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1
Introduction

1.1 Spontaneous emission

It is now commonly accepted that spontaneous emission is not an immutable prop-
erty of the emitter, but it depends on the density of modes of the light field at the
location of the emitter. This dependence was originally noted by Purcell1 and it
is embodied in Fermi’s Golden Rule.2 According to the Golden Rule, the rate of
emission can be interpreted as the product of the square of the transition matrix el-
ement with the density of states. In this picture, the transition dipole moment of
the emitter couples to the zero-point fluctuations of the electric field. The change
in spontaneous emission can also be understood semiclassically, as an impedance
of the surrounding medium or as a back action of the environment on the emitter.
Experimentally, the influence of the density of modes was first demonstrated by
Drexhage in 1966,3 in his measurements of the excited state lifetime of europium
ions at various distances from a metallic mirror. More recently, the field of quan-
tum optics has witnessed a flourishing of sophisticated experiments, demonstrat-
ing that the spontaneous emission rate can be enhanced or reduced with respect
to vacuum by placing emitters in a high-quality resonant or non-resonant cavity,
respectively.4–6 For light, currently no more than partial suppression is achieved
(lifetimes extended by up to a factor of 2 in refs. 3,7), in small volumes,5,7,8 and in
a narrow wavelength range.4 Photonic crystals promise the complete suppression
of spontaneous emission over extended spatial volumes and large bandwidths.

1.2 Photonic crystals

Photonic crystals are three-dimensional periodic dielectric structures in which the
refractive index varies on lengths of the order of the wavelength of light.9–12 The
propagation of light in such photonic materials is analogous to the well-known wave-
like propagation of electrons in crystalline solids.13,14 The periodic structure gives
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Figure 1.1 Dispersion relation in a homogeneous medium (� � �), The band struc-
ture is obtained from a two-band model. The photonic strength Ψ is 0:2.

rise to Bragg diffraction, that is associated with stop bands for propagation in cer-
tain directions. If the light is very strongly coupled to the crystal, a photonic band
gap is expected, a frequency band in which no light can propagate through the crys-
tal in any direction. One of the most important consequences of photonic band gaps
is that spontaneous emission of excited atoms with a transition frequency in the gap
is inhibited.9,15 This inhibition of emission is expected to lead to novel phenom-
ena in optics and quantum optics9,12 and may serve as the basis for lasers without
threshold16 and highly efficient light emitting diodes.17

1.3 Photonic band structure

In Fig. 1.1 we show the dispersion relation, the relation between the wavevector
k and the frequency ω, both of a homogeneous medium and of a photonic crys-
tal. In the homogeneous medium, the optical modes are plane waves with a linear
dispersion relation, the straight lines ω = ck. In analogy with the electron wave-
functions in a crystalline solid, the optical modes in a periodic material are Bloch
waves, functions that have the periodicity of the lattice with an additional phase fac-
tor exp(ik � r).13,14 Periodic structures can diffract a wave, changing the wavevec-
tor by a reciprocal lattice vector; the dispersion relation of the diffracted wave is
indicated by the straight line dispersion relation that is shifted by a reciprocal lat-
tice vector G. The two waves correspond to an incident and a reflected wave. The
straight lines intersect at the edge of the Brillouin zone. In photonic crystals, the
variation of the refractive index causes splittings at the edge of the Brillouin zone,
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Figure 1.2 Bragg reflection occurs when light reflected from a set of lattice planes
interferes constructively; the extra path length indicated by the thick line equals an
integral number of wavelengths.

producing bands separated by stop gaps. Bloch waves with frequencies in the bands
resemble normal plane waves. Toward the edge of a band, the Bloch waves become
standing waves. The nodes of the low frequency mode occur predominantly in the
high refractive index material, the modes of the high frequency mode occur in the
low refractive index material.18 Waves with frequencies within the stop gaps are
Bragg reflected and cannot propagate through the crystal.

1.4 Bragg reflection

Bragg reflection plays a prominent role in optical experiments on photonic crystals.
It occurs whenever there is constructive interference of waves reflected from a set
of lattice planes, as illustrated in Fig. 1.2. The reflection appears only for specific
wavelengths λ and angles θ, given by Bragg’s law 2d sin θ = nλ, where d is the dis-
tance between lattice planes and the integer n is the order of Bragg reflection. If a
crystal is sufficiently well-ordered that the reflections from many lattice planes in-
terfere constructively, then the Bragg reflection will be very strong, close to 100%.
The associated extinction will be very large, increasing exponentially with sample
thickness. Light cannot propagate in the direction of a Bragg reflection: the Bragg
reflections correspond to the stop gaps in the photonic band structure.

