theory. We find that, under some circumstances, the clustering algorithms
outperform the direct application of the scaling theory, but their applicability is
limited. Therefore, we conclude that the use of clustering algorithms does not



supersede the direct scaling theory, but that they can be used as auxiliary tools
to enhance the precision of the results for small supercells.
In Chapter 4, we employ the results of the previous chapters to analyze the

light-confining properties of inverse woodpile photonic superlattices with respect
to their structural parameters, namely the regular and defect pore radii. We
create so-called confinement maps, depicting the dependence of the number and
energy concentration of 3D confined bands on the crystal structural parameters.
We find that certain minimal deviations between the two pore sizes are required
for the appearance of 3D confined bands and larger deviations favor higher num-
ber of confined bands. Further, we investigate symmetries of selected bands and
discuss their relation to electronic orbitals, suggesting that photonic structures
offer greater variety of state geometries and symmetries than electronic systems,
which can also be relatively easily controlled. Finally, we analyze the suitability
of various inverse woodpile structures for cavity quantum electrodynamics ap-
plications. We find that the donorlike crystals with smaller defect pores than
regular pores are more favorable for such applications as a result of their larger
silicon volume around the cavities.
In Chapter 5 we investigate the problem of light propagation through realis-

tically large photonic crystals - a notoriously computationally difficult task. To
this end, we develop a size-robust discontinuous Galerkin finite element method,
where we approximate the solution of a large but finite crystal by a set of Bloch
modes, representing the solutions of an infinite crystal. We describe the con-
struction in detail and numerically analyze the convergence and performance of
our method.
We conclude in Chapter 6 by summarizing the results of this PhD thesis and

providing suggestions for future research.
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2 Scaling Theory of Wave
Confinement in Classical and
Quantum Periodic Systems

2.1 Introduction

Completely controlling wave propagation in periodic media is a key challenge
that is essential for a large variety of applications [1–15]. An especially inter-
esting type of control is wave confinement achieved by introducing disorder and
functional defects into an otherwise periodic medium. The interference of waves
in such an altered structure may result in a strong concentration of the energy
density inside a small sub-volume of the medium. Wave confinement has been
investigated for different types of waves and in various settings, e.g., classical
mechanics [16], photonics [9, 10, 17–19], solid state physics [20–24], or magnon-
ics [25, 26]. Its applications include sensors, controlled spontaneous emission, and
enhanced interactions between hybrid wave-types such as sound and light [27–
35].
The analysis of spatial concentration of energy in physical systems is in pho-

tonics traditionally done via the mode volume [18, 36–39] or in condensed matter
physics via the participation ratio [16, 23, 40]. Bands with small mode volume
or participation ratio are considered to be confined while, conversely, bands with
large mode volume or participation ratio are taken to be extended [16, 18, 19,
22–24, 41]. However, the notion of what specifically is ’large’ and ’small’ is in
each case determined subjectively as there are no rigorous boundaries imposed
by nature.
An alternative method to analyze the wave confinement, multifractality anal-

ysis [42–44], is based on the scaling of the participation ratio in the limit of
infinitely large supercells. Unfortunately, this approach requires impractically
large supercells, which is further compounded by its inability to deal with band
folding, see Appendices 2.A and 2.B.
Therefore, in this chapter1 we present a rigorous, derived method to determine

the confinement of waves in periodic structures with defects, based on finite-
size scaling [46–48]. Rather than extending the supercells towards impractically
large sizes, our method determines confinement in moderately large supercells
by comparing them to smaller ones. As a consequence, our approach requires
only minimal computational overhead and its results are directly applicable to
experimentally relevant finite systems. Our technique can be viewed as a more

1This chapter is based on the publication by Kozoň et al. [45].
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Figure 2.1: Illustration of supercells of size N = 5 in a D = 3 system with various
wave confinement dimensionalities c induced by defect geometries of dimensionalities
d. Blue spheres correspond to regular unit cells, unit cells containing defects are red
and confined waves are represented by yellow. (a) Four supercells, each containing a
point defect akin to a cavity [11], trap waves in all three dimensions, d = 0, c = 3. (b)
Supercell with a linear defect, analogous to an optical waveguide or fiber, d = 1, c = 2.
(c) Supercell with a planar defect, analogous to a 2D electron gas [52], d = 2, c = 1.

accessible and practical extension of the multifractality concept and is even suited
for automated classification, e.g., via machine learning (see Chapter 3).

2.2 Defect Superlattices

Superimposing a defect lattice on an unperturbed crystal lattice gives rise
to a defect superlattice [6, 22, 23, 49–51]. A unit cell of such a superlattice
that contains ND unit cells, with D the system dimension, is referred to as a
supercell of linear size N . For simplicity, we keep here the number of unit cells
per supercell the same for all directions, but this is not necessary for our theory
to work. Based on the geometric dimensionality d of the defects, wave bands with
different confinement dimensionality c arise in the spectrum, as shown in Fig. 2.1
for an N = 5 supercell in D = 3 dimensions. The confinement dimensionality
c of a wave determines the number of dimensions in which the wave is confined
and mathematically corresponds to the codimension of the defect dimensionality:
c = D − d. We note that introducing defects in every unit cell of the supercell
is equivalent to a new periodic structure with no defects (d = 3) that supports
only extended, unconfined waves (c = 0).
Fig. 2.1 represents highly idealized examples of simple defects. Real structures

often contain multiple defects of various geometries oriented along different direc-
tions. Such complex defect configurations allow for several different confinement
dimensionalities c and the problem of assigning the correct c to a given band thus
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becomes highly nontrivial. In order to understand the confinement in these real
structures, a systematic method of identification and classification of confined
bands is needed.

2.3 Key confinement quantities
To analyze the confinement of waves, one must first determine the physical

quantity corresponding to the notion of wave confinement for the given type of
physical wave. Without loss of generality, one can make this a real, non-negative
quantity. For example, in electromagnetic systems this quantity could be the
energy density, in electronic systems the charge density, and analogously for
other waves. We denote this spatially dependent confinement quantity by W (x).
To keep the description of our method general, we assume in the following that
W (x) has been identified and can be calculated for every band of interest.
For scientifically interesting structures of moderate supercell sizes, the number

of bands to be analyzed quickly reaches several hundreds, see, e.g., Refs. [18, 19].
It is therefore impractical to analyze the confinement by visually inspecting the
spatial distribution of W (x), as has been done before by ,e.g., Ref. [18], for each
band. These limitations call for a quantitative, automatable method to analyze
wave confinement.
We employ W (x) to define the two key quantities for our scaling analysis.

First, we consider the mode volume [18, 36–39] defined as

VM :=

∫
VS

W (x)dV

max
x∈VS

{W (x)}
, (2.1)

where the integration is over the supercell volume VS. The mode volume intu-
itively corresponds to the volume in which the wave is confined. Alternatively,
the participation ratio [16, 40] can be used, see Appendix 2.C.
Secondly, it is important to also consider the problem from the converse point

of view: How much energy of the wave is stored in a certain volume? To quantify
this notion, we define the confinement energy

EC :=

∫
VC

W (x)dV, (2.2)

with the integration volume VC taken as the volume of one unit cell, centered
around the defect (cf. Appendix 2.A). An analogous quantity, termed SAW-
likeness coefficient, has been introduced by Ref. [53] to analyze the confinement
of surface acoustic waves (SAW). We note that by referring to the quantity EC

as the confinement energy we employ the nomenclature from photonics, where
the quantityW represents the energy density and its spatial integral corresponds
to the energy. In physical systems that employ different W , the quantity EC

does not necessarily represent energy. Nevertheless, due to the absence of a more
general term, we stick to the photonic terminology in this chapter.
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Figure 2.2: Illustration of our scaling argument in the didactic case of D = 1. An
N = 4 supercell is transformed into an N = 6 supercell by adding unit cells to its
boundary. We investigate how the characteristic quantities Ṽ and Ẽ evolve upon this
transition and obtain scaling relations for them. While scaling, we keep the total amount
of energy ES within the supercell constant. (a) Confined band. (b) Extended band.

We employ normalized quantities

Ṽ :=
VM

VS
, Ẽ :=

EC

ES
, (2.3)

where ES denotes the total amount of energy in the supercell.
For a wave confined within a cavity we expect simultaneously a low Ṽ and a

high Ẽ, while the opposite (high Ṽ , low Ẽ) is expected for a fully extended band.
Nevertheless, there are no natural thresholds on how low Ṽ and how high Ẽ
should be for a band to be identified as confined. To overcome this ambiguity, we
analyze the behaviour of Ṽ and Ẽ with respect to the variation of the supercell
size N , instead of their values themselves. This technique is known as finite-size
scaling [46–48].

2.4 Scaling
Our scaling argument is illustrated with the didactic 1D model in Fig. 2.2.

Let us consider a linear supercell with N = 4 with a cavity in its center. For a
specific band with certain Ṽ and Ẽ, we are interested in how adding more unit
cells to the supercell boundary changes these values, and how these changes differ
for a confined band as opposed to an extended band. Therefore, we increase the
supercell size to N = 6.
A band of confined states is depicted in Fig. 2.2(a), with its energy density

decaying away from the cavity in the supercell center. Since the size of the
cavity to which the wave is confined does not change, it follows that the mode
volume VM also remains constant while scaling. However, the supercell volume
VS increases proportionally to N , hence, the normalized quantity Ṽ decreases for
the confined band as N−1. Since the wave is confined within the cavity, it only
’feels’ that additional unit cells have been added through its decaying tail. This
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response clearly approaches zero in the limit of N → ∞ and, thus, in this limit
Ẽ = const.
A band of extended states is illustrated in Fig. 2.2(b) by a constant energy

density throughout the whole supercell. In this case, the behavior described
above is the converse: The volume occupied by the wave in the supercell grows
proportionally to the supercell volume, resulting in the scaling Ṽ = const. The
energy density extends homogeneously throughout the whole supercell and will
further spread into the added unit cells as N increases. This leakage decreases
the amount of confinement energy EC within VC as N−1.
It is straightforward to extend the above scaling analysis to a D-dimensional

system. A band with a given confinement dimensionality 0 ≤ c ≤ D obeys the
following scaling relations, in the limit of N →∞:

Ṽ = AN−c, Ẽ = BN c−D. (2.4)

Here, A and B are constants independent of N . For the proper derivation of
Eqs. (2.4), see Appendix 2.D.
One can calculate Ṽ and Ẽ from Eqs. (2.1)-(2.3) for each band, but because

the constants A,B are not known a priori, Eqs. (2.4) cannot be easily inverted
to obtain c. To accurately obtain c from our scaling relations, we combine the
two equations in (2.4) into a ratio of the normalized mode volume raised to a
judiciously chosen power α > 0 and the normalized confinement energy:

Ṽ α

Ẽ
= CNκ, (2.5)

where the exponent κ is given by

κ = −(α+ 1)c+D. (2.6)

By suitably choosing the power α, we can adjust the value of κ so that it is
negative for bands with certain c and positive for the other bands. The value of
κ, in turn, influences the scaling behavior of these bands as per Eq. (2.5).
Our technique is illustrated in Fig. 2.3. Investigating the confinement in a

supercell of size N , for every 0 < j ≤ D, we have chosen α so that κ < 0 for all
c ≥ j and κ > 0 for all c < j. Hence, we are now able to distinguish between
the bands with c < j and c ≥ j by simply tracking the behavior of Ṽ α/Ẽ as the
supercell grows from a smaller reference size N0 to the investigated size N . The
bands with negative κ will move downwards in the graph, while the bands with
positive κ will shift upwards, in accordance with the Eq. (2.5). By varying j over
all the integer values 0 < j ≤ D, this approach allows us to completely classify
all wave bands in the spectrum based on their confinement dimensionality.
Eq. (2.5) strictly holds only in the limit of very large N , with sub-leading

order terms in N present for finite supercell sizes. By following the procedure
as outlined in the previous paragraph, there is still some freedom remaining in
the choice of the auxiliary power α. This freedom can be utilized to effectively
reduce the contribution of these sub-leading terms, thereby allowing confinement
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Figure 2.3: Flow diagram to identify bands confined in c ≥ j dimensions in a D-
dimensional medium: The ratio Ṽ α/Ẽ versus the system size N . The auxiliary power
α is chosen so that κ < 0 for all c ≥ j and κ > 0 for all c < j. The sign of κ determines
if Ṽ α/Ẽ increases or decreases with growing supercell size.

identification already for very small supercells. Nevertheless, since the coefficients
corresponding to the sub-leading terms are generally not known, one cannot
eliminate their effect completely, which may show up as misidentification of some
bands for small supercells, as we illustrate in an example below. The unique
values of α to maximize the accuracy of our technique for D = 1, 2, 3 are listed
in Table 2.1. For their calculation, see Appendix 2.E.

D

1 2 3

j

3 – – 1/5
2 – 1/3 1
1 1 3 5

Table 2.1: Auxiliary powers α to classify the confinement in systems of various dimen-
sion D. The value of j ≤ D indicates the confinement dimensionality being identified,
as per Fig. 2.3.

In case of the 1D example from Fig. 2.2, if we choose α = 1, corresponding to
D = 1 and j = 1 from Table 2.1, upon plotting Ṽ /Ẽ versus the supercell size
N we will observe that the c = 1 confined band moves down, while the c = 0
extended band moves up in the flow diagram, analogously to Fig. 2.3.

2.5 Application examples

We now demonstrate our method on an atomic crystal confinint electronic
quantum waves, namely a 2D hexagonal BN with a nitrogen vacancy representing
a point-like defect [54]. Specifically, we investigate electronic confinement in a
supercell of size N = 5. The band structure and charge densities of this quantum
system were calculated using density functional theory [55] implemented in the
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Figure 2.4: Our confinement analysis applied to a 2D quantum system: electronic
waves in a hexagonal BN with nitrogen deficiency. Zero energy is set at the Fermi
level. (a) Band structure of the N = 5 supercell, flipped to have an energy abscissa.
Bands are distinguished by colors. (b) Scaling analysis of confinement: every band is
represented by a point. As the supercell size increases from N0 = 3 to N = 5, extended
bands move upwards, while the three point-confined bands closest to zero energy shift
down.

VASP code v6.1.1 [56]. For details on the methodology, see Appendix 2.F.
The band structure of the system is shown in Fig. 2.4(a). Since the defect in

our D = 2 system has point geometry, we only expect two different confinement
dimensionalities to appear: the point-confined (c = 2) and the extended (c = 0)
bands. To distinguish between these, we choose α = 1/3 from Table 2.1 and use
a reference supercell of size N0 = 3. The plot of log

(
Ṽ 1/3/Ẽ

)
for each band in

Fig. 2.4(b) clearly shows that the majority of bands move upwards, identifying
them as extended (c = 0), according to our framework. Additionally, three bands
near zero energy move downwards and thus correspond to point-confined (c = 2),
in agreement with the findings of Huang and Lee [54].
In our second example, we demonstrate our technique on light confinement in

an N = 4 supercell of a 3D inverse woodpile photonic crystal with two proximate
line defects [18, 19, 57, 58]. The crossing point of these line defects represents
a point defect. We study the acceptor-like structure investigated by Ref. [18].
The defects in this case have more complicated geometry than in the previous
example: The system sustains point-confined (c = 3) bands, line-confined (c = 2)
bands and extended (c = 0) bands. The band structure and the energy densities
were calculated using the MPB code [59]. For details on the methodology, see
Appendix 2.G.
Fig. 2.5 depicts the results of our analysis. We unambiguously identify the con-
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Figure 2.5: Scaling analysis of wave confinement in an N = 4 supercell of a 3D inverse
woodpile photonic crystal with two proximate line defects. The horizontal axis displays
the reduced frequency ω̃ := ωa/(2πν), where a is the lattice constant in the y direction
and ν denotes the speed of light. (a) Band structure. In the M-A region degenerate
bands overlap. (b) Confinement dimensionalities determined by our method for each
band. Error bars denote bands assigned to c = 1, which should not occur in our
structure but appears due to the small size of the supercell.
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finement dimensionality c of most bands. At frequencies outside the band gap
(ω̃ < 0.49 and ω̃ > 0.64), all bands have c = 0 and are thus three-dimensionally
extended. Within the gap, most bands have c = 2, that is waveguide-like behav-
ior. This is the first time that such guiding states have been identified in inverse
woodpile photonic crystals, even though their presence was naively expected
based on the defect geometry involving defect pores. Additionally, several bands,
mostly near ω̃ ≈ 0.5, appear to be plane-confined (c = 1). We know, however,
that our defect geometry is linear and thus it does not support plane-confined
bands. We attribute this discrepancy to the small size of the studied supercell
(see Appendix 2.G). Nevertheless, our analysis is the first that distinguishes c = 2
bands from those with c = 0 in a 3D photonic superlattice. Remarkably, we also
find three bands (red) with c = 3. Visual inspection confirms the point-confined
character of the two bands at ω̃ ≈ 0.62. We therefore discover point-confined
bands in an acceptor-like 3D inverse woodpile structure, thus disproving earlier
claims by Woldering et al. [18] that such bands do not exist. For a detailed
discussion of the third red band, see Appendix 2.G.
Hack et al. [19] have shown that in higher dimensional structures such as 3D in-

verse woodpiles there is no direct correlation between dispersion and coupling in
a given direction and thus one cannot assess confinement by analyzing band dis-
persion. Our method is able to analyze confinement in such structures where the
dispersion arguments fail. Furthermore, our technique is not limited to ’defect’
superlattices in terms of ’impurity’. Any superlattice superimposed on another
lattice can be analyzed by our technique. This is the case for, e.g., Lieb lattices
or other so-called flat-band lattices [60, 61]. Our technique is also directly ap-
plicable to quasicrystals by analyzing their periodic approximants, which, based
on Refs. [62, 63], exhibit defect properties virtually identical to their parent qua-
sicrystals.

2.6 Conclusion
In this chapter we describe a systematic scaling theory to analyze wave confine-

ment in periodic superlattices, applicable to any type of physical waves. Already
in one of the studied examples our technique uncovers physically new results,
namely photonic acceptor behavior, thus showcasing its power. Our method is
directly applicable to actively researched periodic and quasiperiodic structures
and for optimization algorithms aiming to minimize or maximize specific types
of wave confinement.2

2The data used for this chapter are available [64] via the open-access repository Zenodo that
is developed under the European OpenAIRE program and operated by CERN.
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Appendices

2.A Basic considerations

When numerically calculating band structures, the frequencies ω are computed
for discrete wave vectors k within the Brillouin zone and subsequently connected
to form bands. Correctly connecting the discrete values becomes nontrivial at
points where multiple bands intersect. Since each band represents an eigenstate
of the Maxwell problem, it is possible to utilize the orthogonality of different
bands together with their continuity in k and symmetry properties to perform
these connections correctly at every point, see, e.g., Dörfler [65]. It is obviously
crucial for the band structures used as the input into our method to be correctly
connected, otherwise the whole concept of a ’band’ as such is spoiled. In our
examples, we use in each case the corresponding band-computation software to
perform these connections.
The larger the supercell gets, the more bands it contains in the given frequency

range, thus making one-to-one comparison between increasing supercells impos-
sible. This effect is known as band-folding and it is a fundamental property of
the Brillouin zone. Several ways of ’unfolding’ the band structure have been pro-
posed in the literature, see, e.g., Refs [66, 67]. Nevertheless, it is still very hard
to draw direct relations of any type between bands from different supercells as
the band-folding effects seem to also depend on the confinement dimensionality
of the bands. Our approach circumvents this problem by not requiring such di-
rect relations between different supercells. Namely, in the Ṽ α/Ẽ plots for large
enough N > N0, each band of the investigated N supercell is clearly either above
or below all the bands with similar frequencies of the reference N0 supercell.
Our method can be viewed as an extension of the multifractality techniques,

which are usually formulated for scaling of the participation ratio [42–44]. In
the first step of our framework we also perform a similar scaling for the mode
volume in Eq. (2.4). However, by limiting oneself to only this scaling behavior,
it would require very large supercell size N to draw conclusive results for the
whole spectrum, as described below and illustrated in Fig. 2.6. To complicate
the matter even more, due to the band folding effects, translating the results ob-
tained for this large N to experimentally interesting supercells of moderate size
would be extremely complicated, if at all possible. By subsequently introducing
the confinement energy as another analyzed quantity with different scaling ex-
ponent than the mode volume and the auxiliary power parameter α, our method
allows for the determination of confinement throughout the whole spectrum for
relatively small supercell sizes and, as described in the previous paragraph, free
of complications related to band folding.
In our definition of EC in Eq (2.2) we choose the volume VC to be centered

around the cavity, where the confinement is expected. Nevertheless, this is not
a strict requirement. Choosing the volume VC at a different location within
the supercell will still yield correct scaling results, albeit possibly affecting the
convergence of the method and thus requiring larger supercell sizes N,N0 to
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properly classify the whole spectrum. It is however necessary, after VC is selected,
to keep this volume constant throughout the scaling, so that the exponent c−D
appears in the scaling relation for Ẽ in Eq. (2.4), since this is crucial to tune the
exponent κ as needed.
The dimension of the supercell used to model the system may differ from the

system dimensionality D in some cases. For example, in 2D electronic materials
D = 2, but the charge density usually extends slightly into the third dimension
and, moreover, can be zero in the 2D plane where the atomic nuclei are posi-
tioned. This case is therefore traditionally modeled by a 3D supercell and thus
the integration in Eqs. (2.1) and (2.2) must be performed over three-dimensional
volumes, i.e., the volumes VS and VC will be three-dimensional. Nevertheless,
since the structure of the material is still two-dimensional, the subsequent scaling
analysis of confinement can be performed in D = 2 dimensions with the third
dimension kept constant, i.e., adding unit cells only along the planar material,
as we did in the example of a hexagonal BN with N vacancy.
In this chapter we are only concerned with integer defect dimensionalities d

in systems of dimension D ≤ 3, as these are the most relevant for experiments.
It is, however, straightforward to extend our technique to also include fractal
defects with fractional dimensionalities and higher dimensional spaces. One can
directly apply the derivations in this Supplemental material to find the optimal
values of the auxiliary power α in case of fractional d or arbitrarily high D. These
possibilities further emphasize the generality of our scaling theory.
In both the theory and examples in this chapter, we restrict ourselves to cases

with two superposed lattices. One could readily devise an example of a structure
in which more than two lattices are superposed, for example a system containing
two different defect superlattices or a Lieb lattice with an impurity superlat-
tice [60, 61]. We expect it to be straightforward to generalize the essence of
our method to such multiple-lattice cases, however, there will likely also appear
several details that one will need to address, such as correct extension of one
superlattice when scaling the other. Therefore, this is an interesting area for
further research.
We note that to get additional overview of band confinement properties, one

can construct maximally localized Wannier functions and analyze their behavior.
For details on this, see Refs. [68, 69].