If light is strongly diffracted by the scatterers, then a small number of lattice
planes suffice to reflect an incident wave. The wavelength λ and angle θ then do not
need to conform to Bragg’s law exactly: the interference still will be constructive
for the limited number of lattice planes involved. As a consequence, the Bragg re-
flections extend over a range of frequencies, corresponding to the width of the stop
gaps.

11
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Figure 1.3 Dispersion surface at fixed frequency according to dynamical diffrac-
tion theory, in a photonic crystal (—) and in a homogeneous medium (� � �). The
arrows indicate the angular width of the stop gap (shaded). The photonic strength
Ψ is 0:15. Only perpendicular polarization is shown.

1.5 Dynamical diffraction

If the interaction between light and a photonic crystal is very strong, the stop gaps in
all directions will overlap, creating a band gap. Spontaneous emission at frequen-
cies within a band gap will be inhibited. If the interaction is not so strong, then the
stop gaps will cover only part of the available directions for emission, as indicated
in Fig. 1.3. The modification of the spontaneous emission rate will be proportion-
ally smaller.

A clear illustration of the connection between the stop gaps and the sponta-
neous emission rate is provided by dynamical diffraction theory (as opposed to kine-
matical diffraction, ordinary Bragg reflection).19 The theory considers reflections
at a fixed wavelength. In free space, the wavevector k traces out a sphere of radius
k = ω=c at fixed frequency. The intersection of this sphere with a plane is shown
in Fig. 1.3 as a circle. The dynamical diffraction theory usually considers two such
circles, corresponding to the incident and the reflected wave. The centers of the
circles are one reciprocal lattice vector G apart. At the intersection of the spheres
the dispersion curves split, due to the interaction between the waves. The splitting
produces a stop gap, like in Fig. 1.1, but as a function of diffraction angle instead
of frequency. The stop gaps cover only a small range of directions, unless the light
is very strongly coupled to the photonic crystal.

12



One would expect that light emitted in the direction of a stop gap is attenuated,
whereas the light can propagate perfectly well in other directions. This propagating
light is observed outside the crystal, as we show in chapter 5. Contrary to expecta-
tions, light is observed to emerge also in the direction of the stop gaps. This light
originates from emission in the other directions. The emitted light is scattered in the
direction of stop gaps by a small concentration of defects that always occur in any
crystal. As a result, light is observed even in the direction of stop gaps. In the pres-
ence of a photonic band gap, the scattered light is strongly attenuated because the
stop gaps extend over all directions. Thus the spectrum of sources inside photonic
crystals reveals unambiguously whether a photonic band gap has been achieved.
Furthermore, the scattering relates the photonic crystals to the disordered photonic
materials: the periodic structure of a photonic crystal could facilitate the localiza-
tion of light, vigorously pursued in multiply scattering media.10,20

1.6 Photonic strength

The interaction strength between light and a photonic crystal can be conveniently
expressed by a parameter Ψ defined as the ratio of the optical volume per parti-
cle – the polarizability 4πα – to the physical volume per particle V .21 This con-
cept of photonic strength applies both for dielectric media and for atoms in optical
lattices.22 For dielectrics, the spatial variation of the refractive index appears in
the polarizability 4πα via the ratio m of the refractive indices of the particles and
the surrounding medium. As an illustration we have plotted this photonic strength
Ψ for polystyrene and silica spheres in water as a function of filling fraction ϕ in
Fig. 1.4. In the same plot, we also show the width of the lowest stop gap obtained
from numerical band structure calculations. It turns out that the photonic strength
Ψ closely approximates the stop gap width. This supports the merit of Ψ as a mea-
sure of the strength of interaction between light and a crystal.

The coupling strength Ψ between light and photonic crystals has a clear opti-
mum as a function of the volume fraction ϕ occupied by the spheres. With increas-
ing volume fraction, the coupling first increases because of the increasing size of
the scatterers; at higher volume fractions it decreases because the crystal scatters
less efficiently. At high sphere densities the roles of the spheres and the liquid are
reversed: the light is diffracted by the liquid in between the spheres and the spheres
act as background medium. To illustrate this, we have also plotted the photonic
strength parameter Ψ with an inverted refractive index ratio in Fig. 1.4. This pho-
tonic strength more closely approximates the numerically obtained widths at high
densities.
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1.7 Making photonic crystals

Yablonovitch was the first to demonstrate the feasibility of creating a photonic band
gap for microwaves, using a structure of drilled holes.9,23 Although disputed at
first,24,25 the existence of microwave band gaps is now firmly established. Yablo-
novitch suggested to use the same approach to create a photonic band gap for visible
light. Indeed photonic structures have been realized for far infrared wavelengths,
by etching instead of drilling the holes,26 but the etching technique is not readily
extended to submicron length scales; current nanotechnology focuses mainly on
patterning two-dimensional surfaces rather than making three-dimensional struc-
tures.27 Nevertheless, heroic attempts have been made to create three-dimensional
crystals by etching. The largest structure to date measures 16 stacked two-dimen-
sional layers comprising one unit cell.28 Creating large three-dimensional regular
structures of dielectric scatterers with wavelength size has proven to be a major
technological challenge. Our approach is to use self-organizing colloidal suspen-
sions of small spheres.