2.B Shortcoming of multifractality

In the main text we claim that our method surpasses multifractality analysis
because it is able to identify confinement of bands in much smaller supercells
than is possible by multifractality. We illustrate this by applying the simple
multifractality scaling to our example of 3D inverse woodpile photonic crystal
with two linear defects used in the main text. We analyze the N = 4 supercell
and use the N0 = 2 supercell as a reference. We scale either the mode volume
Ṽ , in Fig. 2.6(a), or the confinement energy Ẽ, in Fig. 2.6(b).
From Fig. 2.6(a), we observe that for some bands the value of Ṽ decreases
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Figure 2.6: Failure of the standard multifractality approach to identify confined bands
for small supercell sizes. Each band is represented by a point. (a) Scaling of the
normalized mode volume. (b) Scaling of the normalized confinement energy. For some
bands the values change significantly when scaling fromN0 = 2 toN = 4 while for others
they remain approximately constant. This variety of behaviors indicates that different
confinement dimensionalities c are present in the band spectrum, as predicted by the
multifractality. Nevertheless, from each of these plots on its own, it is not possible to
clearly assign confinement dimensionalities to specific bands and there is thus a need to
move beyond the traditional multifractality method. One can, albeit, infer interesting
information on confinement properties upon analyzing both plots simultaneously, which
already brings us close to the essence of our technique of scaling the ratio of Ṽ α/Ẽ.

significantly as the supercell grows and for some it stays roughly constant. One
would immediately expect the bands with constant Ṽ to be extended, according
to Eq. (2.4). However, differentiating between the c = 2 and c = 3 bands is
basically impossible. Moreover, even the distinction between the ’decreasing’ and
’constant’ mode volume can be rather unclear, for example around the frequencies
ω̃ ≈ 0.5.

Similarly, in Fig. 2.6(b), for some bands the value of Ẽ decreases significantly
as the supercell grows and for some it stays roughly constant. In this case, the
distinction between the various confinement dimensionalities is even blurrier than
for the mode volume.

As it is suggestively implied by the combined Fig. 2.6, looking at the scaling
of both Ṽ and Ẽ at the same time and comparing these yields more information
than analyzing only one of them as does the traditional multifractality approach.
This already brings us very close to our confinement analysis method as described
in the main text, which represents a systematic approach to the simultaneous
scaling of both Ṽ and Ẽ.
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2.C Sparsity measures: Analogies of mode volume
and participation ratio

In our confinement analysis, we employ the mode volume VM as one of two
key quantities, defined in Eq. (2.1). We note that in literature the definitions of
the mode volume may differ for various applications [18, 36–39], which is usually
manifested in modifications of the integration volume in Eq. (2.1). In our case
of a superlattice, it seems physically obvious to choose the supercell volume VS

as the integration domain. Moreover, irrespective of the physical meaning of the
quantity VM, integrating over VS is crucial to obtain the correct scaling behavior
in Eq. (2.5). Mode volume is, however, not the only possible choice, and a whole
class of quantities can be substituted for VM in our confinement identification
method.
Hurley and Rickard [70] were the first to rigorously define the so-called mea-

sures of sparsity. In the most simple terms, measures of sparsity are functions
quantifying the inequality of distribution of values within a given set. One such
measure, for the set of values {m1, . . . ,mM} ∈ RM , is a pq-mean:

µp,q :=

(
1
M

M∑
j=1

mp
j

)1/p

(
1
M

M∑
j=1

mq
j

)1/q
. (2.7)

Ref. [70] has shown that, for p < q < ∞, µp,q is indeed a viable measure of
sparsity.
There is clear correspondence between the inequality of W (x) over the volume

VS for a given band and its confinement: For a confined band, W (x) is very high
in certain parts of VS but low everywhere else, while for an extended bandW (x) is
approximately equally distributed over the whole VS. To see this quantitatively,
we write the straightforward continuous generalization of Eq. (2.7) to quantify
the inequality of W (x) over the volume VS as

Up,q :=

(
1
VS

∫
VS

W p(x)dV

)1/p

(
1
VS

∫
VS

W q(x)dV

)1/q
. (2.8)

Our normalized mode volume Ṽ , as defined by Eq. (2.3), turns out to be a
continuous version of the pq-mean with p = 1 and q = ∞, i.e., Ṽ = U1,∞. Note
that, strictly speaking, the value of q = ∞ means that Ṽ has slightly weaker
properties 3 than what is required for a sparsity measure as defined by Ref. [70].
This detail is, however, unimportant for our confinement identification purposes.
3Namely, it does not strictly satisfy the “Robin Hood” property that redistributing the values
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For the purpose of confinement analysis, one can substitute any other pq-mean
Up,q for Ṽ and our method will still work properly, albeit possibly with different
scaling power than we obtained for Ṽ in Eq. (2.4). Specifically, substituting
p = 1, q = 2 yields

U1,2 :=

∫
VS

W (x)dV

√
VS

√∫
VS

W 2(x)dV
. (2.9)

The quantity U1,2 corresponds to the square root of normalized participation
ratio:

U1,2 =

√
P

VS
, (2.10)

where the participation ratio P [16, 23, 40] is given by

P :=

(∫
VS
W (x)dV

)2∫
VS
W 2(x)dV

. (2.11)

Finally, since the pq-mean is a non-negative dimensionless quantity, its various
powers are equivalent in characterizing confinement and thus one can use U2

1,2

instead of U1,2. This illustrates that, in our approach, instead of normalized
mode volume Ṽ , normalized participation ratio can be used as well, similarly to
any other pq-mean Up,q.

2.D Derivation of the scaling equation
In a homogeneous D-dimensional system, waves propagate freely in all direc-

tions. Adding a periodic structure with no defects may restrict some ways of
propagation, but the waves will still be extended, i.e., they can propagate from
any given unit cell to any other one. Upon introducing a defect of dimensionality
d ≤ D, some waves may couple to this defect and only propagate within it, thus
never being able to achieve the non-defect unit cells. A wave coupled to a defect
of dimension d has confinement dimensionality c = D − d, i.e., it is confined in
c dimensions. This effect is very strongly observable upon scaling of the system
size. To analyze the confinement dimensionality of waves, one can utilize the
scaling of mode volume and confinement energy.
Mathematically, the behavior of mode volume, defined by (2.1), for such a wave

is given by
VM = ANd +O(Nd−1)

= AND−c +O(ND−c−1),
(2.12)

where A is a constant independent of N . In fact, A is actually a functional de-
pending on the permittivity distribution ε(x) and the band number. Eq. (2.12)

by decreasing the large ones and increasing the small ones (“stealing from the rich and giving
to the poor”) decreases sparsity. In the case of q = ∞, only decreasing the largest value will
decrease the sparsity measure.
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holds beyond the localization length of a given wave and expresses the fact that
the mode volume of a confined wave can only grow within the geometrical con-
straints of the defect, with a small contribution of decaying waves in other direc-
tions. Upon normalization by VS = ND, we obtain

Ṽ = AN−c +O(N−c−1). (2.13)

Similarly, the normalized confinement energy, defined by Eqs. (2.2) and (2.4),
behaves as

Ẽ = BN−d +O(N−d−1)

= BN c−D +O(N c−D−1),
(2.14)

where B is a constant independent of N . Analogously to A, B is a functional
depending on the permittivity distribution ε(x) and the band number. Eq. (2.14)
holds beyond the localization length of the given wave and expresses the fact that
the confinement energy of a confined wave can only escape from the volume V0

in ways that obey the geometrical constraints of the defect. There can also be
additional, fast decaying, leakage expressed by the term O(N c−D−1).
We combine the Eqs. (2.13) and (2.14) and, upon neglecting the big-O contri-

butions, we obtain for a wave with the confinement dimensionality c in the limit
N →∞:

Ṽ α

Ẽ
=

(AN−c)
α

BN c−D = CN−(α+1)c+D, (2.15)

where C = Aα/B. Eq. (2.15) represents exactly our scaling relation in Eq. (2.5).

2.E Determining the auxiliary powers α

In our method, we are able to distinguish between the bands with c < j and
c ≥ j by tracking the behavior of Ṽ α/Ẽ according to Eq. (2.5), as the supercell
size changes from a smaller reference size N0 to the investigated size N . By
varying j over all the values 0 < j ≤ D, this approach allows us to completely
classify all wave bands in the spectrum based on their confinement dimensionality.
For this approach to work, the power α has to be chosen so that κ < 0 for all
c ≥ j and κ > 0 for all c < j, where κ is given by Eq. (2.6). This condition,
however, still allows for some freedom in the choice of α, which can be used to
reduce the influence of the sub-leading orders to the Eq. (2.5).
These sub-leading orders are represented by the big-O contributions in

Eqs. (2.13) and (2.14) and, especially for small supercells, can change the be-
havior of certain bands from what would be expected based on Eq. (2.5). Since
we determine the confinement dimensionality by analyzing the change of Ṽ α/Ẽ
with respect to the reference supercell, the bands most susceptible to the sub-
leading order effects will be the bands where the smallest leading-order change is
expected. According to Eq. (2.5), these are the bands, for which κ is close to zero,
i.e., for every j, the bands with c = j and c = j − 1. Because we generally do
not know the contribution of the sub-leading orders to the overall scaling result,
the most reasonable choice is to maximize the leading-order movement, i.e., that
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of the c = j bands downwards and that of the c = j − 1 bands upwards, at the
same time.
Since κ := −(α + 1)c + D is a linear function of c, the desired leading-order

movements will be maximal if κ = 0 at the middle point, i.e., for c = j − 1/2.
Thus, for each 0 < j ≤ D, we solve the equation

−(α+ 1)(j − 1

2
) +D = 0. (2.16)

The solution to (2.16) is

α =
2D

2j − 1
− 1. (2.17)

By choosing α according to (2.17) for each D, j, we ensure the effective mini-
mization of the sub-leading order contributions to our scaling analysis and thus
the best precision of our method. The powers α obtained this way for each j for
D = 1, 2, 3 are tabulated in Table 2.1.

2.F Electronic band computation
For our analysis of the 2D hexagonal BN crystal with a nitrogen vacancy, we

calculated the band structure and charge densities using the density functional
theory [55] implemented in the VASP code v6.1.1 [56]. We use the PBE exchange-
correlation functional [71] and represent the electron-ion interaction via the PAW
potentials [72], specifically via the B and N potential files recommended by VASP.
The cutoff energy was set to 550 eV.
We modeled the material using a 3D supercell with periodic boundary con-

ditions, starting each geometry optimization with the vacuum layer of 12.56 Å
perpendicular to the material layer to eliminate the effects of periodic boundary
conditions in this direction. For geometry optimization and computation of the
charge densities, we used 11 × 11 Γ-centered k-point grid. Geometry optimiza-
tion was performed via the conjugate gradient algorithm until the residual atomic
forces were smaller than 10 meV/Å. For the computation of the band structure
in Fig. 2.4(a), we interpolated each segment of the high-symmetry path with 13
k-points, in addition to the two high-symmetry points.
For completeness, we include the plot for j = 1, which was omitted in the main

text, in Fig. 2.7. These results confirm the three point-confined bands (c = 2 in
a D = 2 system) around the Fermi level. At the same time, some other bands of
the N = 5 supercell seem to be slightly under the reference values. Naively, this
could indicate c = 1 confinement dimensionality for those bands, however, in this
case we attribute this effect to be most likely caused by the sub-leading order
effects in the scaling. This would be remedied by using larger supercell sizes N
and N0. This conclusion is confirmed by looking at the standard deviation of the
c 6= 2 bands for the N = 5 supercell (green area in Fig. 2.7(b)), which is higher
than the separation of the questionable bands from their reference line, in each
case. Fig. 2.7 exemplifies that our framework can offer rigorous and cost-effective
scaling analysis, but, especially for small supercell sizes, its results must still be
critically evaluated to avoid the sub-leading order effects of scaling.
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Figure 2.7: Confinement analysis applied to electronic waves in a 2D hexagonal BN
with nitrogen deficiency, j = 1. Zero energy is set at the Fermi level. (a) Band structure
of the N = 5 supercell, flipped to have an energy abscissa. Different bands are shown
with different color for clarity. (b) Scaling analysis of confinement. Every band is
represented by a point. These results confirm the three point-confined bands around
the Fermi level. However, compared to Fig. 2.4, several other bands appear slightly
under the reference line. We attribute this effect to be most likely caused by the sub-
leading order contributions in the scaling and would be remedied for larger supercell
sizes. This conclusion is enhanced by the fact that the standard deviation for these
bands (green area) is higher than their separation from the reference line.
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2.G Photonic band computation
In the main text we analyze light confinement in a 3D inverse woodpile photonic

band gap superlattice with two proximate linear defects. The photonic band gap
crystal consists of bulk silicon (ε = 12.1, see Ref. [73]), in which nanopores of
radius R filled with air (ε = 1) are etched [57, 74]. We model the unperturbed
crystal using a tetragonal unit cell with lattice parameters a in the y direction
and b = a/

√
2 in the x and z directions. This unperturbed structure is depicted

in Fig. 2.8(a).

Figure 2.8: (a) Structure of an unperturbed inverse woodpile photonic crystal. We
use a tetragonal unit cell with lattice parameters a in the y direction and b = a/

√
2

in the x and z directions. The pore radius is denoted by R. The figure shows an
N = 2 supercell, with one unit cell designated by the dashed border. (b) Design of the
defect. The radius R′ of two proximate defect pores (shown in green) is altered. At
their intersection a region with excess of one material is created that serves as a point
defect (red glow).

A defect can be incorporated in the structure by altering the radius R′ of two
proximate nanopores, as illustrated in Fig. 2.8(b). In our example from the main
text we use the unperturbed pores of the radius R = 0.24a and the defect pores
with the increased radius R′ = 0.35a > R. This results in creation of a region
with excess air at the intersection of the two defect pores, serving as a point
defect. We include one defect of this type per supercell. Such a defect results in
splitting of the defect bands from the bottom edge of the band gap, in analogy
with acceptor-doped lattices in solid state physics.
We investigate the confinement of N = 4 supercell and use N0 = 2 as a

reference. The spectrum of the investigated cavity superlattice is computed by
the plane-wave expansion method using the well-known MPB code [59] and is
depicted in the main text in Fig. 2.5(a). For the band structure, we follow the
high-symmetry path of the tetragonal unit cell (see Ref. [75]), as depicted in
Fig. 2.9.
We perform scaling analysis to identify the confinement dimensionality c of

each band, as described by our theory introduced in this chapter. Each step of
the analysis for this D = 3-dimensional system is described in Fig. 2.10. We
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Figure 2.9: Brillouin zone of a tetragonal unit cell (black) with the corresponding
high-symmetry path (red). The Cartesian basis vectors (blue) are denoted by bx, by, bz.
For more details, see Ref. [75].

choose the auxiliary powers α based on Table 2.1.
Fig. 2.10(a) describes j = 3, with α = 1/5. Out of the whole spectrum of

unidentified bands, three bands around ω̃ = 0.6 decrease in value of log
(
V 1/5/E

)
with respect to the reference supercell. Visual inspection of energy density con-
firms the point-confined character of the two bands at ω̃ ≈ 0.62. We thus confi-
dently identify these two bands as having c = 3 confinement dimensionality. This
is in stark contrast with the statement made in Ref. [18] that no point-confined
bands exist in acceptor-like 3D inverse woodpile crystals.
The visual inspection of the energy density also shows that the band at ω̃ ≈ 0.58

is confined in at least two dimensions, however it is visually not clear if the
confinement is c = 2 or c = 3 and we are thus unable to confirm the correctness
of the result for this band. This band also appears to be degenerate in the M-A
region with the bands to its right, see Fig. 2.5(a) in the main text. It is therefore
likely that all of these bands have the same c and either the blue ones or the red
one are misindentified as a result of sub-leading order effects due to the small
supercell sizes.
Fig. 2.10(b) describes j = 2, with α = 1. In this case, several additional

bands between roughly ω̃ = 0.5 and ω̃ = 0.6 drop below the values of the refer-
ence supercell. These newly separated bands are therefore identified as having
c = 2 confinement dimensionality. This marks the first time such c = 2 bands
are distinguished from fully extended bands in a 3D inverse woodpile photonic
structure.
Fig. 2.10(c) describes j = 1, with α = 5. There are several more bands

dropping below the reference line. According to our framework, this would mean
that they are plane-confined, i.e., having c = 1. Nevertheless, we know that
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Figure 2.10: Step-by-step confinement analysis of bands in a supercell of sizeN = 4, for
a 3D inverse woodpile photonic crystal with two proximate line defects. As a reference,
supercell of size N0 = 2 is taken. Every band is represented by a point. The parameter
values are (a) j = 3, α = 1/5, (b) j = 2, α = 1, (c) j = 1, α = 5, as per Table 2.1. We
note that the slight shift in frequency between the bands from N0 = 2 and N = 4 is
due to different effective refractive index of the supercells and tends to zero for larger
supercells.
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Figure 2.11: Step-by-step confinement analysis of bands in a supercell of sizeN = 3, for
a 3D inverse woodpile photonic crystal with two proximate line defects. As a reference,
supercell of size N0 = 2 is taken. Every band is represented by a point. The parameter
values are (a) j = 3, α = 1/5, (b) j = 2, α = 1, (c) j = 1, α = 5, as per Table 2.1.
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Figure 2.12: Step-by-step confinement analysis of bands in a supercell of sizeN = 4, for
a 3D inverse woodpile photonic crystal with two proximate line defects. As a reference,
supercell of size N0 = 3 is taken. Every band is represented by a point. The parameter
values are (a) j = 3, α = 1/5, (b) j = 2, α = 1, (c) j = 1, α = 5, as per Table 2.1.
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our defect geometry is linear and therefore cannot support plane-confined bands.
These bands must thus either have c = 2 or c = 0.
The misidentification for bands that should have c = 2 is due to the fact that

the size of the (reference) supercell is still below the localization length in the
plane where the linear defects are positioned. However, the scaling Eq. (2.5)
holds only for supercell sizes larger than the localization length. Therefore it is
understandable that our method identifies these bands as plane-confined. Simply
put, for the given supercell size, the information about confinement of these
bands is not yet available in the calculated energy density and thus cannot be
extracted from it by any means, unless implementing some additional knowledge,
for example about the defect geometry.
The misidentified bands that should have c = 0 are caused by the fact that for

the given supercell size the effects of the sub-leading order terms on Eq. (2.5) are
still too large. This is an issue of the convergence of our technique and it would
also be corrected for larger supercell sizes. In this case, it hypothetically could be
possible to devise some alternative way to improve the convergence since, unlike
in the case of the previous paragraph, the information about the confinement
may be available in the calculated energy density data - this remains, however,
beyond the scope of this chapter.
We note that many of these misidentified bands (green in Fig. 2.5) seem to be

flat in the Γ-Y, X-R, and M-A regions, which could naively imply their confine-
ment. Nevertheless, all of these regions correspond to the wave-vector shift in
the y-direction and, as it has been shown by Ref. [19], the coupling coefficients
in this direction are much weaker than in the x, y-directions due to the geomet-
rical properties of the inverse-woodpile structure and can be tuned by changing
the relative distances of neighboring cavities. Therefore the apparent flatness in
these regions is not a reason enough to claim their confinement.
Lastly, all the bands remaining above the reference values in Fig. 2.10(c) are

identified as extended, i.e., with c = 0.
Unfortunately, we do not have enough computational power available to illus-

trate the convergence of our method by analyzing the larger N = 5 supercell.
However, we analyzed two cases using different supercells than in our main ex-
ample. The analysis of N = 3 supercell using N0 = 2 as a reference is illustrated
in Fig. 2.11 and the analysis of N = 4 supercell using the reference N0 = 3 is in
Fig. 2.12. It is immediately clear that the separation of bands between the refer-
ence and the investigated supercell in both of these cases is significantly smaller
than in the main case of N = 4 and N0 = 2. This becomes problematic espe-
cially in Fig. 2.11(c) and the whole Fig. 2.12, since in these cases the separation
between the supercells is clearly smaller than the spread of the bands within one
supercell. This, for example in Figs. 2.11(c) and. 2.12(c), results in several bands
at both ends of the spectrum (around ω̃ < 0.3 and ω̃ > 0.7) being identified as
c = 1. However, it can be easily confirmed by looking at the energy-density pro-
file of these bands that they are extended (c = 0). Since these misindentifications
do not appear in the N = 4, N0 = 2 case, this example clearly shows not only
that the accuracy of our method increases with larger supercells, but that it is
also important to maintain large enough size difference between N and N0.



We note that it might be possible to devise some kind of Richardson-like extrap-
olation argument [76] to enhance the convergence of our method, by comparing
results for various supercell sizes N . Nevertheless, this is nontrivial, especially
due to the fact that band folding clearly affects the bands of different c differently.
For now, such an extension remains out of the scope of this chapter.
Our method is especially powerful for experimentally interesting supercells of

moderate size. These supercell sizes are, however, in a range where possible
inaccuracies due to finite-size scaling can occur and therefore, naturally, the
results need to be critically evaluated. The presented photonic example further
illustrates the strength and novelty of our method. Our framework has enabled
the discovery of 3D-confined acceptor-like bands previously thought non-existent
and, for the first time ever in an inverse woodpile structure, distinguished 2D-
confined bands from the extended ones. It is therefore clear that our technique
enables direct access to previously inaccessible confinement information.
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3 Machine Learning for Wave
Confinement Analysis

3.1 Introduction
Completely controlling wave propagation in periodic media is a key challenge

that is essential for a large variety of applications [1–15]. An especially inter-
esting type of control is wave confinement achieved by introducing disorder and
functional defects into an otherwise periodic medium. The interference of waves
in such an altered structure may result in a strong concentration of the energy
density inside a small sub-volume of the medium. Wave confinement has been
investigated for different types of waves and in various settings, e.g., classical
mechanics [16], photonics [9, 10, 17–19], solid state physics [20–24], or magnon-
ics [25, 26]. Its applications include sensors, controlled spontaneous emission, and
enhanced interactions between hybrid wave-types such as sound and light [27–
35].
Recently, we have described a rigorous method of determining confinement of

waves in periodic media with defects and in superlattices in general [36]. We first
introduced a so-called confinement dimensionality, quantifying the intuitive term
of "confinement" and then proceeded to develop a scaling theory to determine
confinement dimensionality of every band in a given system. This scaling theory
is valid for any type of physical wave (acoustic, electromagnetic, electronic, spin,
etc.), in both quantum and classical setting, and for systems in any dimension,
and is readily usable in computer algorithms.
Nevertheless, the theory of Ref. [36] requires, for every investigated superlat-

tice, a smaller reference superlattice, so that one can observe the scaling behavior
of the key quantities when changing the supercell size. Generally, obtaining the
data for the reference supercell is significantly less computationally demanding
than performing the calculations for the investigated supercell of interest. On the
other hand, this requirement for a reference supercell makes the scaling approach
of Ref. [36] inapplicable in case the reference supercell is not available for any
reason. Furthermore, the scaling theory is exact only in the case of infinitely
large supercells and thus for experimentally relevant small supercells inaccura-
cies may occur, as also described by Ref. [36]. Since the reference supercell is
smaller than the investigated one, it is clear that eliminating the reference su-
percell from the confinement determination provides an immediate advantage in
terms of accuracy of the scaling method.
Assigning the confinement dimensionality to each band in a spectrum is a

typical classification task, which is among the most typical problems solved by
unsupervised machine learning [37, 38]. A prominent approach within unsuper-
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vised learning are clustering algorithms, which aim to partition the dataset into
several clusters in such a way that “similar” data points are grouped together in
the same cluster [39, 40].
In this chapter1, we investigate the application of clustering algorithms to

improve the precision of confinement identification for small supercells. Specif-
ically, we employ two clustering algorithms to partition the bands of interest
in the two-dimensional parameter space of mode volume and confinement en-
ergy, so that each resulting cluster corresponds to a specific value of confinement
dimensionality. First is the well-known k-means algorithm [42] with improved
initialization [43], which measures the “similarity” between the bands by their
distance in the parameter space. This is a standard algorithm, which, however,
does not take into account any specific physical properties of our system and, as
we show, this results in lesser accuracy in some cases. Alternatively, we imple-
ment our own model-based clustering algorithm (MBC), which uniquely merges
clustering with the physical model behind the wave confinement, measuring the
“similarity” between the bands by their distance from the scaling curves predicted
by Ref. [36]. The MBC algorithm shows improved accuracy in the cases where
k-means fails.
We conclude that, even though the clustering approach brings specific com-

plications on its own, it can be used to enhance the precision of confinement
identification for small supercells, especially if used in addition to the directly
applied scaling method of Ref. [36]. In terms of computational complexity, the
additional clustering step is negligible, taking mere seconds for the cases pre-
sented in this chapter.
The remainder of this chapter is organized as follows: The second section of this

chapter contains definitions of crucial terms and a brief review of scaling theory
of wave confinement. In the third section, we reformulate the scaling equation for
wave confinement into a more machine-learning friendly form. The fourth section
deals with the evaluation of the accuracy of the clustering algorithms, while in
the fifth section we describe our model-based clustering algorithm. In the sixth
section, we compare the performance of the k-means clustering algorithm, our
MBC algorithm, and the standard scaling approach using a reference supercell.

3.2 Superlattices and scaling

Superimposing a periodic lattice of defects on another underlying crystal lattice
gives rise to a so-called superlattice [36]. A unit cell of such a superlattice is
called a supercell. Fig. 3.1 depicts supercells containing various types of defects.
This is a traditional model for, e.g., defects in periodic materials. A supercell
of linear size N in a D-dimensional system contains ND unit cells. A defect of
dimensionality d can confine waves in c = D − d dimensions, as illustrated in
Fig. 3.1. The number c is referred to as confinement dimensionality.
Ref. [36] has recently developed a general scaling theory of wave confinement.

This method relies on the confinement quantity W (r) as an input. This quantity

1This work is building upon the bachelor thesis of R. Schrijver [41].
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Figure 3.1: Illustration of supercells containing various defects. Blue spheres represent
unperturbed unit cells, red spheres correspond to defect unit cells and confined waves
are depicted in yellow. (a) Four supercells containing point defects. (b) Supercell
containing a line defect. (c) Supercell containing a plane defect.

depends on the investigated system and represents what is intuitively under-
stood as confinement. It can be, e.g., the energy density in photonic systems, or
the charge density in electronic systems. From W (r), two other quantities are
calculated; the relative confinement energy

Ẽ = EC :=

∫
VC
W (r)dV

ES
, (3.1)

and the relative mode volume

Ṽ = VM :=

∫
VC
W (r)dV

VS max
r∈VS

{W (r)}
. (3.2)

In the above, VS is the supercell volume and VC a specific integration volume,
usually chosen so that it contains a part of the defect. The quantity ES represents
the total energy in the supercell. The quantities defined by Eqs. (3.1) and (3.2)
have the following scaling behavior in the limit N →∞:

Ṽ = AN−c, Ẽ = BN c−D, (3.3)

with A,B constants that are independent of N .
Ref. [36] and Chapter 2 of this PhD thesis show that by observing the scaling

behavior of the combined quantity

Ṽ α

Ẽ
= CNκ (3.4)

with respect to the supercell size N , for judiciously chosen auxiliary powers α,
one can determine the confinement dimensionality c for each band of states of a



74 Machine Learning for Wave Confinement Analysis

given system. Here, the constant C = Aα/B is a priori unknown and may depend
on various system parameters and the specific investigated band. Although this
scaling approach is rigorously valid only for sufficiently large N , it has been
observed in [36] that it works for several smaller systems as well, which is unusual
for scaling theories. However, the method sometimes also yielded unphysical
results for some bands in these small supercells, necessitating critical evaluation
of the results.
In this chapter, we present an alternative scaling approach and employ ma-

chine learning algorithms to enhance the precision of the method of Ref [36] and
Chapter 2 of this PhD thesis. Although this approach introduces an additional
step in the confinement analysis, this step is computationally cheap and, as we
show, it can improve the accuracy of the results for small supercells. Moreover
the clustering analysis still maintains its wide range of applicability to different
physical systems introduced.

3.3 Machine-learning approach to scaling

Instead of combining the quantities in Eqs. (3.1) and (3.2) into the ratio (3.4),
one can express the mode volume as a function of confinement energy, in the
limit N →∞:

Ṽ = C̃Ẽ
−c
c−D , (3.5)

where

C̃ =
A

B
−c
c−D

. (3.6)

Eq. (3.5) represents a different form of scaling behavior than Eq. (3.4), this time
with respect to Ẽ. Of course, from Eq. (3.3), it is clear that Ẽ also changes with
the system size N .
The band behavior based on Eq. (3.5) is graphically illustrated in Fig. 3.2. For

small supercell sizes N , the bands are more or less concentrated in the upper
right corner with relatively high Ẽ and Ṽ . As the supercell size increases, the
bands start to follow a path corresponding to their confinement dimensionality
c. Eventually, bands with the same c form clusters as depicted in Fig. 3.2. The
bands in a D dimensional system will form at most D+1 clusters, corresponding
to all possible values of the confinement dimensionality c.
The immediate advantage of this approach compared to the one presented in

Ref. [36] and Chapter 2 is that this method does not require a smaller reference
supercell, but one can directly analyze which bands belong to which cluster for
the supercell size of interest. Nevertheless, since Eq. (3.5) strictly holds only
for N →∞, the clusters will be clearly distinguishable only for sufficiently large
supercells. In both computations and experiments, one is realistically constrained
to relatively low N and it thus may become difficult to distinguish the clusters
from each other. To improve the accuracy of confinement determination, we
suggest the employment of a clustering algorithm, which divides the data into
clusters quantitatively and automatically.
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Figure 3.2: Schematic of the scaling behavior of the bands according to Eq. (3.5).
Mode volume versus the confinement energy. For small supercell size N all the bands
are grouped together, but, for larger N, they spread over the parameter space, forming
clusters in accordance with their confinement dimensionality c.

Data clustering is one of the staple problems of machine learning techniques [37,
38] and it can thus be reasonably expected that such techniques could enhance
the precision of confinement identification. In order to formulate the band con-
finement identification as a clustering problem, we define, for a given supercell
size N , the dataset XN,0 ∈ RMN×2, containing the logarithm of mode volumes
log Ṽi and the confinement energies Ẽi for each band i = 1, . . . ,MN , where MN

is the total number of bands for the corresponding supercell. To ensure that both
log10 Ṽi and Ẽi are treated with equal importance and thus neither of them dom-
inates the clustering, we renormalize the data once again, so that both variables
have the same range of values, prior to the clustering. The renormalization is
performed for each dataset separately as follows:

Ei =
Ẽi

max
1≤j≤MN

{
Ẽj

}
− min

1≤j≤MN

{
Ẽj

} , (3.7)



76 Machine Learning for Wave Confinement Analysis

Vi =
log10 Ṽi

max
1≤j≤MN

{
log10 Ṽj

}
− min

1≤j≤MN

{
log10 Ṽj

} . (3.8)

The normalized dataset used for the clustering is thus XN = {xi := (Ei,Vi) | i =
1, . . . ,MN}.
The goal of a clustering algorithm is to subdivide the data in XN among

K clusters, such that “similar” data points are assigned to the same cluster
Ck = {xkj | j = 1, . . . ,Mk}, where k = 1, . . . ,K. In total, each cluster will
contain Mk ≥ 1 data points, such that

∑K
k=1Mk = M . We refer to the specific

distribution of the data points within the clusters as a partition, denoting it as
CK = {C1, . . . , CK}. The centroid ck of the cluster Ck is defined as the mean of
its constituent points, i.e., ck = (

∑Mk

j=1 x
k
j )/Mk. We denote the set of all possible

partitions of the dataset XN into K clusters as PK .
In this chapter we explore two different ways of clustering the data for the

purpose of confinement identification: A standard k-means++ algorithm im-
plemented in the Python library scikit-learn [44] and our own MBC algorithm
utilizing the physical insight to perform the clustering. Each of them utilizes a
slightly different notion of what it means for two data points to be “similar”, and
therefore employs a different approach to obtain the resulting partition, as we
will describe below.

3.3.1 The k-means++ algorithm

The standard and most well-known clustering algorithm is the k-means algo-
rithm [42], which considers two data points to be “similar” if their Euclidean
distance in the data space is small. Therefore, it aims to group such points to-
gether in one cluster. Within a given partition CK , this notion of similarity can
be measured via the cost function Ψ : PK → R representing the sum of distances
of each data point from the centroid of its cluster:

Ψ(CK) :=

K∑
k=1

∑
x∈Ck

‖x− ck‖2, (3.9)

where ‖·‖ denotes the Euclidean norm. The k-means algorithm aims to minimize
the cost function Ψ over all possible partitions. The partition C̃K , for which Ψ
attains its minimum is considered the best partition of the dataset:

Ψ(C̃K) := min
CK∈PK

Ψ(CK). (3.10)

The k-means algorithm is summarized in Algorithm 1.
Algorithm 1 will always converge to a local minimum of the cost function Ψ

(see Ref. [45]). There is, however, a likelihood that this local minimum does not
coincide with the global minimum. As a result, the output of the algorithm may
depend on the specific initialisation choice.
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Algorithm 1 k-means algorithm

Input: Data array XN ⊂ R2, number of clusters K ∈ N

Output: Division of the data into K clusters corresponding to various confine-
ment dimensionalities c, such that the cost function Ψ is minimized.

1. Arbitrarily select the initial centroids ck for each k = 1, . . . ,K.

2. Assign each data point xi ∈ XN to its nearest centroid using the Euclidean
metric. In case of equality of the nearest centroids, the data point is as-
signed to either cluster.

3. Recalculate the centroid of each cluster as the mean of all its constituent
data points.

4. Repeat the steps 2 and 3 with the new centroids until the termination
criterion (usually certain degree of convergence) is reached.

One can improve the probability of reaching the global minimum by applying
the algorithm multiple times with different random initializations and choosing
the result with the smallest cost function Ψ. Alternatively, one can choose a
more sophisticated method of the cluster centroid initialization, as described by
the k-means++ algorithm [43]. Here, instead of choosing the initial centroids in
Step 1 of Algorithm 1 at random, we choose the first centroid randomly from
the dataset XN , with a uniform probability distribution. Then, we continue to
choose each subsequent centroid ck, 1 < k ≤ K randomly from the dataset XN
with the adjusted probability distribution

Pk(x) =
D2
k(x)∑

x′∈XN D
2
k(x′)

, (3.11)

where
Dk(x) = min

1≤j<k
{‖x− cj‖} (3.12)

is the shortest distance of the point x to the closest centroid that has already
been determined. The remaining part of the k-means++ algorithm is the same
as for the standard k-means algorithm, described in Algorithm 1.

3.4 Clustering accuracy
Clustering of the bands based on their confinement dimensionality is compli-

cated by the fact that there is no known ground truth, i.e., there is no reference
solution against which we can assess the accuracy of the clustering process and
evaluate its validity. This is an important hurdle for the clustering approach,
since the k-means++ algorithm requires the number of clusters K as an input,
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which is, however, not known a priori. One can, of course, run the algorithms
for all possible values of K, but how can we determine that we have found the
correct number of clusters? Since the cost function Ψ defined by Eq. (3.9) is,
by definition, a decreasing function of cluster numbers, it cannot be used to de-
termine the correct K. We therefore need another type of clustering accuracy
measure and this is where the concept of cluster validity indices (CVIs) comes
into play.
Cluster validity indices, as the name implies, are quantitative measures to

determine the validity of the clustering results. A plethora of CVIs has been pro-
posed in the literature, employing various approaches to measuring the clustering
accuracy [46]. Based on the definition of each CVI, better clustering results cor-
respond to either lower or higher values of the index and thus the most accurate
clustering out of a set of results is the one achieving the optimum of the CVI,
i.e., either the minimum or the maximum.
CVIs can be divided into two categories in a rather straightforward manner:

external indices, comparing the clustering result against the ground truth, and
internal indices, analyzing only the partitioned data without the need for any
external information [47]. It is clear that for our purposes we are interested in
the CVIs of the internal type. Most CVIs measure cluster cohesion and cluster
separation of the data, in some sense. Cluster cohesion describes to what extent
the entities inside a cluster are alike, whereas cluster separation evaluates how
well different clusters are separated.
The behaviour of the CVIs largely depends on the context and the setting [46].

This is why numerical tests have to be conducted to convincingly select the
CVI providing the correct measure of accuracy in the given context [46]. This
obviously also applies to clustering for wave-confinement analysis. Therefore, in
this section, we perform analysis of selected CVIs, in order to find the ultimate
clustering accuracy measure for our specific problem.

3.4.1 Methodology

In order to limit the number of CVIs to be tested, we pick five of the best-
performing CVIs from the review in Ref. [46]. These are the Silhouette coefficient
(Sil), the Calinski-Harabasz (CH), the Davies-Bouldin(DB) including its slight
variation (DB*), the COP and the S_Dbw indices. Sil, CH, and DB were im-
plemented via the package library scikit-learn, S_Dbw was implemented via the
package library S_Dbw, and DB* and COP were implemented directly by our-
selves. For the overview of the CVIs and their definitions, see Appendix 3.B.
The testing procedure was executed in an identical fashion for each CVI. As the

reference system we used a 3D inverse woodpile photonic band gap crystal with
two proximate defects [48], described in detail in Appendix 3.A and Chapter 1
of this PhD thesis. Specifically, we employ the well-researched structure with
regular pores of radius R = 0.24a, with a being the lattice parameter, and defect
pores of radius R′ = 0.5R [18, 19, 49]. This system represents a suitable model
due to its relatively complex arrangement of linear defects, creating a cavity
at their crossover. We know that, as a result, the system exhibits extended
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(c = 0), line-confined (c = 2), and point-confined (c = 3) bands which need
to be distinguished, corresponding to the total number of K = 3 clusters. On
the other hand, we know from physics that the system does not support plane-
confined (c = 1) bands and those should therefore not appear in the correct
clustering result. We employ the range of supercell sizes N = 2, 3, 4, exhausting
what is feasible in a reasonable computing time. For every supercell size N , we
used the plane-wave expansion method implemented via the well-known MPB
code [50] to obtain the values of mode volume and energy density for each band.
To find the CVI that provides the best accuracy measure, we run the cluster-

ing algorithm for various total number of clusters K and subsequently compute
the value of each CVI for that partition. The global optimum (minimum or
maximum, depending on the CVI definition) should then be attained for the
correct number of clusters K = 3. For this analysis, we choose the range of
K = 2, . . . , 25. This range exceeds the number of clusters expected in the con-
text of wave confinement, but such a broad range of values may provide additional
information on the accuracy of the CVIs. Note that we do not use K = 1 since
the value of the CVIs is not defined for only one cluster, see their definitions
in Appendix 3.B. It is important to note that the choice of clustering algorithm
should not affect the CVI performance, since CVIs only evaluate the intrinsic
clustering outcome [51, 52]. This is why, for the purpose of the CVI analysis, we
stick to only the k-means++ algorithm.
According to the supercell scaling method the distance between the clusters

of different levels of confinement should increase as the supercell size N grows.
Taking also into account that we always renormalize the dataset to a unit domain,
we expect the well-behaved CVIs to display better result, i.e., lower minimum or
higher maximum, every time N is incremented. In other words, the CVI must be
a monotonically increasing or decreasing function of N , depending on the CVI
definition. We refer to this as the convergence property of the CVI.
Thus, in this section, we are looking for the best performing CVI for our

specific setting of wave confinement analysis. The suitable CVI has to satisfy the
following criteria:

1. For the reference structure, the maximum or minimum of the CVI must be
obtained at K = 3 clusters.

2. The CVI should be a monotonically increasing or decreasing function of
the supercell size N , exhibiting convergence.

3.4.2 Results and discussion

Fig. 3.3 contains obtained CVI values as a function of the input number of
cluster K, for the reference structure. For the supercell size N = 2, none of the
indices achieve their respective optimum for K = 3. This is not surprising, as
this is an extremely small supercell and the scaling properties are not yet well
developed, for this size. In the case of N = 3, the only CVI achieving correctly
its optimum is DB* (green) at K = 3. Finally, for N = 4, both DB (blue) and
DB* (green) achieve their minimum for the correct K = 3. DB and DB* also



80 Machine Learning for Wave Confinement Analysis

Figure 3.3: CVI values as a function of the number of clusters K. The arrows in
the legend indicate if the optimum of a specific CVI is a minimum (down arrow) or a
maximum (up arrow). The suitable CVI should attain its respective optimum at the
correct number of clusters K = 3, highlighted with the dotted vertical line. Note that
for K = 1 the CVIs are undefined. (a) N = 2 supercell. (b) N = 3 supercell. (c) N = 4
supercell.
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Figure 3.4: CVI values as a function of the supercell size N for the correct number of
clusters K = 3. The arrows in the legend indicate if the optimum of a specific CVI is
a minimum (down arrow) or a maximum (up arrow). The suitable CVI is expected to
decrease (increase) with growing N , if its optimum is a minimum (maximum).

exhibit very similar behavior with respect to the number of clustersK and certain
qualitative difference between them is only visible in the regime of large K, where
DB stays mostly constant around a value relatively close to its minimum, whereas
DB* oscillates around a value much greater than its minimum. The other CVIs
exhibit rather erratic behaviour. CH (red) and S_Dbw (yellow) exhibit local,
but not global optima at K = 3, whereas Sil (black) and COP (purple) do not
even exhibit local optima at the correct number of clusters.

Fig. 3.4 shows the convergence behavior of CVIs with respect to the supercell
size N . Here, it seems clear that all the indices obey the required property of
monotonic convergence.

Based on our analysis, we thus conclude that, out of our tested sample of CVIs,
DB* is the only CVI to satisfy the requirements for a good clustering accuracy
measure in our setting for both N = 3 and N = 4 supercell sizes. Therefore,
we will continue to work only with this CVI. We note aside that for the larger
supercell sizeN = 4, DB also seems to be well-behaved and thus might be suitable
as a CVI for larger supercell sizes.
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3.5 Model-based clustering
The k-means clustering algorithm is a standard and easy-to-implement pro-

cess. However, it simply clusters the data without any account for the under-
lying physics. That is why we present here our model-based clustering (MBC)
algorithm, a unique mix of clustering and a model-based regression method.
As discussed in Section 3.3, bands in a superlattice analysis follow certain

trajectories in the (Ẽ, log10 Ṽ ) space based on their confinement dimensionalities
c, forming clusters as depicted in Fig. 3.2. Mathematically, upon transforming
Eq. (3.5) from the (Ẽ, Ṽ ) to (Ẽ, log10 Ṽ ) space, the trajectory of a band with
confinement dimensionality c will be given by

log10 Ṽ = log10 C̃ +
−c
c−D

log10 Ẽ. (3.13)

Note that the further renormalization given by Eqs. (3.7) and (3.8), only adds
a constant to the right-hand side of Eq. (3.13), which can be absorbed by the
unknown constant C̃. We can thus directly write

V = log10 C̃ +
−c
c−D

log10 E . (3.14)

In the MBC method, instead of evaluating the distance of a data point to the
centroid of its cluster, we evaluate the distance of a point to the curve given by
Eq. (3.14). For 0 < c < D, we define the distance ∆c of a point x0 = (E0,V0)
to a point x = (E ,V) on the curve (3.14) as their Euclidean distance ‖x0 − x‖.
This distance can be evaluated for any x on the curve as

∆c(E) =

√
(E − E0)2 + (log10 C̃ +

−c
c−D

log10 E − V0)2. (3.15)

The distance of a point (E0,V0) to the curve is then defined as ∆c(E∗), where E∗
is such that

d∆c

dE
(E∗) = 0. (3.16)

For the degenerate cases of c = 0 and c = D, the distance is simply given by the
difference of the V and E values, respectively.
In the MBC method, we calculate the distance of each data point to each

curve corresponding to different values of c and assign the data point to the
cluster corresponding to the smallest distance. Upon clustering the whole data
set, we recalculate the curve positions by calculating the centroid of each dataset.
We then force the corresponding curve to pass through this centroid by adjusting
the value of C̃ accordingly. Since our curves have a strict ordering from left to
right, as can be seen from the Fig. 3.2, there does not seem to be any significant
reason for repeated random iteration, especially since this would complicate the
algorithm. As initialization values, we simply set all the centroids at the point
(maxMN

i=1 E ,maxMN
i=1 V), corresponding to the top-right corner of the clustering

dataset in Fig. 3.2.
The MBC algorithm is summarized in Algorithm 2. We note that, while the
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Algorithm 2 Model-based clustering algorithm

Input: Data array XN ⊂ R2, values of K confinement dimensionalities, corre-
sponding to different clusters.

Output: Division of the data into clusters corresponding to various confinement
dimensionalities c, such that the distance from each point to its corre-
sponding curve is minimized.

1. Set the initial centroids to (1,0) for each curve.

2. Assign each data point xi = (Ei,Vi) ∈ XN to its nearest curve using the
distance measure (3.15). In case of equality of the nearest centroids, the
data point is assigned to either cluster.

3. Recalculate the centroid of each cluster as the mean of all its constituent
data points and adjust the corresponding curve to pass through the new
centroid.

4. Repeat the steps 2 and 3 with the new curves until a termination criterion
(usually certain degree of convergence) is reached.

k-means algorithm only performs the clustering and one needs to manually assign
the corresponding confinement dimensionality c to each cluster, MBC does this
inherently and automatically, which is an additional advantage of this approach.
Again, we use DB* as a CVI to determine the correct number of clusters. We

stress here that for MBC, the input is not only the number of clusters, but also
their specific confinement dimensionalities. The set ofK clusters can thus include
different combination of c values, yielding different partitions. In such a case, DB*
can sometimes prefer a physically impossible partition, such as plane-confined
bands in a structure with no plane defects. Nevertheless, if we restrict ourselves to
only sets of physically meaningful confinement dimensionalities, the performance
of DB* is comparable to the case of the k-means algorithm. This is inherently a
shortcoming of DB* applied to our problem, as it does not measure the validity
with respect to the theory, but only based on clustering cohesion and separation,
as discussed in more detail in Appendix 3.B. There would thus be a clear benefit
in devising a model-based CVI along with our model-based clustering algorithm.
This is, however, beyond the scope of this chapter. Moreover, as we discuss below,
our computations suggest that the best accuracy in the confinement identification
can be achieved by finding the correct set of confinement dimensionalities via the
scaling method of Ref. [36] combined with physical insight. The use of a CVI can
thus be skipped if one is able to perform the scaling and has some information
about the physics of the investigated structure.
Fig. 3.5 shows the resulting clusters obtained by the MBC algorithm for the

N = 4 supercell of the inverse woodpile photonic crystal with the same unper-
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Figure 3.5: Clusters corresponding to different confinement dimensionalities c ob-
tained by our MBC algorithm for an N = 4 supercell of an inverse woodpile photonic
superlattice (see Appendix 3.A) with parameters R = 0.24a, R′ = 0.5R.

turbed pore size R = 0.24a, and defect pore size R′ = 0.5R, see Appendix 3.A.
The clusters correspond to the expectation illustrated in Fig. 3.2, but, even for
N = 4 as the largest computationally achievable supercell, we see that especially
the c = 2 and c = 0 clusters are not very well separated yet and it would be
difficult to distinguish them visually without a quantitative method.