0 50
0
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Figure 1.4 Photonic strength parameter Ψ (- -) and relative (111) stop gap width
∆ω=ω (—) as a function of density, for fcc lattices of polystyrene or silica spheres
in water (refractive index contrast m = 1:59=1:33 = 1:20 and m = 1:45=1:33 =

1:09). The photonic strength is obtained using m at low densities and 1=m at high
densities. The stop gap widths result from numerical band structure calculations.
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Figure 1.5 Scanning electron micrograph of a three-dimensional crystal of
polystyrene spheres with radii of 213 nm. Picture courtesy of J. Wijnhoven.

1.8 Colloidal crystals

Colloids are very suitable to realize photonic materials since they naturally possess
the right size and spontaneously form bulk three-dimensional crystals. The peri-
odicity of the material makes Bragg reflections appear as a beautiful iridescence.
Colloidal crystals can be produced artificially, but they also occur naturally.29 A
familiar example is the precious gem opal, which consists of silicate particles.30

An example of such a crystal is shown in Fig. 1.5.
It is crucial to know the structure of self-organizing photonic colloidal crys-

tals, since their optical properties are intimately connected to the crystal structure.
For dilute or index matched colloids, the crystal structure is accurately known, but
not for dense colloids with strong refractive index variations, desirable for photonic
crystals. The strong interaction between photonic crystals and light causes multi-
ple scattering which hampers structure determination by light scattering or other
optical methods.21 Therefore, we have performed a synchrotron small angle x-ray
scattering study, see chapters 7 and 8. We observe large numbers of x-ray Bragg
diffraction peaks of photonic colloidal single crystals. The colloidal particles order
in face centered cubic (fcc) structures, with a high degree of localization about their
lattice sites. This is an excellent starting point for photonic band gap crystals.31

These results have both encouraged the search for materials with a full photonic
band gap based on colloids, and they have stimulated interest in x-ray diffraction
as a tool for colloid research.
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Colloidal spheres can be doped with fluorescent dye molecules32,33 to observe
the influence of photonic band structure on the spontaneous emission. Fluorescent
dyes are very suitable because of their high quantum efficiency and ease of excita-
tion. Fluorescent dye molecules are sensitive not only to the photonic band struc-
ture however; they are also affected by chemical interactions with their environ-
ment34 and they influence each other directly via nonradiative electromagnetic in-
teractions when they are close together, see chapter 3. In the study of spontaneous
emission in photonic crystals, these interactions are intolerable so low dye concen-
trations and appropriate shielding of the dye molecules are essential.

We have specially prepared silica spheres with a suitably low dye content to
study photonic effects. From these colloidal spheres, we have grown crystals with
wide stop bands. The stop gaps extend over � 15 nm in wavelength, a substantial
part of the dye’s emission spectrum. The crystals have dimensions up to 0:5 mm,
so they affect the density of modes over an extended spatial volume. The screened
Coulomb interaction of our charged spheres provides considerable flexibility: the
density of the crystals can be tuned via the ionic strength of the suspending liquid.
The crystal densities are optimal from a photonic point of view, see Fig. 1.4, and the
stop gaps in the photonic band structure overlap with the dye’s emission spectrum.

1.9 The optimal photonic crystal

The strength of the interaction between light and a photonic crystal depends criti-
cally on the relative spatial variation of the refractive index. Creating a complete
photonic band gap requires both a sufficiently large refractive index contrast m, a
suitable crystal structure, and an optimal filling fraction, see Fig. 1.4. Initially the
fcc crystal structure was considered the best candidate, since this structure has the
most spherical Brillouin zone.9,23 However, it turned out that for spherical scatter-
ers on an fcc lattice there is no band gap between the lowest bands due to a polar-
ization degeneracy. Early theoretical investigations considered only scalar waves.
Light has a polarization however, so one should consider vector waves for accurate
photonic band structure calculations. It turns out that creating a band gap for vector
waves is much more challenging than for scalar waves.23,35 Calculations for a fcc
lattice of spherical scatterers indicate that a band gap will open up between the 8th

and the 9th branch of the dispersion relation for refractive index ratios m> 2:9.31,36

The optimal filling depends on the refractive index contrast. As a rule of thumb, the
optical path lengths in the high and low index materials should be equal, to enhance
interference. As a consequence, a proportionately lower density of high index ma-
terial is favorable.