3.6 Performance analysis in confinement
determination

In this section, we compare the results obtained by our MBC algorithm and by
the k-means++ algorithm with the results obtained by direct application of the
scaling method described in Ref. [36] with reference supercell size N0 = 2. We do
this by applying the methods to several inverse woodpile structures with different
properties. The absence of the ground truth information for these problems
complicates the analysis and therefore we attempt to somewhat alleviate this issue
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Figure 3.6: Band structure of an N = 3 supercell of an inverse woodpile photonic crys-
tal (see Appendix 3.A) with parameters R = 0.24a, R′ = 0.5R, with bands color-coded
to indicate the confinement dimensionalities c of each band. Red color corresponds to
point-confined c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and black
to extended c = 0. The vertical axis is given in the reduced frequency ω̃ = ωa/(2πν),
with a being the lattice constant and ν the speed of light. The left panel shows the
confinement classification for the MBC clustering, the central panel for the k-means++
clustering, and the right panel for the direct application of the scaling approach from
Ref. [36].

by visually inspecting the energy-density distribution W (r) of selected bands.
Note, however, that this visual inspection is a qualitative tool and often it is not
completely clear from it how well the band is confined, either.
Fig. 3.6 shows the results of confinement identification on an N = 3 supercell

of the most studied inverse woodpile photonic crystal case with unperturbed pore
size R = 0.24a, and defect pore size R′ = 0.5R, see Appendix 3.A and Refs. [18,
19, 49]. In this case, both clustering algorithms yield the same solution, which
almost perfectly coincides with the direct scaling approach. It is remarkable that
all three methods independently agree on the presence of at least 9 bands with
c = 3, between ω̃ ≈ 0.52 and ω̃ ≈ 0.57, instead of the 5 previously identified
by qualitative guesswork by Refs. [18, 19, 49]. Some of these bands have been
shown to demonstrate 3D coupled cavity behavior also in the recent experiments
of Ref. [53]. The direct scaling approach of Ref. [36], however, identified several
bands, mostly near ω̃ ≈ 0.65, as c = 1 plane-confined modes, which is unphysical,
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Figure 3.7: Band structure of an N = 4 supercell of an inverse woodpile photonic crys-
tal (see Appendix 3.A) with parameters R = 0.24a, R′ = 0.5R, with bands color-coded
to indicate the confinement dimensionalities c of each band. Red color corresponds to
point-confined c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and
black to extended c = 0. The left panel shows the confinement classification for the
MBC clustering, the central panel for the k-means++ clustering, and the right panel
for the direct application of the scaling approach from Ref. [36].

since the structure does not contain planar defects. Thanks to the fact that the
clustering algorithms do not require a smaller reference supercell, but work only
with the larger investigated supercell, the clustering approach successfully avoids
these unphysical results. In this case, we therefore conclude that the clustering
approaches are superior to the direct scaling.
Fig. 3.7 shows the results of our confinement identification on an N = 4 super-

cell of the inverse woodpile photonic crystal with the same unperturbed pore size
R = 0.24a, and defect pore size R′ = 0.5R as in the previous paragraph. Note
that all approaches agree that a higher number of c = 3 bands is present here than
for the N = 3 supercell of the same structure. This clearly illustrates the problem
with small supercells: the localization length of some confined bands is too large
to be identifiable in the small supercells and only becomes clear for larger ones.
In this case, the clustering approach again avoids the unphysical plane-confined
bands (c = 1) obtained by the direct scaling application near ω̃ ≈ 0.65. The
k-means algorithm classifies the c = 2 and the c = 3 bands in a very similar way
to the direct scaling approach. The direct scaling approach, however, contains
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a unique red (c = 3) band at ω̃ ≈ 0.61 and several green (c = 2) bands around
ω̃ ≈ 0.58, within the area filled with blue c = 2 bands. The red c = 3 band seems
to be degenerate with a blue c = 2 band, which seems physically implausible and
is similar to the issue observed by Ref. [36]. The more robustly grouped result
of the clustering approach thus seem to be more physically plausible also in this
case.
The MBC approach offers another remarkable insight, namely, it assigns the

green c = 1 bands from the scaling approach to the blue c = 2 group. Even
by the visual inspection of energy density distribution W it is hard to judge if
the bands in question are c = 2 or c = 0 as concluded by the MBC and the k-
means algorithm, respectively. There does not seem to be a significant qualitative
difference between the energy density distributions for the bands around ω̃ ≈ 0.65
and the bands around ω̃ ≈ 0.67, when visually compared. All of them have W
extended throughout the whole supercell, but also with certain peaks at the
defect positions. Those peaks are, nevertheless, noticeably lower than the bands
between ω̃ ≈ 0.52 and ω̃ ≈ 0.60. The correct classification of the bands above
ω̃ ≈ 0.65 thus remains unclear for now.
Fig. 3.8 shows the results of confinement identification on an N = 3 super-

cell of the inverse woodpile photonic crystal with different structural parame-
ters, namely the unperturbed pore size R = 0.24a, and larger defect pore size
R′ = 0.8R. The results of the clustering algorithms are almost identical, here,
again avoiding unphysical cases. The direct scaling approach found two degener-
ate unphysical c = 1 bands below the band gap at ω̃ ≈ 0.47. However, the visual
inspection of the energy density indicates that these two bands are unconfined
(c = 0), which was concluded by the clustering algorithms. There are several
other bands, between ω̃ ≈ 0.62 and ω̃ ≈ 0.67, that the scaling approach identifies
as having c = 1. Some of these bands are assigned c = 2 (among the other blue
bands), while others c = 0 (above the other black bands) by the clustering algo-
rithms, which seems a lot more consistent. Thus, also in this case, the clustering
performs better than the direct scaling approach.
Fig. 3.9 shows the results of confinement identification on an N = 3 supercell

of the inverse woodpile photonic crystal with unperturbed pore size R = 0.15a,
and defect pore size R′ = 0.5R. In this parameter set, the main pores are smaller
than optimal, a situation typical of the experiments [15, 54, 55]. In this case, the
results obtained by clustering algorithm almost coincide again. The direct scaling
approach again shows several unphysical green c = 1 bands. Some of these bands
are classified by the clustering algorithms as c = 2 and some as c = 0. Visual
inspection of the energy density indicates that the c = 1 bands around ω̃ ≈ 0.41,
resulting from the direct scaling approach, are in fact c = 0. This has been
also identified by the clustering algorithms. We thus again conclude that the
clustering algorithms outperform the direct scaling approach. The black c = 0
band at ω̃ = 0.36, resulting from the scaling and the MBC algorithm has similar
energy-density distribution properties to its neighboring bands and therefore it
looks like it should have been also labelled as c = 1, which has been done only
by the k-means algorithm.
Fig. 3.10 shows the results of confinement identification on an N = 3 super-



88 Machine Learning for Wave Confinement Analysis

Figure 3.8: Band structure of an N = 3 supercell of an inverse woodpile photonic crys-
tal (see Appendix 3.A) with parameters R = 0.24a, R′ = 0.8R, with bands color-coded
to indicate the confinement dimensionalities c of each band. Red color corresponds to
point-confined c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and
black to extended c = 0. The left panel shows the confinement classification for the
MBC clustering, the central panel for the k-means++ clustering, and the right panel
for the direct application of the scaling approach from Ref. [36].

cell of the inverse woodpile photonic crystal with large unperturbed pores with
R = 0.29a, and defect pores with R′ = 0.5R. This is the only of the investigated
cases where the direct scaling application overcomes the clustering. Visual inves-
tigation of the energy-density distribution W clearly shows that there are c = 3
bands present in this system, such as those around ω̃ ≈ 0.77. The clustering al-
gorithms with the help of DB* as a CVI thus clearly failed to identify the correct
number of clusters here.
Fig. 3.11 shows the clustering results where we have explicitly stated the num-

ber of clusters K = 3 for the k-means++ algorithm and the possible confinement
dimensionalities c = 0, 2, 3 for the MBC. Now, both clustering algorithms iden-
tified c = 3 bands similarly to the scaling algorithm. Here, we can see much
better agreement regarding the c = 3 bands among all three approaches. The
clustering algorithms again circumvent the unphysical c = 1 bands, this time by
explicitly inputting the number of clusters and the confinement dimensionalities
before the analysis. In this case, there is a remarkable difference between the
line-confined c = 2 bands identified by the k-means++ and the MBC algorithms.
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Figure 3.9: Band structure of an N = 3 supercell of an inverse woodpile photonic crys-
tal (see Appendix 3.A) with parameters R = 0.15a, R′ = 0.5R, with bands color-coded
to indicate the confinement dimensionalities c of each band. Red color corresponds to
point-confined c = 3, blue to line-confined c = 2, green to plane-confined c = 1 and
black to extended c = 0. The left panel shows the confinement classification for the
MBC clustering, the central panel for the k-means++ clustering, and the right panel
for the direct application of the scaling approach from Ref. [36].

The k-means++ found a large number of these bands, especially also below the
band gap of an unperturbed structure ω̃ < 0.72, which seems physically highly
implausible. The visual inspection of the energy density of some of these bands
indeed indicates that they are c = 0. Note that MBC also classified a few bands
below the gap as c = 2. To our surprise, the visual inspection of the energy den-
sity for some of these bands shows that, despite not being truly spatially confined,
these bands do exhibit some confinement patterns at the defect cross-sections.
Therefore, MBC outperforms the other approaches here.
In this section, we investigated the confinement-classification performance of

MBC, k-means++ and the direct scaling application methods on small supercells
of various inverse woodpile structures. The clustering algorithms clearly outper-
form the direct scaling approach if the implemented CVI identifies the correct
number of clusters to use as the input to the algorithms. To avoid errors in the
cases when the CVI fails, we found it valuable to first directly employ the scaling
analysis of Ref. [36] to identify the correct set of physically plausible confinement
dimensionalities and then use that as the input for the clustering algorithms.
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Figure 3.10: Band structure of an N = 3 supercell of an inverse woodpile photonic
crystal (see Appendix 3.A) with parameters R = 0.29a, R′ = 0.5R, with bands color-
coded to indicate the confinement dimensionalities c of each band. Red color corre-
sponds to point-confined c = 3, blue to line-confined c = 2, green to plane-confined
c = 1 and black to extended c = 0. The left panel shows the confinement classification
for the MBC clustering, the central panel for the k-means++ clustering, and the right
panel for the direct application of the scaling approach from Ref. [36].

The performance of the two clustering algorithms is in most cases very simi-
lar. Nevertheless, the MBC algorithm takes into account the underlying physics
behind the clustering, which may prove beneficial in some cases, such as the one
illustrated in Fig. 3.11. Moreover, MBC has an additional advantage of immedi-
ately assigning the clusters to their corresponding confinement dimensionalities,
offering an additional advantage over the k-means++ algorithm, where one has to
assign the dimensionalities to the clusters manually. Our final recommendation
for confinement identification in small supercells is thus to employ the scaling
analysis of Ref. [36] to identify the correct set of confinement dimensionalities
and subsequently use the MBC algorithm to properly classify each band.

3.7 Conclusion

In this chapter we investigated the application of machine-learning based clus-
tering algorithms to increase the accuracy of band confinement identification for
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Figure 3.11: Band structure of an N = 3 supercell of an inverse woodpile photonic
crystal (see Appendix 3.A) with parameters R = 0.29a, R′ = 0.5R, with bands color-
coded to indicate the confinement dimensionalities c of each band. Red color corre-
sponds to point-confined c = 3, blue to line-confined c = 2, green to plane-confined
c = 1 and black to extended c = 0. The left panel shows the confinement classification
for the MBC clustering, the central panel for the k-means++ clustering, and the right
panel for the direct application of the scaling approach from Ref. [36]. Here, we have
explicitly chosen the number of cluster for the k-means++ algorithm and the clusterin
curves for the MBC, based on the direct scaling results.

small supercells. To overcome the lack of a ground truth, we employed cluster
validity indices as a measure of partition correctness and as a way to find the cor-
rect number of clusters. We analyzed several CVIs to find that the most suitable
validity measure for our application is the DB* variant of the Davies-Bouldin
index.
We further proposed two different algorithms to be used for band confinement

identification: the k-means++ and our own model-based clustering (MBC). We
analyzed the performance of these two algorithms in comparison to the direct
application of scaling without clustering and found that the addition of cluster-
ing improves the accuracy of identification if the number of clusters is correctly
found. Nevertheless, we also found that even with the use of the CVI, the clus-
tering algorithms are not always able to find the correct number of clusters. To
overcome this issue, we propose to first directly apply scaling to find the num-
ber of physically valid clusters and then use that number as an input for the
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clustering algorithms to find the best band confinement classification.
Even though, as we have shown, both the k-means++ and our MBC algorithm

usually perform well, in some cases the MBC algorithm is able to provide better
results than the k-means++ algorithm. Combined with the fact that MBC as-
signs confinement dimensionalities to the clusters inherently and automatically
without any need for external input, we suggest the use of this algorithm over
the k-means++ algorithm
In the future, it would be beneficial to devise a model-based CVI, measuring the

cluster validity not only in terms of cohesion and separation but also with respect
to the adherence to the scaling theory of confinement, in a similar manner as our
model-based clustering algorithm works. Furthermore, it would be interesting to
explore the application of fuzzy clustering in order to include an error measure
of assigning each point to its cluster [40].
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Figure 3.12: (a) Structure of an unperturbed inverse woodpile photonic crystal. We
use a tetragonal unit cell with lattice parameters a in the y direction and b = a/

√
2

in the x and z directions. The pore radius is denoted by R. The figure shows an
N = 2 supercell, with one unit cell designated by the dashed border. (b) Design of the
defect. The radius R′ of two proximate defect pores (shown in green) is altered. At
their intersection a region with excess of one material is created that serves as a point
defect (red glow).

Appendices

3.A The inverse woodpile structure

The 3D inverse woodpile photonic band gap crystal consists of bulk silicon
(ε = 12.1, see Ref. [56]), in which nanopores of radius R filled with air (ε = 1)
are etched [48, 54]. We model the unperturbed crystal using a tetragonal unit
cell with lattice parameters a in the y direction and b = a/

√
2 in the x and z

directions. This unperturbed structure is depicted in Fig. 3.12(a).
A defect can be incorporated in the structure by altering the radius R′ of two

proximate nanopores, as illustrated in Fig. 3.12(b). This results in creation of a
region with excess of either air (R′ > R) or silicon (R′ < R) at the intersection
of the two defect pores, serving as a point defect. We include one defect of this
type per supercell.

3.B Overview of the used CVIs

Here, the mathematical definition for each CVI is provided along with some
intuitive explanation of each formula, mainly in terms of cluster cohesion and
cluster separation. For a more comprehensive review, see Ref. [46]. We denote
the centroid of the dataset X containing M data points as X = 1

M

∑
xi∈X xi.
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3.B.1 Silhouette
The Silhouette index [51] is defined as

Sil(C) :=
1

M

∑
Ci∈C

∑
xj∈Ci

b(xj , Ci)− a(xj , Ci)

max{a(xj , Ci), b(xj , Ci)}
(3.17)

and is aimed to be maximized for the best clustering outcome. Here,

a(xi, Ck) :=
1

Mi

∑
xj∈Ck

‖xj − xi‖2, for xi ∈ Ck, (3.18)

represents the cohesion of the cluster Ck given as a distance between a chosen
point xi ∈ Ck and all the other points in the given cluster. Clearly, the smaller
a is, the better the cluster cohesion. Furthermore, the function

b(xi, Ck) := min
Cl∈C\Ck

 1

Ml

∑
xj∈Cl

‖xj − xl‖2
 , for xi ∈ Ck, (3.19)

represents the separation of the cluster in terms of nearest neighbor distance from
the other clusters Cl, l 6= k to the point xi ∈ Ck. The larger b is, the further apart
different clusters are from each other and thus the better the cluster separation
is.

3.B.2 Calinski-Harabasz
The Calinski-Harabasz index [57] is given as

CH(C) :=
M −K
K − 1

∑
Ci∈CMi‖ci −X‖2∑

Ci∈C
∑

xj∈Ci ‖xj − ci‖2
. (3.20)

A high value of CH is assumed to corresponds to better data clustering.
Intuitively, the distance between the global centroid X and the cluster cen-

troids ci in the numerator acts as a cluster separation measure, with larger num-
ber corresponding to better separation. The cluster cohesion is represented by
the denominator as the sum of distances between the cluster centroids and their
constituent data points. Smaller distances between the cluster centroid and the
cluster data obviously correspond to a more cohesive cluster. For a good cluster-
ing, one thus aims for maximizing the numerator and minimizing the denominator
of CH, thus maximizing its overall value.

3.B.3 Davies-Bouldin
The Davies-Bouldin index [52] is defined as

DB(C) :=
1

K

∑
Ci∈C

max
Cj∈C\Ci

{
S(Ci) + S(Cj)

‖ci − cj‖2

}
, (3.21)
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where

S(Ci) :=
1

Mi

∑
xj∈Ci

‖xj − ci‖2. (3.22)

DB is expected to decrease with better partioning.
Here, the cohesion of the cluster Ci is gauged by the function S(Ci) in the

numerator, as the sum of the intracluster distances, i.e., the sum of the dis-
tance of each data point assigned to the cluster Ci to the cluster centroid. The
separation is measured in the denominator simply as the distance between the
cluster centroids. A good clustering result will have a small numerator and a
large denominator, thus resulting in a small value of DB.

3.B.4 Davies-Bouldin*

This variant on the Davies-Bouldin algorithm, described in Ref. [58], is defined
as

DB∗(C) :=
1

K

∑
Ci∈C

maxCj∈C\Ci {S(Ci) + S(Cj)}
minCj∈C\Ci {‖ci − cj‖2}

(3.23)

and is expected to attain low values for good clustering outcomes. The fact
that the standard DB minimizes the maximum of the ratio of cluster cohesion
and cluster separation can lead to pathological cases, as described by Ref. [58].
To remedy this, DB* instead maximizes the cluster cohesion and minimizes the
cluster separation independently.

3.B.5 COP

The COP index [59] is given as

COP (C) :=
1

M

∑
Ci∈C

Mi

1
Mi

∑
xj∈Ci ‖xj − ci‖2

minxj /∈Ci maxxk∈Ci {‖xj − xk‖2}
(3.24)

and is expected to be small for good clustering results. Here, the cluster cohesion
is measured in the numerator as the average of intracluster distances and the
cluster separation is measured by minimizing the furthest-neighbor distance to
a given cluster in the denominator. One aims to minimize the numerator and
maximize the denominator, thus maximizing the value of COP. We note here
that, due to the furthest-neighbor distance measure, long and thin cluster can
possibly skew this measure by overestimating the actual separation between the
clusters.



3.B.6 S_Dbw index
The S_Dbw index [60] is defined as

S_Dbw(C) :=
1

K

∑
Ci∈C

‖σ(Ci)‖
‖σ(X)‖

+
1

K(K − 1)

∑
Ci∈C

∑
Cj∈C\Ci

ρ(Ci, Cj)

max {ρ(Ci), ρ(Cj)}

(3.25)

and is expected to attain small values for good partitions. Here, σ(X ) is the
variance of each component of the data set X . Its p-th component is defined as

σp(X ) :=
1

|X|
∑
xj∈X

(xpj −X
p)2, (3.26)

Furthermore, τ(C) is the standard deviation of the partition C, defined as

τ(C) :=
1

K

√∑
Ci∈C

‖σ(Ci)‖. (3.27)

We further define the terms

ρ(Ci) :=
∑

xj∈Ci

θ(xj , ci), (3.28)

and
ρ(Ci, Cj) :=

∑
xk∈Ci∪Cj

θ

(
xk,

ci + cj
2

)
, (3.29)

where

θ(xj , Ci) :=

{
0 if ‖xj − ci‖ > τ(C)
1 else

. (3.30)

The term ρ(Ci) evaluates the number of points in a cluster Ci within the standard
deviation of the partition and the term ρ(Ci, Cj) evaluates the number of points
at the midpoint between the centers of Ci and Cj . A good clustering corresponds
to large ρ(Ci), ρ(Cj) and small ρ(Ci, Cj) for each i, j ≤ K, i 6= j, which translates
into a small value of the second term in (3.25). The first term in (3.25) is termed
intracluster variance and is a measure of the cluster cohesion in terms of a mean
cluster variance.
The first term in Eq. (3.25) thus corresponds to the cluster cohesion and the

second term represents the cluster separation [60]. Unlike all the other CVIs
described in this chapter, S_Dbw relates these two terms by addition, instead
of a ratio. Overall S_Dbw aims to minimize both of these terms for a good
clustering result.
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4 Photonic Confinement in 3D
Inverse Woodpile Photonic
Superlattices: Symmetry and
“Orbitals”

4.1 Introduction

The confinement of light is a prominent branch of nanophotonics [1, 2]. To
achieve and exploit this phenomenon, a variety of devices has been designed such
as micropillars [3, 4], microdisks [5], toroidal rings [6], plasmonic cavities [7, 8]
and point defects in two-dimensional photonic crystals [9]. Light confinement
has been practically utilized in applications ranging from sensing [10], to slowing
down or trapping of photons [11, 12], to enhanced spontaneous emission [3] and
cavity quantum electrodynamics (cQED) [4, 5, 13, 14].
Of particular significance are cavities embedded in three-dimensional (3D) pho-

tonic crystals [15, 16] as these are capable of confining light in all three dimensions
simultaneously [17]. In a perfect photonic crystal structure, the translational
symmetry gives rise via interference effects to a 3D photonic bandgap, which is a
range of frequencies for which light is not allowed to propagate inside the crystal
irrespective of its wave vector and polarization. Introduction of a cavity in the
structure disrupts the local symmetry of the crystal, resulting in a variety of
states appearing inside the band gap. Some of these states may correspond to a
resonance, i.e., light confined in all three directions simultaneously.
The width of the band gap is a crucial factor in order to make the band gap

robust with respect to fabrication disorder [18] and to effectively shield the 3D
cavity states from the surrounding vacuum states [19]. Exceptionally wide band
gaps are known to occur in crystals with diamond-like symmetry [20]. An ex-
ample of these are the so-called inverse-woodpile photonic crystals, consisting of
two 2D arrays of nanopores [21]. These structures have been realized using var-
ious nanofabrication techniques and high-index backbones [22]. In the Complex
Photonic Systems chair at the University of Twente, CMOS-compatible nanofab-
rication methods are used to etch pores into silicon [23–26]. The cavity in these
crystals is realized by altering the radius of two proximate orthogonal defect
pores, thereby creating an excess of one type of material in their proximal region
[27].
Inverse woodpile photonic crystals with and without defects have been investi-

gated both theoretically [27–31] and experimentally [18, 22, 32–36]. 3D confined
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Figure 4.1: (a) Structure of the perfect inverse woodpile photonic crystal. We use a
tetragonal unit cell with lattice constants b and a, and the pore radius is denoted by
R. The figure shows a 2 × 2 × 2 supercell. (b) Design of a cavity. The radius of two
proximal defect pores (shown in green) is altered, resulting in a region with excess of
either silicon or air, which behaves as a cavity confining the light (orange glow).

states in these structures have great potential for, e.g., cavity QED and Ander-
son localization of light. To properly interpret the experimental data and provide
guidance for fabrication, it is crucial to understand the dependence of the crystal
properties on its structural parameters, namely the regular and defect pore sizes.
Therefore, in this chapter, we perform a thorough computational characteriza-
tion of light confined in photonic crystals with respect to both pore sizes. We
create so-called confinement maps by keeping one of the radii constant and vary-
ing another one. Subsequently we analyze the symmetry of selected structures
and investigate their potential for cavity quantum electrodynamics applications.

4.2 Methodology

We study three-dimensional (3D) cavity superlattices embedded in 3D inverse
woodpile photonic band gap crystals. The inverse woodpile crystal structure
consists of two perpendicular 2D arrays of nanopores with radius R in a high-
refractive-index medium such as silicon [21], as illustrated in Fig. 4.1(a). The
normal plane to each 2D pore array corresponds to the (110) crystal face of a
conventional diamond structure. We employ a tetragonal unit cell with lattice
parameters b (in the x- and z- directions) and a (in the y- direction). We set
a/b =

√
2, which ensures a cubic crystal structure. Varying the ratio R/a results

in tuning of both the center frequency and the bandwidth of the band gap, as
depicted in Fig. 4.2. It has been found that the widest band gap is obtained for
the ideal radius R/a = 0.24 [18, 28]. We note that throughout this chapter we
give the frequency in its reduced form ω̃ = ωa/(2πν), where ν is the speed of
light.
We introduce a defect in an inverse woodpile photonic crystal by decreasing

the radius R′ 6= R of two proximate perpendicular defect pores [27], as shown



Methodology 105

Figure 4.2: Band gap frequencies as a function of pore radius R in an inverse woodpile
photonic crystal. The band gap is open for pore radii 0.15 ≤ R/a ≤ 0.29, with the
maximum width at R/a ≈ 0.24.

in Fig. 4.1(b). We introduce a defect pore as every third pore of the crystal,
giving rise to a defect superlattice of linear size N = 3. The introduction of a
defect superlattice causes some of the bands to move into the band gap of the
perfect crystal. The states of these bands may then become confined in various
dimensions, depending on the geometry of the defect. We denote the number
of dimensions in which a band of states is confined as the confinement dimen-
sionality c. For more discussion on defect superlattices and wave confinement
dimensionalities, see Chapter 2 of this PhD thesis and Ref. [37].
In this chapter, we aim to find point-confined (c = 3) bands and investigate

their dependence on the structural parameters of the inverse woodpile photonic
crystal. To this end, we employ the scaling analysis of Ref. [37] and Chapter 2
of this PhD thesis, supplemented by the MBC clustering algorithm presented
in Chapter 3 of this PhD thesis. Specifically, we utilize the scaling to identify
the set of confinement dimensionalities c present in the structure, which is then
supplemented as an input to the MBC clustering algorithm. Note that the scaling
analysis, for small supercells, tends to identify several bands as plane-confined
(c = 1), which is unphysical, since our structure does not contain plane defects.
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We thus automatically exclude the c = 1 bands from the input into the MBC
algorithm. We note that, even though the power of this analysis method exceeds
any other known method of confinement classification, it is known to be not fully
accurate for small supercells [37], so a few out of many bands may end up being
misidentified.
Our confinement analysis requires knowledge of the energy-density distribution

W (r) in the structure. We have calculated the energy densities as functions of
the crystal pore radius R/a and the defect pore radius R′/R using the plane-
wave expansion method implemented in the MPB code [38]. We normalize each
band so that

∫
VS
WdV = 1. The band structure of the crystal with R/a = 0.24

and R′ = 0.5R in Fig. 4.8 has also been computed using the MPB code. In the
isosurface plots, we always chose to plot the isosurface corresponding to the third
of the maximum of the energy density W (r) = maxVS

W (r)/3 as a representative
gauge. For applications in spontaneous emission control, we also investigate the
maximum energy density of each band, defining Ω := maxVS W (r). High Ω then
corresponds to high concentration of energy in the cavity.

4.3 Confinement maps
Fig. 4.3 depicts the map of c = 3 point-confined bands in an inverse woodpile

superlattice with regular pore radius R = 0.24a, while varying radius R′ of the
defect pore. We observe several interesting features. Firstly, there is a minimal
deviation of the defect pore radius from the regular one necessary for the 3D
confined bands to be present. In this case this restriction appears to be R′ ≤ 0.8R
or R′ ≥ 1.2R.
Secondly, we observe that for R′ < R, the confined bands descend into the

band gap from its top edge, while for R′ > R, the confined bands ascend from
the bottom edge. This is in agreement with the analysis of Ref. [39] and with the
semiconductor analogy, where R′ < R corresponds to donor doping, while R′ > R
is analogous to acceptor doping [40]. In the photonic case, we can interpret this
behavior using the energy functional

U(Ek) =

∫
VS
|∇k ×Ek|2dV∫
VS
ε|Ek|2dV

, (4.1)

where ∇k :=∇+ ik, VS denotes the superlattice volume and Ek is the periodic
part of a specific mode corresponding to the wave-vector k. It is known that
each higher-frequency mode Ek minimizes the functional U(Ek) in the space
orthogonal to all the lower-frequency modes, see Chapter 1 of this PhD thesis and
Ref. [17]. The band gap appears if there is a large frequency difference between
two consecutive modes. Decreasing the size of the defect pores R′ < R, results
in added silicon in the crystal, which provides more opportunity to concentrate
the electromagnetic energy in the high-index material and thus allowing for the
minimum of the energy functional at lower frequency, pushing the bands from
the top of the band gap downwards. On the other hand, increasing the size of
the defect pores R′ > R results in more air in the structure and thus restricts
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Figure 4.3: Confinement map of point-confined c = 3 bands in an inverse woodpile
superlattice with regular pore radius R = 0.24a and varying radius R′ of the crossing
defect pores. The case of the unperturbed crystal corresponds to R′/R = 1 and is de-
noted by the dashed vertical line. Each point represents the average reduced frequency
of a point-confined band and the dashed red lines represent the edges of the band gap of
an unperturbed crystal. The color and shape of the symbols correspond to their values
of maximum energy density Ω, as described in the legend.
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the freedom of concentrating the energy in the high-index material for the bands
below the band gap, thereby pushing them upwards into the gap. In this regard,
it is also worth noting that larger deviations of the defect pore radius R′ from
the regular pore radius R provide more 3D confined bands.
Thirdly, the confined bands exhibit a clear upward moving trend with increas-

ing R′/R, until they disappear in the top edge of the band gap, creating groups
separated by frequency gaps. It is worth noting that even though there are more
confined bands for small defect pore sizes, only the large enough defect radii
R′ ≥ 0.3R provide the value of Ω > 10, corresponding to large energy concentra-
tion.
Finally, these defect bands do not abruptly disappear at the edges of the

band gap, but sometimes extend slightly beyond them, specifically, some con-
fined bands cross the bottom edge of the gap for R′ < R, whereas certain bands
cross the top gap edge for R′ > R. This is because the decrease of the defect pore
radius increases the total silicon volume fraction of the medium, thus effectively
shifting the whole band structure slightly downwards for R′ < R, whereas the
opposite happens for R′ > R, where the lower silicon volume fraction shifts the
band structure slightly upwards.
We note that the specific case of R = 0.24a,R′ = 0.5R has been previously

investigated by means of a somewhat naive band structure analysis by Refs. [27,
30, 31], all of which found only five 3D confined bands. Using our novel con-
finement identification method from Ref. [37], and Chapters 2 and 3 of this PhD
thesis, we discovered in total 10 3D confined bands in the same setting.
Fig. 4.4 depicts the map of c = 3 point-confined bands in an inverse woodpile

superlattice with larger regular pore radius R = 0.27a, while varying the radius
R′ of the defect pore. The behavior of bands here is similar to that in Fig. 4.3,
with groups of bands moving from the bottom edge of the band gap upwards
and disappearing at the top edge, as R′/R increases. There are, however, three
qualitative differences. Firstly, in this case, c = 3 defect bands are observed
already for R′ = 1.1R, thus reducing the minimal relative deviation of the defect
pore radius compared to the case of R = 0.24a. Secondly, the bands with high
energy concentration Ω > 10 are now sprinkled across the whole plot, suggesting
that energy concentration prefers larger pore radii R.
Thirdly, we see here several bands exceeding the top of the band gap forR′ < R,

which cannot be explained by the differences in silicon volume fraction. These
bands are indeed 3D confined, as confirmed by visually inspecting their energy
density distribution, so this is not an artifact of the employed method. This
observation confirms what has been already hinted at by the results of Chapter 3
of this PhD thesis, namely that the confinement does not suddenly stop at the
top edge of the band gap, for R′ < R. At frequencies above the point-confined
c = 3 bands, linearly confined c = 2 bands appear, as seen in Chapter 3. It
follows from this observation that the bands at the top of the band gap only
seem to lose their confinement properties gradually, transitioning from c = 3
through c = 2 until they become extended c = 0 bands. In contrast to this, the
bottom edge appears to be a much stricter boundary, even when the slight shift
with respect to the change in the silicon volume fraction is accounted for. This
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Figure 4.4: Confinement map of point-confined c = 3 bands in an inverse woodpile
superlattice with regular pore radius R = 0.27a and varying radius R′ of the crossing
defect pores. The case of the unperturbed crystal corresponds to R′/R = 1 and is de-
noted by the dashed vertical line. Each point represents the average reduced frequency
of a point-confined band and the dashed red lines represent the edges of the band gap of
an unperturbed crystal. The color and shape of the symbols correspond to their values
of maximum energy density Ω, as described in the legend.
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Figure 4.5: Confinement map of point-confined c = 3 bands in an inverse woodpile
superlattice with regular pore radius R = 0.18a and varying radius R′ of the crossing
defect pores. The case of the unperturbed crystal corresponds to R′/R = 1 and is de-
noted by the dashed vertical line. Each point represents the average reduced frequency
of a point-confined band and the dashed red lines represent the edges of the band gap of
an unperturbed crystal. The color and shape of the symbols correspond to their values
of maximum energy density Ω, as described in the legend.

has been also observed in experiments, where the position of this edge provided
great help when analyzing the wave confinement and connecting the experiments
with the theory [34]. Analogously, the role of the band edges is exchanged, and
for R′ > R, the top edge of the band gap acts as a hard boundary, only slightly
shifted by the change in the silicon volume fraction, while at the bottom edge,
the bands seem to lose their confinement properties only gradually.
Fig. 4.5 depicts the map of c = 3 point-confined bands in an inverse woodpile

superlattice with small regular pores of the radius R = 0.18a, while varying the
radius R′ of the defect pore. Once again, we observe groups of bands emerging
from the top of the band gap and descending into the gap with decreasing pore
radius. A crucial observation here is that no 3D confined bands have been found
for the defect pore radii R′ > 0.6R, including no confined acceptor-like bands for
R′ > 0.6R. Notably, there is also a lack of bands with Ω > 10, which means that
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Figure 4.6: Confinement map of point-confined c = 3 bands in an inverse woodpile
superlattice with varying regular pore radius R and constant ratio R′/R = 0.5. Each
point represents the average reduced frequency of a point-confined band and the dashed
red lines represent the edges of the band gap of an unperturbed crystal. The color and
shape of the symbols correspond to their values of maximum energy density Ω, as
described in the legend.

for R = 0.18a the energy concentration is in general weaker than in the case of
larger pores. There seems to be a significant preference for both the existence
and the strength of 3D confinement in structures with larger regular pores. This
discovery is of considerable practical importance, since in real photonic crystal
fabrication there is a propensity towards smaller pores. Our research thus of-
fers important guidelines for manufacturing inverse woodpile superlattices for
confinement experiments and applications.
Fig. 4.6 depicts the map of c = 3 point-confined bands in an inverse woodpile

superlattice from an alternative point of view, where the ratio between the defect
and the regular pore radius R′/R = 0.5 is kept constant, while R is altered. For
viewing convenience, we also replotted this data in Fig. 4.7, where we subtracted
the band gap center frequency ωc for each R from the band frequencies.
First of all, it is interesting that, despite the band gap having nonzero width,

there are no 3D confined bands for R = 0.15a and R = 0.16a. This is not the case
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Figure 4.7: Confinement map of point-confined c = 3 bands in an inverse woodpile
superlattice with varying regular pore radius R and constant ratio R′/R = 0.5. This
plot shows the same data as Fig. 4.6, but the frequency of each structure has been
adjusted by subtracting the center of the band gap for each regular pore radius R.
Each point represents the average relative frequency of a point-confined band and the
dashed red lines represent the edges of the band gap of an unperturbed crystal. The
color and shape of the symbols correspond to their values of maximum energy density
Ω, as described in the legend.

at the opposite side of the band gap, where 3D confined bands appear even very
close to its closing at R = 0.29a. Similarly to the other studied cases, we observe
that Ω > 10 appears only in structures with larger radius R ≥ 0.20a. This is
all in agreement with our statement above that the strongly confined bands are
more abundant in structures with larger pores. There is also visible movement
of the confined bands from the top of the band gap towards its bottom, as R/a
increases. These bands again form groups, which get more separated in frequency
from each other as the band gap becomes wider.

4.4 Photonic states beyond quasiatomic orbitals
Here, we investigate more closely the energy-density profiles of some of the

confined bands presented above. We specifically concentrate on the structure
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Figure 4.8: Band structure of an inverse woodpile crystal with regular pore radius
R = 0.24a, and the defect pore radius R′ = 0.5R. Bands that are identified as c = 3
confined are colored, with red designating individual bands and blue pairs of degenerate
bands. The bands are also labeled by their band number Nb.

with R = 0.24a, R′ = 0.5R, but as we will see, the main results can be easily
generalized to inverse woodpile structures in general. Some useful properties,
such as band degeneracies, are best observed from the photonic band structure.
Fig. 4.8 shows the band structure of an inverse woodpile crystal with R = 0.24a,
R′ = 0.5R. The bands that are identified to have c = 3 confinement above
(see Fig. 4.3), have been colored to be easily recognizable. For convenience, we
distinguish the bands by their band number Nb, ordering the bands ascendingly
according to their frequencies.
First, we analyze the energy-density profile of the Nb = 111 band, which has

been investigated in detail by Refs. [27, 30, 31]. Specifically, Ref. [30], based also
on data published by Ref. [27], concluded that this band represents a quadrupole,
analogous to a 3d electronic orbital. Here we will explain that the analogy be-
tween inverse woodpile photonic crystals and atomic orbitals is misleading and
that the inverse woodpile photonic structure actually presents a new challenge
in symmetry description.
Fig. 4.9(a) depicts a 3D view of the energy-density profile of the bandNb = 111,

confined within the cavity created by the defect pores. One can immediately see
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Figure 4.9: 3D isosurface plot of the energy density in the confined band Nb = 111
in an inverse woodpile crystal with the regular pore radius R = 0.24a, and defect pore
radius R′ = 0.5R. The energy profile exhibits specific symmetries inherited from the
parent defect superlattice. Besides the mirror symmetries along the z/b ≈ 1.5 and
x/b ≈ 1.5 planes, it is also symmetric with respect to mirroring with according to the
y/a ≈ 1.15 plane combined with 90◦ rotation about the (x/b, z/b) ≈ (1.5, 1.5) axis. The
a) 3D view from an arbitrary angle. b) View of the y-z plane.
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that the symmetries here are highly influenced by the defect-pore symmetry in
Fig. 4.1(b). There is a high-field volume around x/b = 1.5, y/a = 1.15, z/b = 1.5.
The volume can be divided by the plane y/a ≈ 1.15 into two half-spaces, where
it contains a dent in each of these half-spaces. For y/a < 1.15, the dent is
along the x direction and is surrounded in the same half-space by two smaller
regions at both z/b < 1.5 and z/b > 1.5. For y/a > 1.15, the second dent in
the central volume spreads in the z direction and is surrounded by two smaller
regions at both x/b < 1.5 and x/b > 1.5. The energy-density profile exhibits
mirror symmetries along the z/b ≈ 1.5 and x/b ≈ 1.5 plane, but not along any
plane of constant y/a, similarly to the parent superlattice.
From the view in Fig. 4.9(a), it is clear that the energy density does not have the

quadrupolar profile as in a 3d electronic orbital, since it lacks the 90◦ rotational
symmetry required for the 3d electronic orbital. However, one can argue that
the actual band symmetry is even more interesting than that of the 3d orbital.
Fig. 4.9(b) depicts the y-z plane view of the energy density for the same band
Nb = 111. From this view, it becomes clear that the confined band actually
exhibits mirror symmetry with respect to the plane y/a ≈ 1.15 combined with a
90◦ rotation about the (x/b, z/b) ≈ (1.5, 1.5) axis.
This discovery brings us to an extremely interesting fundamental question. In-

stead of striving for strict analogies in symmetries between the electronic orbitals
and photonic bands, photonic structures could be utilized to create photonic
analogies of “orbitals” with a much greater variety of geometries and symmetries
than would be feasible in spherical atoms [41], and controllable in more compli-
cated electronic systems. Since there is a great diversity of photonic crystals of
various geometries and a plethora of options for introducing defects of different
kinds in them (see, e.g., Refs. [17, 20]), it seems highly plausible that the set
of symmetries achievable by “photonic orbitals” could be much more plentiful
than that achievable in electronic orbitals. Since it is well known from atomic
solid-state physics that the symmetries of atomic orbitals are closely tied to the
appearance of the band structure and even to the macroscopic behavior of ma-
terials, such as their placement in the periodic table [40], it would be exciting
to investigate to what extent the symmetries in “photonic orbitals” translate to
the macroscopic behavior of “photonic solid-state matter” and how their great
variety could be utilized.

4.5 Symmetry and degeneracy

Fig. 4.10 depicts the x-z view of all the nondegenerate 3D confined bands in
Fig. 4.8. It appears that the band Nb = 118 is degenerate with the band Nb =
119, which has not been identified as confined. This is likely due to the decreased
accuracy of the employed scaling method for small supercells, as described in more
detail in Ref. [37], and Chapters 2 and 3 of this PhD thesis.
All bands depicted appear to have unrelated spatial energy-density profiles,

which is in agreement with the fact that these bands are nondegenerate. Even
though they appear to have 90◦ rotational symmetries, this is just an illusion
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Figure 4.10: The x-z plane profile of the energy-density distribution of the nonde-
generate 3D confined bands in an inverse woodpile crystal with the regular pore radius
R = 0.24a, and the defect pore radius R′ = 0.5R. The plane view may give an impres-
sion of the 90◦ rotational symmetry of these profiles, but that is misleading, as is easily
verified by looking at the 3D profile of the band Nb = 111 in Fig. 4.9.
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created by the plane-view of the plots, as is clearly seen by inspecting different
views of band Nb = 111 in Figs. 4.10 and 4.9. Nevertheless, it is important to
stress that these profiles exhibit mirror symmetries with respect to the x/b = 1.5
and z/b = 1.5 planes, passing through the axes of each defect pore, respectively.
Fig. 4.11 depicts the two pairs of degenerate bands Nb = 109, 110 and Nb =

116, 117. These bands are related to each other by the mirror symmetries along
the planes x/b ≈ 1.5 and z/b ≈ 1.5. In solid-state physics, atomic orbitals are
categorized as different spherical multipoles. This is possible due to the spherical
symmetry of the atomic geometry, with each multipole exhibiting a lesser than
spherical symmetry. One thus obtains three mutually orthogonal dipoles, each
exhibiting a 180◦ rotational symmetry along every plane. The inverse woodpile
structure does not have spherical symmetry, albeit a lower one. Namely, only
the x-z plane is rotationally symmetric with respect to 180◦. This symmetry
thus only allows for two mutually orthogonal dipoles, which are both symmetric
with respect to 180◦ rotation in the x-z plane. Exactly this property is exhibited
by the band pairs Nb = 109, 110 and Nb = 116, 117. We therefore interpret
these two pairs of degenerate pores as generalized dipoles for the case of the
inverse woodpile structural symmetry. Moreover, within the limited set of the
energy-density profiles that we have visually investigated, it seems that if the
energy-density profile of a band is not symmetric with respect to both the mirror
planes x/b = 1.5 and z/b = 1.5, the band turns out to be degenerate with another
band which then complements these mirror symmetries. This symmetry relation
could therefore be used to spot or confirm the presence of degenerate bands in
the inverse woodpile photonic band structure and possibly even be generalized
to other situations.
Finally, Fig. 4.12 depicts the evolution of the band Nb = 111 in structures with

increasing pore radii R, while maintaining the ratio R′/R. The energy-density
maximum of the band is changing with R, which makes it difficult to plot the
same isosurface every time. Nevertheless, the mode seems to maintain a similar
symmetric profile shape with strongly varying pore radius. This visualisation
confirms the results from Fig. 4.7, that for the radii R = 0.15a and R = 0.27a
this band is not 3D confined, since in both cases the profile extends throughout
the whole supercell, at least in the x-z plane. It is remarkable that even for
R = 0.27a, the shape of the central volume still resembles the confined profile
seen for lower radii. Overall, Fig. 4.12 offers an interesting observation that, for a
given band, its energy-density profile is conserved for strongly varying structural
parameters of the inverse woodpile structure.

4.6 Enhancement of the local density of states
It is known that, in thermodynamic equilibrium, the time-averaged energy

density Wω of the electromagnetic field of the frequency ω corresponds to [2]

Wω(r, ω) = w(ω, T )N(r, ω), (4.2)

where w(ω, T ) is the average energy per mode, N(r, ω) is the local density of
states (LDOS), and T is the temperature. Expression (4.2) suggests that by
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Figure 4.11: The x-z plane profile of the energy-density distribution of the degenerate
pairs of 3D confined bands in an inverse woodpile crystal with regular pore radius
R = 0.24a, and defect pore radius R′ = 0.5R. The dashed lines indicate the planes of the
mirror symmetry between these bands and the red circles for the bands Nb = 116, 117
indicate the profile parts where the mirror symmetries can be easily spotted.
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Figure 4.12: The x-z plane profile of the energy-density distribution of the Nb = 111
band in an inverse woodpile crystal with varying regular pore radius R, and the defect
pore radius R′ = 0.5R.



120 Photonic Confinement in 3D Inverse Woodpile Photonic Superlattices: Symmetry
and “Orbitals”

manipulating the energy densityW , we can influence the LDOS, which is a crucial
quantity in cQED [2]. Large LDOS is favorable for cQED applications, at first
for enhanced spontaneous emission and, at even larger LDOS, for cQED strong
coupling whereby quantum matter states are hybridized with photonic states. By
positioning quantum dots within the pores of inverse woodpile photonic crystal
superlattices [42] and coupling them to the right electromagnetic frequencies,
it is possible to observe these cQED phenomena. It is therefore important to
investigate the energy-density enhancement properties of the inverse woodpile
photonic crystals with respect to their structural parameters.
In Section 4.3, we have already employed Figs. 4.3-4.7 to analyze the energy

enhancement for different bands in superlattices of varying pore radii. We con-
cluded that larger pore radii R are generally more favorable towards large en-
hancements. Out of all the investigated bands, Nb = 108 in the case of the
R = 0.27a,R′ = 1.2a structure has the largest maximum of the energy density
Ω = 29.6. We therefore investigate the energy profile of this acceptor-like band
in greater detail.
Fig. 4.13(a) shows the cross-section of the permittivity of the investigated

structure in the plane y/a = 1. Fig. 4.13(c) then depicts the energy density dis-
tribution W of the band Nb = 108. To investigate the energy density more
quantitatively, we plot W along the red line in the figure, corresponding to
(x/b, y/a) = (0.87, 1), resulting in the plot in Fig. 4.13(c). Fig. 4.13(e) also
contains an extended band Nb = 54 for reference, to help us establish the vac-
uum energy density level by looking at its value of W in the air regions. This
vacuum energy density turns out to be around W = 0.03. From this graph, it
is clear that the band Nb = 108 has large energy-density peaks but these are
restricted to the regions of high permittivity. In the central cavity region, the
distribution of W within the large pore varies considerably and is an order of
magnitude greater at the pore walls than at the pore center. Taking into account
that quantum dots embedded in a crystal usually stick to the silicon walls, this
structure could provide an LDOS enhancement of around one order of magnitude
compared to the vacuum level. Nevertheless, overall, it appears that the lack of
silicon and air regions that are too large significantly restrict the energy density
distribution in the acceptor-like structure, thus making it a sub-par candidate
for cQED applications.
To observe the influence of donor-like structures with R′ < R on the energy

density enhancement, we investigate the band Nb = 209 in the superlattice with
regular pore radius R = 0.26a and R′ = 0.5R, which exhibits the maximum of
the energy density Ω = 25.7 that is the largest among the investigated donor-like
structures. The permittivity distribution of this structure in the plane y/a = 1.13
is depicted in Fig. 4.13(b) and the energy density profile of the band Nb = 209
in the same plane is in Fig. 4.13(d). Fig. 4.13(f) shows the energy density profile
along the red line in Fig. 4.13(d), given by (x/b, y/a) = (1.60, 1). Again, we
depict also an extended band Nb = 54 for reference. In this case, since the air
volume is much smaller compared to the amount of silicon around the cavity,
the energy density within the central defect pore drops only slightly compared
to its values in the surrounding silicon. Overall, even in the center of the defect
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Figure 4.13: Energy enhancement in two different inverse woodpile structures. (a),
(c), (e) Acceptor-like structure with the regular pore radius R = 0.27a, defect pore
radius R′ = 1.2R, band number Nb = 108. (b), (d), (f) Donor-like structure with the
regular pore radius R = 0.26a, defect pore radius R′ = 0.5R, band number Nb = 109.
(a) Permittivity distribution of the acceptor-like structure in the y/a = 1 plane. (b)
Permittivity distribution of the donor-like structure in the y/a = 1.13 plane. (c) Energy
density distribution of the acceptor-like band Nb = 108 in the y/a = 1 plane. (d)
Energy density distribution of the donor-like band Nb = 109 in the y/a = 1.13 plane.
(e) Cross-section of the energy density distribution for the (x/b, y/a) = (0.87, 1) line,
denoted by the red line in (c). Depicted is the confined band Nb = 108 and a reference
extended band Nb = 54. (f) Cross-section of the energy density distribution for the
(x/b, y/a) = (1.60, 1) line, denoted by the red line in (d). Depicted is the confined band
Nb = 109 and a reference extended band Nb = 54.



pore where W is the smallest, the energy-density enhancement compared to the
vacuum level at W = 0.01, and therefore also the LDOS enhancement, is more
than two orders of magnitude.
To conclude, we observed three competing phenomena with regard to cQED

applications: Firstly, donor-like cavities are preferable for cQED due to larger sil-
icon and smaller air regions. Secondly, larger defect pore deviations, i.e., smaller
defect pore radii R′ for donor-like structures, favor the appearance of more con-
fined bands. Thirdly, larger defect pore radii R′, appear to favor more concen-
trated energy density. From our investigation it therefore seems that a good
balance between these three requirements could be around the defect pore radius
R′ ≈ 0.6R slightly above half the regular pore radius R. We also further reiter-
ate our finding that larger regular pore sizes R overall help to enhance both the
number of 3D confined bands and the energy concentration.

4.7 Conclusion

In this chapter we performed computational characterization of light confined
in 3D inverse woodpile photonic superlattices with respect to their structural
parameters, namely the regular and the defect pore radii. We created maps of
3D confined bands via various cross sections through the parameter space of the
two pore radii and used these to analyze the influence of the superlattice structure
on the confinement. We found that larger regular pore radii favor more confined
bands and these bands also tend to have more concentrated energy densities.
Further, we analyzed symmetries of chosen 3D confined bands in 3D inverse

woodpile photonic superlattices. We concluded that the inverse woodpile pho-
tonic crystal bands exhibit very different symmetries compared to electronic or-
bitals, which is caused by the underlying crystal structure. We propose that
attention should be given to confined band symmetries in “photonic solid-state
matter” and their influence on the properties of these materials.
Finally, we analyzed the potential of the inverse woodpile photonic structures

for cavity QED applications. To this end, large concentration of energy density,
proportional to LDOS, must be present in the defect-pore region. We found that
even though the acceptor-like structures with defect pores larger than the regular
pores may offer higher energy concentration, this energy is mostly concentrated
in small regions of silicon and decays rapidly in air. On the other hand, the inves-
tigated donor-like structure, despite exhibiting less concentrated energy density,
provides overall higher values of energy density within the cavity due to larger
silicon and smaller air volumes inside. Therefore, donor-like structures seem to
be more favorable for spontaneous emission control.
In the future, more data should be gathered and analyzed to obtain even deeper

understanding of the confinement behavior of the inverse woodpile superlattices.
This investigation should be extended to encompass not only 3D confined bands,
but also 2D confined ones, which have been previously shown to be present in
these structures as well. Finally, this investigation should be extended to other
types of photonic superlattices.
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5 Size-robust Discontinuous
Galerkin Method for Light
Propagation through Locally
Periodic Media

5.1 Introduction

Photonic crystals are optical structures in which the permittivity, or refractive
index, is periodically repeated [1]. In a photonic crystal structure, the transla-
tional symmetry gives rise via interference effects to a photonic bandgap, which
is a range of frequencies for which light is not allowed to propagate inside the
crystal irrespective of its wave vector and polarization [2, 3]. These periodic
photonic structures allow for control of the propagation and emission of light [1,
4–10].
Among the plethora of applications of photonic crystals, the most prominent

are the control of spontaneous emission of quantum emitters [11–14], cavity quan-
tum electrodynamics [15], thermal emission control [16, 17], lasing [18], enhanced
absorption in solar cells and thin films [19–21], and cloaking [22].
In order to properly understand the complex behavior of electromagnetic waves

in photonic crystals, computational models are essential. A brief review of various
relevant computational methods can be found in Ref. [8]. The most prominent of
these methods are plane-wave expansions (PWE), finite-difference time-domain
(FDTD) and finite element methods (FEM).
PWE is a spectral method that expands the dielectric function and the elec-

tromagnetic fields in terms of plane waves [23]. Although it is a conceptually
simple method, it struggles to accurately represent sharp jumps in the dielectric
function. Even more importantly, it assumes the crystal to have infinite extent,
and thus it is unable to capture the surface effects occurring in realistic finitely
large crystals.
FDTD, originally proposed by Ref [24], replaces continuous derivatives by finite

differences [25]. In its simplest form it is very intuitive and it is particularly suit-
able for calculation of electromagnetic impulses passing through photonic struc-
tures and for calculation of time-dependent phenomena, such as decay of cavity
resonances and cavity quality factors [26, 27]. The main drawback of FDTD are
its high computational requirements, especially when dealing with large photonic
structures, and the difficulty with accurate approximation of curved surfaces [8].
FEM are the most flexible of the computational methods, since they can han-
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dle easily complex geometries of finite size, and they allow for local resolution
enhancement [28, 29]. Their broad applicability ranges from high-accuracy time-
harmonic problems [21, 30, 31] to time-domain computations [32], to topology
optimization [33]. Due to its flexibility, FEM is also our method of choice in this
chapter.
A major unresolved challenge in computational modeling of photonic crystals

is the calculation of electromagnetic wave propagation through large but finite-
sized structures surrounded by an external medium, which is the most relevant
case for experiments and applications. The main hurdle comes from the fact that
this is a multiscale problem: On one hand, there is the micro-scale, represented
by the unit cell of the crystal. In order to capture the characteristic effects of
photonic crystals on light, the wavelength must be of the same order of magni-
tude as the periodicity of the crystal, which means that the unit cell has to be
resolved with sufficiently high accuracy. On the other hand, there is the macro-
scale, representing the crystal domain as a whole. Photonic crystals utilized in
the state-of-the-art research contain several thousands of unit cells [34]. It is
immediately obvious that, if treated by standard computational methods, the
resolution required to accurately resolve the problem on both scales is computa-
tionally intractable.
Despite the multiscale complexity of the realistic photonic crystal problem, the

crystal remains locally periodic, even if only on a finite domain. Moreover, the
larger the crystal is, the more the field inside it resembles that of a globally peri-
odic, i.e., infinite, crystal. The solutions of a globally periodic problem are also
known as Bloch modes [35–37]. This observation suggests that it should be possi-
ble to use Bloch modes within a FEM to address the multiscale issue. Moreover,
the quasi-periodic properties of the Bloch modes may allow to replace compu-
tations on the whole crystal by computations only on one unit cell, leading to
construction of a so-called size-robust method, i.e., a method with computational
complexity independent of the size of the crystal.
Ref. [38] has proposed a way to utilize the quasi-periodicity of Bloch modes by

introducing a special type of FEM multiscale basis functions, consisting of Bloch
modes modulated by “macro-polynomials” of a specific degree. Subsequently, the
form of these multiscale functions is used to construct the system matrix by a
quadrature that depends on the crystal size only logarithmically, thus yielding
an essentially size-robust method for photonic crystals that are finite in one
dimension [39]. Refs. [38, 39] have demonstrated their method on a 2D example
of a photonic crystal infinite in one direction and surrounded by an external
medium in the other. Their approach, however, relies heavily on the fact that
their model is finite in only one direction.
Furthermore, the macro-polynomials in Refs. [38, 39], serving as a partition

of unity, were required to obtain a continuous approximation of the field. This
approach has several drawbacks, the main of which is the overall complexity of
the method, which is difficult to analyze and implement. Secondly, the existence
of the macro-polynomials complicates the system matrix assembly to the extent
that one can not have a stable quadrature completely independent of the crystal
size.
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In this chapter, we present a related, but different approach to the idea of
Refs. [38, 39], to create a size robust method with a large degree of parallelism.
By implementing Bloch basis functions within a Discontinuous Galerkin frame-
work [40], the lack of continuity requirement at the crystal surface allows us
to completely drop the macro-polynomials and thus make the system matrix
calculation within the crystal domain truly size-robust. An additional benefit
of dropping the macro-polynomials is the overall simplification of the method.
We demonstrate the convergence of our method in numerical experiments on a
physically realistic 2D photonic crystal of finite extent in both dimensions.
This chapter is divided into eight sections. In Section 5.2, we describe the

Helmholtz problem and its weak formulation. Section 5.3 discusses the unit-
cell problem used to obtain the Bloch modes. In Section 5.4 we describe the
construction of the size-robust function space, the fundamental ingredient of
our method. Section 5.5 provides the formulation of the discretized Helmholtz
problem using the size-robust function space. Section 5.6 then gives details on
the size-robust quadrature used to construct the system matrix for the crystal
domain. In Section 5.7, we illustrate the key properties of our method by means
of numerical experiments. Finally, in Section 5.8, we conclude this chapter and
sketch possible directions for further research.

5.2 Problem formulation
The macroscopic behavior of light in a dielectric medium is governed by

Maxwell’s equations [1]:

∇ ·B(r, t) = 0, ∇×E(r, t) +
∂B(r, t)

∂t
= 0,

∇ ·D(r, t) = ρ(r, t), ∇×H(r, t)− ∂D(r, t)

∂t
= J(r, t),

(5.1)

where E,H, are the electric and magnetic intensity, and D,B, are the electric
and magnetic induction fields, respectively. Free charges and current densities
are denoted by ρ and J, respectively. We denote by r ∈ R3, t ∈ R the position
vector and time, and ∇ is the nabla operator. We use the boldface notation for
vectors. Here, we restrict ourselves to time-independent media with no sources
of light, thus setting ρ = 0 and J = 0.
The set of Eqs. (5.1) is supplemented by constitutive relations. Assuming that

all the environments we are considering are isotropic and the field strengths are
small enough, these relations are given by

B(r, t) = µ0µ(r)H(r, t)

D(r, t) = ε0ε(r)E(r, t),
(5.2)

where ε0, µ0 are the vacuum permittivity and vacuum permeability, and ε(r), µ(r)
are the relative permittivity and relative permeability distribution within the
system. We also assume that ε(r) is purely real, i.e., that all media are lossless,
and that 0 < εmin ≤ ε(r) ≤ εmax < ∞, and neglect any frequency dependence
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of the permittivity ε(r). We also assume that ε(r) is piecewise constant. In the
following, we set µ(r) = 1, which is a good approximation for many dielectric
materials. To simplify the notation, we will use units such that the speed of light
ν = ε0 = µ0 = 1.
Since Maxwell’s equations (5.1) are linear, one can separate the time depen-

dence from the spatial dependence by means of the Fourier transform, leading
to a family of problems for monochromatic waves with frequency ω [1, 41]. The
fields then assume the time-harmonic form:

H(r, t) = H(r)eiωt,

E(r, t) = E(r)eiωt.
(5.3)

In this chapter, we consider a 2-dimensional (2D) setting, where the fields
E,H and the permittivity ε are independent of the z-coordinate, i.e., we assume
that the crystal structure is homogeneously extended in the z-direction. The
problem can then be split into two distinct polarizations: transverse-magnetic
(TM), where the electric field points in the z-direction, ETM(r) = u(r)êz,
and transverse-electric (TE), where the magnetic field points in the z-direction,
HTE(r) = u(r)êz, with êz being the unit vector in the z-direction and u(r) the
magnitude of the corresponding field. The other field can then in each case be
calculated according to

HTM(r, t) =
i

µ0ω
∇×ETM(r, t), (5.4a)

ETE(r, t) = − i

ωε0ε(r)
∇×HTE(r, t). (5.4b)

The Maxwell’s equations (5.1) then reduce, for each polarization, to the
Helmholtz equation for the field magnitude u(r). In slight abuse of notation,
we use r ∈ R2 from now on and write the Helmholtz equation in polarization-
independent notation as

∇ · (a(r)∇u(r)) + ω2b(r)u(r) = 0, (5.5)

where
a(r) = 1, b(r) = ε(r), for TM polarization,

a(r) = ε(r)−1, b(r) = 1, for TE polarization.
(5.6)

We consider a two-dimensional photonic crystal Ωcr embedded in an external
medium Ωext, such that Ωcr ∪ Ωext = Ω ⊂ R2, as illustrated in Fig. 5.1. We
look for the field magnitude u : Ω → C in a chosen polarization (TM or TE),
as a solution of Eq. (5.5) for all r ∈ Ω, with coefficient functions determined by
Eq. (5.6).
As a source, we adopt a plane wave uinc with the amplitude Ainc incident in

the direction kext,
uinc(r) = Aince−ikext·r. (5.7)
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Figure 5.1: Computational domain Ω. The photonic crystal Ωcr is surrounded by an
external medium Ωext. At the boundary Γnr, non-reflecting boundary conditions are
prescribed. As a source, we assume an incoming plane wave uinc.

This wave is subsequently scattered and radiated into infinity. This radiation is
expressed by the Silver-Müller radiation condition [41] at the domain boundary
Γnr = ∂Ω, i.e.,

∂u(r)

∂n
+ i|kext|u(r) =

∂uinc(r)

∂n
+ i|kext|uinc(r), for r ∈ Γnr, (5.8)

where n denotes the outer normal to the boundary and ∂
∂n

:= n ·∇ is the normal
derivative operator.
We denote the Lebesgue space of square-integrable functions on the domain

Ω with values in C as L2(Ω). We further denote the Sobolev space with square
integrable first weak derivatives as

H1(Ω) :=
{
v ∈ L2(Ω) | ∂jv ∈ L2(Ω), for j = 1, 2

}
. (5.9)

The weak formulation of problem (5.5), subject to (5.8), is

Find v ∈ H1(Ω), such that Φ(v, w) = f(w) for allw ∈ H1(Ω), (5.10)

where the sesquilinear form Φ : H1(Ω)×H1(Ω)→ C is defined by

Φ(v, w) :=

∫
Ω

a(r)∇v(r) ·∇w(r)dΩ− ω2

∫
Ω

b(r)v(r)w(r)dΩ

+

∫
Γnr

a(r)ikextv(r)w(r)dΓ,

(5.11)
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and the antilinear form f : H1(Ω)→ C is defined by

f(w) :=

∫
Γnr

a(r)

[
∂uinc(r)

∂n
+ ikextu

inc(r)

]
w(r)dΓ. (5.12)

Here, the overbar denotes the complex conjugate.

5.3 Bloch modes
The core of the method presented in this chapter lies in the approximation

of the electromagnetic field in a locally periodic medium by globally periodic
solutions. We next discuss the globally periodic problem, corresponding to solv-
ing the Helmholtz equation for an infinitely large crystal, without the external
medium. Due to the periodicity of the coefficients in (5.5), the problem can
be reduced to a family of problems on a bounded domain by the Bloch-Floquet
theory (see Ref. [37]).
Let us define a lattice Λ spanned by the linearly independent basis vectors

a1,a2 ∈ R2:

Λ :=


2∑
j=1

njaj |nj ∈ Z, j = 1, 2

 . (5.13)

In the infinite crystal, the relative permittivity ε is periodic on the lattice Λ, i.e.,

ε(r + R) = ε(r) for all r ∈ R2,R ∈ Λ. (5.14)

The unit cell of such a mesh can be defined in various ways, but the simplest
definition is given by

Ω̂ :=


2∑
j=1

sjaj | sj ∈ [0, 1] , j = 1, 2

 . (5.15)

The infinite crystal can be intuitively seen as being composed of infinitely many
copies of the unit cell Ω̂, each translated along a multiple of the lattice vectors
a1,a2. The dual lattice to Λ is defined as

Λ∗ :=

2π

2∑
j=1

njbj |nj ∈ Z, j = 1, 2

 , (5.16)

where the vectors b1,b2 are such that bi · aj = δij , for i, j = 1, 2, and δij is the
Kronecker delta. The dual lattice gives rise to the dual unit cell, often referred
to as the first Brillouin zone:

B :=


2∑
j=1

sjbj | sj ∈ [−π, π] , j = 1, 2

 . (5.17)
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We note that, properly, the first Brillouin zone is defined as the Wigner-Seitz
cell of the reciprocal lattice, see Ref. [42]. Such a definition coincides with (5.17)
only for orthogonal lattice vectors, but, for our purposes of parametrization, this
is irrelevant and we will refer to the unit cell defined by (5.17) as the Brillouin
zone.
From the Bloch-Floquet theory (see, e.g., Refs. [35–37]), it follows that the

real part of the wave vector belongs to the Brillouin zone, Re{k} ∈ B ⊂ R2. In
order to account for evanescent waves, the wave vector can also have a nonzero
imaginary component, thus it follows that k ∈ B+ iR2, see, e.g., [43]. Moreover,
the Bloch-Floquet theory shows that the field magnitude u can be expanded in
Bloch modes, given by

uBloch
k (r) := uper

k (r)eik·r, for all k ∈ B + iR2, (5.18)

where uper
k is a periodic function on Λ and is thus fully determined by its values

on the unit cell Ω̂. Moreover, for k ∈ B + iR2 fixed, uper
k is a solution to the

following eigenvalue problem:

Find (ω2, uper
k ) such that

−∇k · [a(r)∇ku
per
k (r)] = ω2b(r)uper

k (r), for all r ∈ Ω̂,

uper
k (r + aj) = uper

k (r), and r ∈ ∂Ω̂,

(5.19)

for j = 1, 2 and where ∇k = ∇ + ik. We will refer to (5.19) as the unit-cell
problem.
To put (5.19) into weak form, we denote the Sobolev space of periodic func-

tions on Ω̂ with square integrable first weak derivatives as H1
per(Ω̂). The weak

formulation of the problem (5.19) is then

Fix k ∈ B + iR2.

Find (ω2, uper
k ) ∈ R×H1

per(Ω̂), such that

Φ̂(uper
k , w) = ω2(uper

k , w)b, for allw ∈ H1(Ω̂),

(5.20)

where the sesquilinear form Φ̂ : H1
per(Ω̂)×H1

per(Ω̂)→ C is defined by

Φ̂(v, w) :=

∫
Ω̂

a(r̂)∇v(r̂) ·∇w(r̂)dΩ̂ +

∫
Ω̂

a(r̂)k2v(r̂)w(r̂)dΩ̂

+

∫
Ω̂

ia(r̂)v(r̂)k ·∇w(r̂)dΩ̂−
∫

Ω̂

ia(r̂)k ·∇v(r̂)w(r̂)dΩ̂,

(5.21)

and
(v, w)b =

∫
Ω̂

b(r̂)v(r̂)w(r̂)dΩ̂. (5.22)

Formulation (5.20) is, however, inconvenient for us, since, to approximate the
electromagnetic field generated by an incoming wave in a finite crystal by Bloch
modes, these modes should have the same frequency as the incoming wave. We
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thus know the frequency ω of the required modes, but need to find the correspond-
ing wave vectors describing the light propagation. To this end, we parametrize
the wave vector k = κk̂ = κ(cos θ, sin θ), with κ ∈ C, k̂ = (cos θ, sin θ), and
θ ∈ [0, π]. For ω ∈ R fixed, we thus consider the following quadratic eigenvalue
problem:

Find (κ, uper
k ) ∈ C×H1

per(Ω̂), such that∫
Ω̂

a(r̂)∇uper
k (r̂) ·∇w(r̂)dΩ̂− ω2

∫
Ω̂

b(r̂)uper
k (r̂)w(r̂)dΩ

+ κ

∫
Ω̂

ia(r̂)uper
k (r̂)k̂ ·∇w(r̂)dΩ̂− κ

∫
Ω̂

ia(r̂)k̂ ·∇uper
k (r̂)w(r̂)dΩ̂

+ κ2

∫
Ω̂

a(r̂)uper
k (r̂)w(r̂)dΩ̂ = 0.

(5.23)

We note that κ2 here denotes the square of the complex number and not its
magnitude. In the following, we will describe the utilization of the Bloch modes
uBloch
k obtained by solving (5.23) to construct a size-robust approximation space

for the locally periodic Helmholtz problem (5.10).

5.4 Size-robust function space
Properly choosing the approximation space for our problem is the key to obtain

a size-robust method. Since the crystal Ωcr is locally periodic, it should be
possible to utilize this periodicity in such a way that the whole crystal can be
treated with only a limited set of basis functions, independently of its size. It is
immediately clear, however, that generic, commonly used FEM basis functions
cannot utilize this local periodicity, and thus cannot achieve size-robustness. On
the other hand, the solutions to the problem of an infinitely large crystal are
relatively cheap to calculate and, for a large but finite crystal, can already be a
very good approximation to the electromagnetic field inside of it. These Bloch
modes, as defined by (5.18), have been proposed as a foundation for a size-robust
basis by Ref. [38].
Since Bloch modes are solutions to an infinitely large crystal, they are ex-

pected to be a good approximation to the electromagnetic field deep inside a
large crystal, where the surface effects are negligible. We denote the internal
crystal subdomain as ΩBloch ⊆ Ωcr containing ñ1× ñ2 unit cells along the lattice
vector directions a1 and a2, respectively. Bloch modes, however, do not neces-
sarily well capture surface effects at the boundary of the crystal and waves in the
external medium. We therefore introduce a surface domain Ωsurf ⊂ Ωcr which,
together with the external domain Ωext, is discretized using elementwise polyno-
mial basis functions, which are not necessarily continuous at element boundaries.
It holds that Ωcr = ΩBloch ∪ Ωsurf . The partition of the domain Ω into the do-
mains ΩBloch,Ωsurf , and Ωext is illustrated in Fig. 5.2. We note that it is also
possible to choose Ωsurf = ∅, in which case ΩBloch = Ωcr.
Recall that the eigenvalue problem (5.23) is parametrized by ω > 0 and θ ∈

[0, π]. Thus, for each corresponding pair of ω and θ, we solve (5.23) and pick
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Figure 5.2: Subdivision of the domain Ω into the domains ΩBloch, Ωsurf , and Ωext.
Here, Ωsurf is chosen with the depth of one unit cell along the crystal boundary. This
effectively increases the approximation accuracy at the surface of the crystal without
impacting the dimension of V Bloch(ΩBloch) defined in (5.24).

two Bloch modes corresponding to the eigenvalues κθ,1, κθ,2 with the smallest
absolute value of the imaginary part | Im{κ}|.
The photonic crystal is a scattering medium, scattering the incoming wave into

all possible directions. Therefore, the propagation of light in such a crystal cannot
be described by a single angle θ, but more angles are necessary. By computing
the Bloch modes for Nθ different angles θ, we thus obtain in total NBloch = 2Nθ
Bloch modes. Upon restricting the support of these Bloch modes to ΩBloch, they
give rise to the basis of the space V Bloch(ΩBloch):

V Bloch(ΩBloch) = span
{
uBloch
ki,j |ki,j = κi,j(cos θi, sin θi), i = 1, . . . , Nθ, j = 1, 2

}
,

(5.24)
with uBloch

ki,j
given by (5.18).

Let us denote by Th a quasi-uniform, shape-regular triangulation of the domain
Ωpol := Ωsurf ∪ Ωext. Let Pp(T ) be the space of polynomials of degree at most
p ≥ 1 on T ∈ Th. We then define the space of broken polynomials on Ωpol as

V pol
p (Th) :=

{
v ∈ L2(Ωpol) | ∀T ∈ Th, v|T ∈ Pp(T )

}
. (5.25)

Finally, we combine the three approximation spaces into the space V SR:

V SR :=
{
v ∈ L2(Ω) | v|ΩBloch ∈ V Bloch(ΩBloch), v|Ωpol ∈ V pol

p (Th)
}
. (5.26)

Note that V SR * H1(Ω). Therefore, we employ a nonconforming discontinuous
Galerkin method in the next section.



136 Size-robust Discontinuous Galerkin Method for Light Propagation through Locally
Periodic Media

5.5 Size-robust discretization

We approximate the weak formulation for the Helmholtz equation (5.10) in the
space V SR, using the Discontinuous Galerkin method in the framework of Bassi
et al. using a lifting operator [40, 44].

5.5.1 Discontinuous Galerkin notation

Before we explicitly state the discretization, let us introduce the notation for
the discontinuous Galerkin finite element method. We denote by nT the outer
normal to the element T ∈ Th. The set of internal faces will be denoted as F i

and the set of boundary faces as Fb. Together, these sets yield the set of all faces
F = F i ∪ Fb. At each internal face F ∈ F i, we arbitrarily assign the internal
normal nF . We label the elements neighboring the face F as T1 and T2, such that
the normal nF points from T1 to T2. We stress that this labeling is arbitrary,
but, once set, it must be obeyed. At the boundary faces F ∈ Fb we assign the
face normal nF always as pointing outwards from the domain Ω. We further
define at each face F ∈ F i the average of a function v as

{{v}} (r) :=
1

2
(v|T1(r) + v|T2(r)) , r ∈ F, (5.27)

and the jump of v as

[[v]] (r) := v|T1
(r)− v|T2

(r), r ∈ F, (5.28)

with elements T1, T2 ∈ Th.

5.5.2 Discontinuous Galerkin formulation

We obtain the following discretized formulation of (5.10):

Find vh ∈ V SR, such that Φh(vh, wh) = fh(wh), for allwh ∈ V SR, (5.29)

where the sesquilinear form Φh : V SR × V SR → C is defined as

Φh(vh, w) :=
∑
T∈Th

∫
T

a∇hvh ·∇hw dT − ω2
∑
T∈Th

∫
T

b(r)vhw dT

−
∑
F∈Fih

∫
F

(
{{a∇hvh}} · nF [[w]] + [[vh]] {{a∇hw}} · nF

)
dF

+
∑
F∈Fih

η

∫
Ω

a rF ([[vh]]) · rF ([[w]]) dΩ

+
∑
F∈Fbh

∫
F

aikextvhw dF,

(5.30)
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and the antilinear form fh : V SR → C is defined as

fh(w) =
∑
F∈Fbh

∫
F

a

[
∂uinc

∂n
+ ikextu

inc

]
w dF. (5.31)

Here, η ≥ η0 > 0 is a penalty parameter and rF : L2(F ) →
[
V SR

]2 for each
F ∈ F i the antilinear lifting operator, defined as [40]∫

Ω

rF (v) · τhdΩ =

∫
F

{{τh}} · nF v dF, ∀τh ∈
[
V SR

]2
, (5.32)

see Appendix 5.A for implementational details.
Note that, in contrast to the standard FEM, (5.30) contains function jumps

and averages across element boundaries. These terms appear due to the discon-
tinuity of the functions in V SR across these interfaces. See Appendix 5.B for the
derivation of this formulation.

5.6 Size-robust quadrature
Let us denote by n1, n2 the number of unit cells of the crystal in the lattice

directions a1,a2, respectively. We further denote NSR = dimV SR(Ω), Npol =

dimV pol
p (Th), NBloch = dimV Bloch(ΩBloch) and by {ψpol

i } ⊆ V pol
p (Th) a basis for

V pol
p (Th) and {ψBloch

i } ⊆ V Bloch(ΩBloch) a basis for V Bloch(ΩBloch). Then, with

Mpol,pol
j,i = Φh(ψpol

i , ψpol
j ), for i, j = 1, . . . , Npol,

MBloch,Bloch
j,i = Φh(ψBloch

i , ψBloch
j ), for i, j = 1, . . . , NBloch,

Mpol,Bloch
j,i = Φh(ψpol

i , ψBloch
j ), for i = 1, . . . , Npol, j = 1, . . . , NBloch,

MBloch,pol
j,i = Φh(ψBloch

i , ψpol
j ), for i = 1, . . . , NBloch, j = 1, . . . , Npol,

(5.33)

the system matrixM∈ CNSR×NSR

for the discrete problem (5.29) has the block
structure

M =

(
Mpol,pol Mpol,Bloch

MBloch,pol MBloch,Bloch

)
. (5.34)

The value of NBloch is clearly independent of the crystal sizes n1, n2. Since,
in a finite domain, Bloch modes are not orthogonal to each other, the matrix
MBloch,Bloch is dense, with (NBloch)2 nonzero elements. The dimension Npol of
the polynomial space V pol

p (Th) depends linearly on the number of unit cells at
the interface between Ωpol and ΩBloch, i.e., Npol ∝ (n1 + n2) dimV pol

p (T̂h(Ω̂)),
where T̂h(Ω̂) is the triangulation of the unit cell Ω̂. Each polynomial in the
discontinuous Galerkin formulation has its support limited to only one element
T ∈ Th. As a result, the matrixMpol,pol is sparse, with the number of nonzero
elements proportional to Npol. Finally, the matrices Mpol,Bloch and MBloch,pol

have the number of nonzero elements proportional to NBlochNpol.
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We have established that the size of MBloch,Bloch does not depend on the
crystal sizes n1, n2. To obtain the elements of this matrix, we however need to
integrate over the whole domain ΩBloch of the size ñ1 × ñ2 ∝ n1 × n2. It is
possible to alleviate the crystal-size dependence of the assembly ofMBloch,Bloch

by means of size-robust quadrature. Such a quadrature was first introduced
in Ref. [38], and yielded logarithmic dependence on n1, n2. As we show next,
by adjusting the quadrature to our DG framework, we effectively eliminate the
size-dependence of the assembly of MBloch,Bloch, resulting in a simplified, truly
size-robust quadrature.

Let us define, for f periodic with respect to the lattice vectors a1,a2

Tλ,i,j [f ] :=

∫
ΩBloch

f(r)Dλ

(
uper
i (r)eiki·r

)
Dλ

(
uper
j (r)e−ikj ·r

)
dr, (5.35)

where f(r) is a function with the same period as the crystal, i, j = 1, . . . , NBloch

and λ ∈ {0, 1, 2} is a derivative selector, such that

Dλu :=

{
u if λ = 0,

∂λu if λ ∈ {1, 2}.
(5.36)

The elements of MBloch,Bloch can be written as the sum of terms of the form
Tλ,i,j [f ] for f(r) ∈ {a(r), b(r)}. We next show that the computation of Tλ,i,j [f ]
can be done in a size-robust manner. We note that in our finite element discretiza-
tion we treat the whole domain ΩBloch as a single finite element, regardless of the
number of unit cells it contains.

The domain ΩBloch can be written as a conjunction of the translated unit-cell
domains Ωαβ = Ω̂11 +cαβ , with the shift vector cαβ = (α−1)a1 +(β−1)a2, such
that ΩBloch =

⋃n1

α=1

⋃n2

β=1 Ω̂αβ . We denote Ω̂ = Ω̂11 and parametrize it by the
vector r̂ ∈ Ω̂. Every position vector r ∈ ΩBloch can now be written as r = r̂+cαβ
for some α, β, as illustrated in Fig. 5.3. We can now rewrite Eq. (5.35):

Tλ,i,j [f ] =

ñ1∑
α=1

ñ2∑
β=1

∫
Ωαβ

f(r)Dλ

(
uper
i (r)eiki·r

)
Dλ

(
uper
j (r)e−ikj ·r

)
dr

=

ñ1∑
α=1

ñ2∑
β=1

∫
Ω̂

f(r̂ + cαβ)Dλ

(
uper
i (r̂ + cαβ)eiki·(r̂+cαβ)

)
×Dλ

(
uper
j (r̂ + cαβ)e−ikj ·(r̂+cαβ)

)
dr̂.

(5.37)
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Figure 5.3: The domain ΩBloch and its parametrization. Every vector r ∈ Ωαβ ⊂
ΩBloch (black), for α = 1, . . . , ñ1, and β = 1, . . . , ñ2, can be parametrized by the vector
r̂ ∈ Ω̂ (blue) within the reference unit cell and the shift vector cαβ (green).

By utilizing the periodicity of f and uper
i , we further obtain

Tλ,i,j [f ] =

ñ1∑
α=1

ñ2∑
β=1

∫
Ω̂

f(r̂)Dλ

(
uper
i (r̂)eiki·(r̂+cαβ)

)
×Dλ

(
uper
j (r̂)e−ikj ·(r̂+cαβ)

)
dr̂

=

∫
Ω̂

f(r̂)Dλ

(
uper
i (r̂)eiki·r̂

)
Dλ

(
uper
j (r̂)e−ikj ·r̂

)
dr̂

×
ñ1∑
α=1

ñ2∑
β=1

ei(ki−kj)·cαβ .

(5.38)

Expression (5.38) now contains and integral over the unit cell Ω̂ multiplied by a
double sum. The integral term is clearly independent of the crystal size n1 and
n2. The only term in (5.38) that may depend on the size of ΩBloch is the term
with the summation. This term can be written as

ñ1∑
α=1

ñ2∑
β=1

ei(ki−kj)·cαβ =

ñ1−1∑
α=0

eiα(ki−kj)·a1

ñ2−1∑
β=0

eiβ(ki−kj)·a2

= Sn1
(ei(ki−kj)·a1)Sn2

(ei(ki−kj)·a2),

(5.39)
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Figure 5.4: Computational domain employed for convergence analysis of our method
with respect to the reference solution.

where

Sn(q) :=

n−1∑
α=0

qα =
1− qn

1− q
. (5.40)

Clearly, (5.40) depends on the size of ΩBloch only weakly. The assembly
of MBloch,Bloch is therefore size-robust, i.e., except for computing powers as
in (5.40), it does not depend on n1, n2. The calculation of the matrices
Mpol,Bloch,MBloch,pol depends on the crystal size only linearly, compared to stan-
dard FEM, for which dimV pol

p (Th(Ω)) ∝ n1n2 dimV pol
p (T̂h(Ω̂)). Therefore, our

method yields a significant reduction in the computational complexity of com-
putingM.
We specifically note that the computation of the lifting operator also contains

integration over ΩBloch and can also be computed using the size-robust quadra-
ture discussed in this section. For details, see Appendix 5.A.

5.7 Numerical convergence

We illustrate the convergence properties of our method implemented in Matlab
on the example depicted in Fig. 5.4.
We choose a square crystal lattice with the lattice vectors a1 = aêx, a2 = aêy,
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with n1 = 11 and n2 = 9 square unit cells in each lattice direction, respectively.
The crystal is surrounded by an air layer of the size of Lext = 1 unit cell. Each
crystal unit cell consists of a square silicon rod with the sides of length LSi = 0.6a
and permittivity εSi = 12.1, surrounded by air with permittivity εair = 1. We
assume an incoming plane wave of the frequency ω = a/ν from the left and
solve for TM polarization. We calculate the L2-error with respect to a reference
solution computed via standard FEM implemented by Matlab PDE Toolbox with
quadratic elements and the maximum mesh edge length parameter ’Hmax’ set
to 0.02. The electric field of this reference solution is depicted in Fig. 5.5.

5.7.1 Varying resolution for Bloch modes

To obtain Bloch modes, we solve the eigenproblem (5.23) by standard conform-
ing FEM with polynomials of degree p̂ = 2. We denote the degrees of freedom of
this computation as nDOF,mic = Nmic = dim

(
V pol
p̂

(
T̂h(Ω̂)

)
∩H1

per(Ω̂)
)
.

Fig. 5.6 depicts the convergence of our size-robust method for fixed number
of Bloch angles Nθ = 23 and Npol, with quadratic polynomials p = 2 in V pol,
while varying the degrees of freedom nDOF,mic used to obtain the Bloch modes.
We see that increasing the surface layer thickness Nsurf enhances the accuracy
of the method. This is due to the fact that Bloch modes approximate the fields
inside the photonic crystal well, but are unable to capture the surface effects. For
sufficiently large Nsurf , we observe convergence of almost O(h−4) with respect
to the mesh size h, until saturation is reached, most probably limited by the
chosen precision Npol of the Ωpol discretization. It appears that by increasing
the surface layer size Nsurf by one unit cell, we gain more than one additional
order of accuracy, for sufficiently good discretization. Overall, for any value of
Nsurf , we can choose a moderate number nDOF,mic that properly resolve the Bloch
modes. Therefore, replacing the exact Bloch modes by their FEM approximations
does not spoil the accuracy of the method.

5.7.2 Varying resolution in Ωpol

The number of degrees of freedom for solving (5.29) is given by nDOF,ext =
NSR = Npol + 2Nθ. Fig. 5.7 depicts the convergence of our method for fixed
Nθ = 23 and nDOF,mic, varying the resolution of the V pol

p (Th) discretization with
p = 2. Again, we observe the trend that increasing the surface layer thickness
Nsurf enhances the total achieved accuracy of the method and for sufficiently
large Nsurf , we observe convergence of almost O(h−4). As we show in the next
subsection, at Nθ = 23 the method is already saturated in terms of Bloch modes
and adding more modes will not help increase the accuracy. We conclude that
Npol is well-behaved for any chosen Nsurf .

5.7.3 Varying number of Bloch modes

Fig. 5.8 shows the convergence of our method for fixed nDOF,ext and nDOF,mic,
varying the number of Nθ angles. We again observe improved precision with
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Figure 5.5: Reference solution. Electromagnetic field E in the crystal structure de-
picted in Fig. 5.4. a) Real part. b) Imaginary part.
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Figure 5.6: Convergence of our size-robust method with fixed Ωext discretization and
varying nDOF,mic. Each line corresponds to different size of the surface layer Nsurf ,
given in unit cells. Number of Bloch mode angles is Nθ = 23.

Figure 5.7: Convergence of our size-robust method with fixed nDOF,mic and varying
nDOF,ext. Each line corresponds to different size of the surface layer Nsurf , given in unit
cells. Number of Bloch mode angles is Nθ = 23.
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Figure 5.8: Convergence of our size-robust method with fixed nDOF,mic, constant Ωext

discretization, and varying number of Bloch mode angles is Nθ. Each line corresponds
to different size of the surface layer Nsurf , given in unit cells.

higher Nsurf , although in this case the minimum error is limited by nDOF,ext

and nDOF,mic, which were chosen lower than in previous figures to achieve a
reasonable computational time. The error only starts decreasing after certain
number of angles, Nθ > 10, suggesting that there is a minimum number of
Bloch mode angles necessary to describe the correct solution. Afterwards, the
error decreases rapidly over several orders of magnitude and saturates already
for Nθ < 20. Further increasing the number of Bloch modes does not benefit the
solution, due to the fact that the condition number of the system matrix becomes
too large.

5.7.4 Varying crystal size

In this numerical experiment, we vary the size of the crystal N = n1 = n2

and calculate the resulting number of the degrees of freedom nDOF,ext. Fig. 5.9
depicts the results. We see that the number of degrees of freedom increases only
linearly with the crystal size, confirming the theoretical considerations made in
Section 5.6, and thus outperforming standard methods, which scale quadratically
in 2D.

5.8 Conclusion
In this chapter, we presented a size-robust discontinuous Galerkin method for

computation of light propagation through locally periodic media. For a crystal
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Figure 5.9: Scaling of our method with the size of the photonic crystal N = n1 = n2.

with n1 and n2 unit cells along the lattice directions, the computational complex-
ity of our method scales with n1 + n2, while standard methods scale like n1n2.
We have discussed the weak formulation of the method, as well as the crucial step
for constructing the size-robust function space and the size-robust quadrature.
To illustrate the convergence of our method and discuss its numerical properties,
we performed and analyzed several numerical experiments.
In the future, it would be beneficial to extend our method to 3D systems,

where we expect an order of magnitude reduction of computational complexity
compared with standard FEM. Moreover, it would be interesting to investigate
if it is possible to express the surface effects of the crystal on the electromagnetic
field via some family of functions in a similar manner as we now do inside the
crystal with the family of Bloch modes. If such a family of surface functions
is found, it would further reduce the size-dependence of our method, making it
completely size-independent in 2D and only linearly size-dependent in 3D. Finally,
the generalization of our method to defect superlattices by incorporating Bloch
modes from both the regular and the defect unit cells should be investigated.
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Appendices

5.A Implementation of the lifting operator term

The lifting operator rF : L2(F )→
[
V SR

]2 is defined by (5.32) as∫
Ω

rF (v) · τhdΩ =

∫
F

{{τh}} · nF vdF, ∀τh ∈
[
V SR

]2
. (5.41)

We can approximate each component of the lifted function using the basis func-
tions

rF,j (v) (r) =
∑

i∈D(F )

r̂i,j(v)φi(r), (5.42)

where D(F ) is the set of indices corresponding to basis functions with nonzero
support on the elements adjacent to face F , and j = 1, 2. Choosing τj = φk, and
substituting back into Eq. (5.32), we write∫

Ω

∑
i∈D(F )

r̂i,j(v)φiφkdΩ =
∑

i∈D(F )

r̂i,j(v)

∫
Ω

φiφkdΩ =

∫
F

{{φk}}nF,jv dF, (5.43)

which can be written in the matrix notation

M r̂j(v) = qj(v), (5.44)

with mass matrix
Mk,i =

∫
Ω

φiφkdΩ, (5.45)

and the k-th component of the right-hand side

q(v)k,j =

∫
F

{{φk}}nF,jvdF, (5.46)

where r̂j(v) is the vector containing r̂i,j(v), i = 1, 2. We can thus write, for
j = 1, 2, r̂j(v) = M−1qj(v).
Next, we would like to express the penalty term sBRMPS

h (vh, w) in the derived
matrix notation. We write∑

F∈Fih

η

∫
Ω

a(r)rF ([[vh(r)]]) · rF ([[w(r)]])dΩ =

=
∑
F∈Fih

η

∫
Ω

a(r)

2∑
j=1

 ∑
i1∈D(F )

r̂i1,j ([[vh(r)]])φi1


×

 ∑
i2∈D(F )

r̂i2,j ([[w(r)]])φi2

dΩ

= η
∑

i1,i2∈D(F )

2∑
j=1

r̂i1,j ([[vh(r)]]) r̂i2,j ([[w(r)]])
∑
F∈Fih

∫
Ω

aφi1φi2dΩ.

(5.47)
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Let us define
M̃(f)k,i =

∫
Ω

fφiφk. (5.48)

It holds that M = M̃(1). Now we can rewrite Eq (5.47), as

η
∑

i1,i2∈D(F )

2∑
j=1

r̂i1,j ([[vh(r)]]) r̂i2,j ([[w(r)]])
∑
F∈Fih

∫
Ω

aφi1φi2dΩ =

= η

2∑
j=1

r̂j([[w]])
T
M̃(a)r̂j([[vh]])

= η

2∑
j=1

qj([[w]])TM−T M̃(a)M−1qj([[vh]])

= η

2∑
j=1

qj([[w]])
T
M−1M̃(a)M−1qj([[vh]]),

(5.49)

where in the last step we used the fact that M is Hermitian. For non-curved
faces, we can write

q(v)k,j =

(∫
F

{{φk}} vdS

)
nF,j = q(v)knF,j , (5.50)

with q(v)k being the k-th component of the vector q. Now we are able to eliminate
the normal nF from the vectors qj in Eq (5.49):

η

2∑
j=1

qj([[w]])
T
M−1M̃(a)M−1qj([[vh]]) =

= ηq([[w]])
T
M−1M̃(a)M−1q([[vh]])

2∑
j=1

n2
F,j

= ηq([[w]])
T
M−1M̃(a)M−1q([[vh]]).

(5.51)

Finally, in the bilinear form we set w = φj and vh =
∑dim(V SR)
i=1 ûiφi, where

ûi are the coefficients of the solution uh corresponding to the basis functions φi.
We thus have, for all φj ,

η

2∑
i=1

q([[φj ]])
T
M−1M̃(a)M−1q([[φi]])û, (5.52)

which can be rewritten in the matrix form

ηQ∗M−1M̃(a)M−1Qû, (5.53)

where Q is the matrix with columns q([[φi]]). The matrix

ηQ∗M−1M̃(a)M−1Q (5.54)
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thus represents the discretized penalty term. The elements of the matricesM and
M̃ in Eq. (5.54) can be expressed via terms of the form Tλ,i,j stated in Eq. (5.35)
and thus they can also be computed in a size-robust manner, as described in
Section 5.6.

5.B Derivation of the DGFEM formulation

In this Appendix, we adapt the derivation of the discontinuous Galerkin dis-
cretization presented in [40] to the Helmholtz equation given by (5.5) and (5.8).
We multiply (5.5) with arbitrary test functions w ∈ V SR and integrate over Ω

to obtain ∫
Ω

∇ · (a(r)∇u(r))w(r)dΩ +

∫
Ω

ω2b(r)u(r)w(r)dΩ = 0. (5.55)

We rewrite (5.55) in terms of integration over the mesh Th:

0 =
∑
T∈Th

∫
T

∇ · (a(r)∇u(r))w(r)dT +
∑
T∈Th

∫
T

ω2b(r)u(r)w(r)dT, (5.56)

and apply Green’s first identity to further obtain

0 =−
∑
T∈Th

∫
T

a(r)∇u(r) ·∇w(r)dT

+
∑
T∈Th

∫
T

ω2b(r)u(r)w(r)dT

+
∑
T∈Th

∫
∂T

a(r) (∇u(r) · nT )w(r)dF.

(5.57)

The last term in (5.57) can be rewritten as

∑
T∈Th

∫
∂T

a(r) (∇u(r) · nT )w(r) dF =
∑
F∈Fbh

∫
F

a(r)
∂u(r)

∂n
w(r) dF

+
∑
F∈Fih

∫
F

[[a(r)∇u(r)w(r)]] · nF dF,

(5.58)

with nF = nT1
= −nT2

the normal to the face F = ∂T1 ∩ ∂T2.
It is easy to see that on internal faces it holds

[[a∇uw]] = {{a∇u}} [[w]] + [[a∇u]] {{w}} . (5.59)

Further, we apply the boundary condition (5.8) for u to the boundary term
in (5.58), yielding a nonzero right-hand side. We can thus rewrite (5.57) as
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Φ
(0)
h (u,w) = f

(0)
h (w), where

Φ
(0)
h (u,w) =−

∑
T∈Th

∫
T

a(r)∇u(r) ·∇w(r)dT +
∑
T∈Th

∫
T

ω2b(r)u(r)w(r)dT

+
∑
F∈Fih

∫
F

{{a(r)∇u(r)}} · nF [[w(r)]] + [[a(r)∇u(r)]] · nF {{w(r)}}dF

−
∑
F∈Fbh

∫
F

a(r)ikextu(r)w(r)dF,

(5.60)
with

f
(0)
h (w) = −

∑
F∈Fbh

∫
F

a(r)

[
∂uinc(r)

∂n
+ ikextu

inc(r)

]
w(r)dF. (5.61)

Note that we are allowed to delete the term containing [[a(r)∇u(r)]] ·nF without
any effect on the consistency of our method, since the physical flux (a∇u) is
continuous across F . After multiplying (5.60), (5.61) by (−1), we obtain

Φ
(1)
h (u,w) =

∑
T∈Th

∫
T

a(r)∇u(r) ·∇w(r)dT −
∑
T∈Th

∫
T

ω2b(r)vh(r)w(r)dT

−
∑
F∈Fih

∫
F

{{a(r)∇u(r)}} · nF [[w(r)]] dF,

+
∑
F∈Fbh

∫
F

a(r)ikextu(r) · w(r)dF,

(5.62)
and

f
(1)
h (w) =

∑
F∈Fbh

∫
F

a(r)

[
∂uinc(r)

∂n
+ ikextu

inc(r)

]
· w(r)dF. (5.63)

In the next step, we will make the bilinear form Φ
(1)
h (u,w) complex symmetric,

i.e., to have a form Φ
(1)
h = A+iB, with A,B Hermitian sesquilinear forms. To this

end, we add the conjugate transpose of
∑
F∈Fih

∫
F
{{a(r)∇vh(r)}} · nF [[w(r)]] dF
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to the DG discretization:

Φ
(cs)
h (u,w) =

∑
T∈Th

∫
T

a(r)∇u(r) ·∇w(r)dT

−
∑
T∈Th

∫
T

ω2b(r)u(r)w(r)dT

−
∑
F∈Fih

∫
F

{{a(r)∇u(r)}} · nF [[w(r)]] dF

+
∑
F∈Fih

∫
F

[[u(r)]] {{a(r)∇w(r)}} · nF dF

+
∑
F∈Fbh

∫
F

a(r)ikextu(r) · w(r)dF.

(5.64)

Since (5.64) contains two non-positive terms, it is standard to add a stabiliza-
tion term in order to maintain coercivity, at least for b = 0, see Refs. [40, 44]:

sBRMPS
h (vh, w) =

∑
F∈Fih

η

∫
Ω

a(r)rF ([[u(r)]]) · rF ([[w(r)]])dΩ, (5.65)

where η > η0 > 0 is a penalty parameter and rF (·) the lifting operator defined
by (5.32) as

∫
Ω

rF (v) · τhdΩ =

∫
F

{{τh}} · nF v dF, ∀τh ∈
[
V SR

]2
. (5.66)

For an elliptic problem, i.e., for b = 0 in (5.64), it can be shown that for suffi-
ciently large η the bilinear form containing the penalty term is coercive, see [40].
For a Helmholtz problem, the stability of the standard conforming FEM has been
analyzed by Ref. [45], but, to the best of our knowledge, it still remains an open
question in the case of discontinuous Galerkin framework. We therefore follow
the standard penalty approach in this chapter and verify the proper convergence
properties of our method by numerical experiments.

Thus, adding the term sBRMPS
h to (5.64), yields the final DG formulation as in



Eq. (5.30) with sesquilinear form

Φh(u,w) :=
∑
T∈Th

∫
T

a∇hu(r) ·∇hw(r) dT −
∑
T∈Th

∫
T

ω2b(r)u(r)w(r) dT

−
∑
F∈Fih

∫
F

{{a(r)∇hu(r)}} · nF [[w(r)]] dF

−
∑
F∈Fih

∫
F

[[u(r)]] {{a(r)∇hw(r)}} · nF dF

+
∑
F∈Fih

η

∫
Ω

a(r)rF ([[u(r)]]) · rF ([[w(r)]])dΩ

+
∑
F∈Fbh

∫
F

aikextu(r)w(r) dF.

(5.67)
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6 Summary and Outlook

Crystals are an important type of natural or man-made materials that can be
utilized for manipulation of various physical waves by their interference in the
periodic structure. Waves can thus be reflected, directed, confined, or forced to
interact in a specific way. The wave behavior in crystals is, however, notoriously
complicated and many questions on this topic still remain unanswered. In this
PhD thesis, we developed theoretical and numerical methods for the analysis of
wave propagation through crystals and their confinement, allowing us to better
understand these phenomena. Although our results are illustrated on and ap-
plied to mostly 3D inverse woodpile photonic crystals, many of them are directly
applicable to general crystals interacting with any type of physical waves.
In Chapter 1, we introduced the topic of wave manipulation by crystals and

the basics of the mathematical description of electromagnetic waves in photonic
crystals. We also introduced the 3D inverse woodpile photonic crystal structure.
The chapter concludes with a brief introduction into the finite element method
as a tool for calculating light propagation through photonic crystals.
In Chapter 2, we introduced a general method for identification and classi-

fication of wave confinement in crystal superlattices. By observing the scaling
behavior of certain quantities with respect to the supercell size, we were able to
quantitatively identify the confinement dimensionality of each band in the spec-
trum. To our knowledge, this method surpasses any other method of confinement
identification to date and can be automated easily. We illustrated our method
on quantum electronic confinement in hexagonal boron nitride with a nitrogen
vacancy and on a classical light confinement in a 3D inverse woodpile photonic
superlattice.
Chapter 3 deals with the main limitation of our scaling method for confine-

ment identification from Chapter 2, namely that the accuracy of the technique
decreases for small supercell sizes. However, it is especially these supercell sizes
that currently are both computationally feasible and experimentally interesting.
We investigated unsupervised machine learning techniques, namely clustering al-
gorithms, as either a substitute or an additional step for the scaling method. To
overcome the lack of a ground truth in the confinement identification problems,
we analyzed several cluster validity indices as measures of the clustering accu-
racy and picked the best performing one. Subsequently, we compared the results
of a standard k-means++ clustering algorithm, our own model-based cluster-
ing algorithm, and the direct application of the scaling method of Chapter 2.
We concluded that the best accuracy is obtained by first directly applying the
scaling analysis to find the total number of different confinement dimensionali-
ties in the spectrum of a given structure and subsequently using this number as
an input to the clustering algorithm which identifies the individual confinement
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dimensionalities.
In Chapter 4, we applied the methods developed in Chapters 2 and 3 to analyze

the influence of the structural parameters of 3D inverse woodpile photonic su-
perlattices on light confinement. We created so-called confinement maps, which
provide the frequencies of 3D confined bands for selected combinations of the
regular and the defect pore radii. We found that a certain minimum difference
between the regular and defect pore radii is necessary in order for 3D confined
bands to appear at all and that larger deviations of the defect pore radii from
the regular radii support more 3D confined bands. Subsequently, we analyzed
symmetries of chosen 3D confined bands and found that the geometry of photonic
crystals provides much more variety in orbital shapes and symmetries than is the
case for electronic orbitals. We also discovered that the degenerate 3D confined
bands appearing in pairs are dipole analogies corresponding to the symmetry
of the inverse woodpile superlattice. Finally, we investigated the relationship
between the inverse woodpile structural parameters and the applicability of the
given structure for cavity quantum electrodynamics (cQED) applications. We
discovered that donor-like structures, i.e., those where the defect pore radius is
smaller than the radius of regular pores, are more suitable for cQED applications
than acceptor-like structures with larger defect pores than the regular ones.
In Chapter 5, we developed and implemented a size-robust discontinuous

Galerkin finite element method for light propagation through large photonic
crystals. The light propagation through large photonic crystals is an extremely
computationally challenging problem due to its multiscale character. To over-
come this issue, we utilized the local periodicity of the crystal to construct a
size-robust method in which we look for the electromagnetic fields as solutions
to the Helmholtz equation in two dimensions. We then employed a size-robust
quadrature to calculate the system matrix entries corresponding to the internal
unit cells of the crystal. As a result, our size-robust approach only scales linearly
with the crystal length and width, instead of quadratically as is the case for stan-
dard finite elements. We illustrated the numerical properties of our method by
means of numerical examples.
We have several propositions for extension and continuation of our research. It

would be interesting to investigate the generalization of our scaling method for
confinement identification to other types of structures than superlattices, such
as hyperuniform or random media. The main hurdle there would be that it is
not entirely clear how to extend a nonperiodic structure to larger supercells. We
thus expect that possible generalizations would have to include some kind of
statistical methods, which may also allow to assess automatically the accuracy
of the classification.
In our investigation of clustering algorithms for the enhancement of the ac-

curacy of the confinement classification, we concluded that the performance of
the cluster validity indices was suboptimal compared to the performance of the
direct application of the scaling method when it comes to establishing the total
number of confinement dimensionalities. Nevertheless, it seems possible to de-
vise some kind of a model-based index, in a similar manner to our model-based
clustering algorithm, that would measure the clustering validity not only with
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respect to the geometry of the clusters, but also with respect to the underlying
physical theory. Having such an index available would possibly further enhance
the precision of our confinement identification method. Alternatively, one could
investigate the application of a clustering algorithm that includes certain error
measures, to better quantify the accuracy of the method.
In our research, we investigated the influence of various inverse woodpile struc-

tures on photonic confinement. An obvious extension here would be to include
a larger dataset and to incorporate not only 3D confined, but also 2D confined
bands in the analysis. Beyond that, it would be extremely interesting to inves-
tigate other photonic structures in the same manner as we did for the inverse
woodpiles in this PhD thesis.
Finally, it would be beneficial for the photonics community to develop and im-

plement a fully 3D version of our size-robust algorithm, which also requires the
replacement of the scalar Helmholtz equation by the vector Maxwell’s equation.
Besides that, within our size-robust finite element method, the main computa-
tional bottleneck becomes the field computation in the cells on the crystal surface,
which is not well approximated by Bloch modes. Nevertheless, if one could find
a family of functions correctly approximating these surface states, it would be
possible to treat them in a size-robust manner, similarly to how we currently
handle the Bloch modes. This advancement would result in a completely size-
independent method in 2D and only a linearly size-dependent method in 3D.
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Kristallen zijn een belangrijke type natuurlijke of kunstmatige materialen die
gebruikt kunnen worden om diverse soorten fysieke golven te manipuleren door
interferentie in de periodieke structuur. Golven kunnen daardoor worden gere-
flecteerd, gericht, opgesloten, of gedwongen een specifieke interactie aan te gaan.
Golfgedrag in kristallen is echter notoir ingewikkeld en er zijn veel onbeantwoorde
vragen op dit gebied. In dit proefschrift hebben we theoretische en numerieke
methodes ontwikkeld voor de analyse van golfvoortplanting door en het opslui-
ten van licht in kristallen, waardoor we deze fenomenen beter kunnen begrijpen.
Hoewel onze resultaten voornamelijk worden geïllustreerd met en toegepast op
3D fotonische kristallen met inversehoutstapelstructuur, zijn veel van deze re-
sultaten direct algemener toepasbaar op de interactie tussen andere type fysieke
golven en kristallen.
In Hoofdstuk 1 introduceerden we het onderwerp golfmanipulatie door kristal-

len en de basisprincipes voor de wiskundige beschrijving van elektromagnetische
golven in fotonische kristallen. We introduceerden ook de 3D inversehoutstapel-
structuur voor fotonisch kristallen. Dit hoofdstuk wordt afgesloten met een korte
inleiding van de eindige elementen methode als middel voor het berekenen van
de lichtvoortplanting in fotonische kristallen.
In Hoofdstuk 2 hebben we een algemene methode geïntroduceerd voor het

identificeren en classificeren van golfopsluiting in kristallen met een superroos-
ter. Door te observeren hoe bepaalde grootheden schalen met de supercelgrootte,
konden we de opsluitingsdimensie van iedere band in het spectrum kwantitatief
bepalen. Voor zover wij weten, overtreft deze methode tot nu toe elke andere me-
thode voor identificatie van opsluiting, bovendien kan deze gemakkelijk worden
geautomatiseerd. We hebben onze methode geïllustreerd op de kwantumelektro-
nische opsluiting door een stikstof-vacature-centrum in een hexagonaal boronni-
tride kristal en op de opsluiting van klassiek licht in een superrooster van de 3D
inversehoutstapelstructuur.
Hoofdstuk 3 behandelt de belangrijkste beperking van de in Hoofstuk 2 geïn-

troduceerde schalingsmethode voor het de identificatie van opsluiting, namelijk
dat de nauwkeurigheid van de methode afneemt bij gebruik van kleinere su-
percellen. Dit is belangrijk gezien het juist deze kleinere supercellen waarvoor
zowel berekeningen haalbaar zijn, als experimenteel interessant zijn. We hebben
methodes voor ongecontroleerd machinaal leren onderzocht, specifiek voor cluste-
ranalyse, als vervanging of ter aanvulling van onze schalingsmethode. Bij gebrek
aan een ground truth voor het bepalen van de opsluitingsdimensie hebben we
een aantal clustervaliditeitsindices onderzocht om te gebruiken als maat voor de
nauwkeurigheid van de clustering, en hebben de beste presterende geselecteerd.
Vervolgens hebben we de resultaten vergeleken van een standaard k-means++
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clusteringalgoritme, ons eigen modelgebaseerde clusteringalgoritme en het directe
gebruik van onze schalingsmethode uit Hoofdstuk 2. We concludeerden dat de
beste nauwkeurigheid verkregen kan worden door eerst met de schalingsmethode
het aantal verschillende opsluitingsdimensies te bepalen dat in het spectrum van
een gegeven structuur aanwezig is, en vervolgens dit aantal te gebruiken als para-
meter in het clusteringalgoritme dat de opsluitingsdimensies van de individuele
banden bepaalt.
In Hoofdstuk 4 hebben we de methoden uit Hoofstukken 2 en 3 gebruikt voor

het analyseren van de invloed van structuurparameters van een superrooster met
inversehoutstapelstructuur op lichtopsluiting. We hebben zogenaamde opslui-
tingsdiagrammen gemaakt, die de frequenties van 3D-opgesloten banden weer-
geven voor geselecteerde combinaties van straal van de reguliere en afwijkende
poriën. We ontdekten dat er een ondergrens is voor het verschil tussen de straal
van de reguliere en afwijkende poriën waaronder er geen 3D-opgesloten banden
zijn, en dat bij een groter verschil tussen de stralen er meer 3D-opgesloten banden
zijn. Vervolgens analyseerden we de symmetrieën van een aantal geselecteerde
3D-opgesloten banden en ontdekten dat de geometrie van een fotonisch kristal
veel meer variatie aan symmetrieën en vormen van de orbitalen biedt dan bij
de elektronische orbitalen. We ontdekten ook dat gedegenereerde 3D-opgesloten
banden die in paren ontstaan dipoolanalogieën zijn die corresponderen met de
symmetrie van het inversehoutstapelsuperrooster. Ten slotte hebben we ook
de relatie onderzocht tussen de structuurparameters van de inverse houtstapel
en de toepasbaarheid van zo’n structuur op trilholte-kwantumelectrodynamica-
toepassingen (cQED). We ontdekten dat donorachtige structuren, dat wil zeggen
structuren waarbij de afwijkende poriën een kleinere radius hebben dan de re-
guliere poriën, beter geschikt zijn voor cQED-toepassingen dan acceptor-achtige
structuren, waarbij de afwijkende poriën groter zijn dan de reguliere.
In Hoofdstuk 5 hebben we een grootte-robuuste discontinue Galerkin eindige

elementen methode ontwikkeld en geïmplementeerd voor het berekenen van licht-
voortplanting in grote fotonische kristallen. Het meerschalige karakter van foto-
nische kristallen maakt dat het berekenen van lichtvoortplanting in grote fotoni-
sche kristallen een uitdagend probleem is. Om de problemen van het meerschalige
karakter te ondervangen, maken we gebruik van de lokale periodiciteit van het
kristal om een grootte-robuuste methode te maken waarbij we zoeken naar de
elektromagnetische velden als oplossing van de twee dimensionale Helmholtzver-
gelijking. Vervolgens gebruikten we een grootte-robuuste kwadratuur voor het
berekenen van de elementen van de systeemmatrix die geassocieerd zijn met de
interne eenheidscellen van het kristal. Als gevolg hiervan schaalt onze grootte-
robuuste aanpak lineair met de lengte en breedte van het kristal, in plaats van
kwadratisch zoals het geval is voor een standaard eindige elementen. We il-
lustreren de numerieke eigenschappen van onze methode met enkele numerieke
voorbeelden.
We hebben een aantal voorstellen voor de uitbreiding en voortzetting van ons

onderzoek. Het zou interessant zijn om onze schalingsmethode voor het identifi-
ceren van opsluiting uit te breiden naar andere type structuren dan superroosters,
bijvoorbeeld hyperuniforme en willekeurige media. De grote uitdaging daarvoor
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is dat het niet duidelijk is hoe het schalen van een supercel moet werken voor
een niet periodieke structuur. We verwachten daarom dat een statistische aan-
pak een onderdeel zal zijn van een dergelijke generalisatie, dit kan dan mogelijk
ook gebruikt worden om automatisch de nauwkeurigheid van de classificatie te
bepalen.
In ons onderzoek naar clusteringalgoritmes voor het verbeteren van de nauw-

keurigheid van de opsluitingsclassificatie concludeerden we dat prestatie van de
clustervaliditeitsindices suboptimaal is vergeleken met de prestatie van het direct
toepassen van de schalingsmethode voor het bepalen van aantal verschillende
opsluitingsdimensies. Desondanks lijkt het mogelijk een soort modelgebaseerde
index te maken, op een manier vergelijkbaar met onze modelgebaseerde cluste-
ralgoritme, die niet alleen de geometrische validiteit van de clustering bepaalt,
maar ook de validiteit voor de onderliggende natuurkundige theorie. Het gebruik
van dergelijke index zou mogelijk de nauwkeurigheid van onze opsluitingsiden-
tificatiemethode kunnen verbeteren. Een andere optie is om het gebruik van
clusteringalgoritmes te onderzoeken die naast een clustering ook een soort van
foutenmarge opleveren, daarmee zou dan de nauwkeurigheid van de methode
beter gekwantificeerd kunnen worden.
In ons onderzoek hebben we de invloed van diverse structuurparameters van

de inversehoutstapelstructuur op fotonische opsluiting onderzocht. Een voor de
hand liggende uitbreiding zou zijn om te kijken naar een grotere dataset, door
naast de 3D-opgesloten banden ook 2D-opgesloten banden te analyseren. Daar-
naast zou het buitengewoon interessant zijn om naast de inversehoutstapelstruc-
tuur ook andere fotonische kristalstructuren te analyseren.
Ten slotte, zou het nuttige zijn voor de fotonica-gemeenschap om een 3D versie

te maken van ons grootte-robuust algoritme, dit vereist dat de scalaire Helmholtz-
vergelijk wordt vervangen door de vectorwaardige Maxwellvergelijkingen. Daar-
naast wordt het grootste knelpunt in een dergelijke uitbreiding het berekenen van
het veld in de eenheidscellen aan het kristaloppervlak, waar de Bloch-modes geen
goede benadering leveren van het veld. Als men een functiefamilie kan vinden
die nauwkeurig de velden aan het oppervlakte kan benaderen, dan is het moge-
lijk deze op grootte-robuuste manier te gebruiken net als met de Bloch-modes.
Een dergelijke uitbreiding reduceert de kosten van het algoritme zodat het in 2D
onafhankelijk is van de grootte van het kristal en in 3D lineair schaalt met de
lengte.
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