Very recently a new class of strongly photonic crystals has been developed,37,38
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having the appropriate density of high index material and a favorable connected
structure.39 The crystals are made by filling the voids in an artificial opal with a
solid of high refractive index and subsequently removing the opal. In this way,
crystals of air spheres in titania (TiO2) could be synthesized.37 These three-di-
mensional crystals currently hold the record of the strongest photonic interaction,
almost forming a band gap.40 The fabrication technique is rapidly becoming the
method of choice for the synthesis of strongly photonic crystals,41 as it holds great
promise for the near future. Experiments are underway to make air-sphere crystals
of semiconductors, with a refractive index of more than 3, which would open up a
full photonic band gap at optical frequencies.
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2
Transmission and diffraction
by photonic colloidal crystals

2.1 Introduction

The ambition of extensive research efforts on photonic crystals is to increase the
coupling between light and a photonic crystal. A strong coupling will lead to new
effects such as localization of light or inhibition of spontaneous emission.1,2 The
coupling strength between light and a crystal can be expressed by a parameter Ψ
defined as the ratio of the optical volume per particle - the polarizability - to the
physical volume per particle.3 Several optical studies have already been reported
on weakly photonic colloidal crystals (Ψ< 0:05), see ref. 4–6. In particular, Tarhan
and Watson7 have resolved the stop bands and the dispersion curves in a colloidal
single crystal. The coupling strength Ψ between light and photonic crystals can be
increased by using colloids with a higher refractive index and by raising the volume
fraction ϕ of the particles. The effect of increased volume fraction has been inves-
tigated in optical diffraction experiments on colloidal crystals with refractive index
ratios m of the particles and the medium of up to 1:45, and Ψ < 0:6.3 It was found
that the photonic band structures result in apparent Bragg spacings that strongly de-
pend on the wavelength of light.3 If a photonic material is sufficiently well-ordered,
the Bragg reflections acquire a finite width. This width is inherently photonic, i.e.
it is not due to finite crystal size or scattering from defects. The stop band width is
directly related to the photonic strength Ψ, therefore the width is pertinent to the as-
sessment of a photonic crystal’s coupling strength. Here we present measurements
of stop bands in the transmission of colloidal crystals.
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2.2 Experiment

We have investigated the effects of volume fraction on the transmission of col-
loidal crystals, whose structure and orientation was determined by small angle x-
ray scattering. We have grown colloidal crystals from polystyrene and silica parti-
cles with radii r between 100 and 220 nm, suspended in water, methanol, ethanol, or
dimethylformamide. Polystyrene colloids were bought from Duke Scientific, silica
colloids were made by Stöber synthesis.8 The samples were sealed in glass capil-
laries (Vitro Dynamics). Crystals with volume fractions ϕ > 50% were made by
sedimentation under gravity. Crystals with lower volume fractions were made by
deionizing the dispersions with resin (BioRad AG501-X8) and adding resin to the
capillaries. Optical transmission spectra were measured using a BioRad FTS60A
fourier transform spectrometer and a high pressure xenon lamp. The spectra were
referenced to the supernatant liquid or to empty capillaries. Knowledge of the crys-
tal structure and orientations is essential to interpret the optical experiments. We
determined the structure and orientation of the crystals using small angle x-ray dif-
fraction. This technique probes a much wider range in reciprocal space than op-
tical diffraction, which considerably facilitates structure identification. Moreover,
the interpretation of x-ray diffraction is not compounded by multiple scattering ef-
fects. The use of a synchrotron beam9 proves to be a key asset, because the beam
can be focused to a small spot, while retaining enough flux to keep collection times
reasonable.
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Figure 2.1 Optical transmission spectra for various heights in a sedimented col-
loidal crystal of polystyrene spheres in methanol (sample #232). The radius of the
spheres is 100:9� 0:5 nm, the size variation is only 2:1%. The curves for heights
beyond 2:2 mm have been offset by a factor of 10 for clarity; the heights are indi-
cated on the right hand side.
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2.3 Transmission spectra

Optical transmission spectra at various heights in a polycrystalline sample of poly-
styrene spheres in methanol are shown in Fig. 2.1. The transmissions have a clear
minimum at a frequency of about 18000 cm�1. This minimum corresponds to a
wavelength of � 550 nm for Bragg diffraction in back reflection. It is associated
with the stop gap in the L point of the Brillouin zone of fcc crystals. The corre-
sponding lattice planes are the close-packed (111) planes oriented parallel to the
cell walls. The low transmission beyond the stop band is caused by crystallites that
have different orientations, hence they reflect at shorter wavelengths. The presence
of such tilted crystallites was inferred from our SAXS diffraction patterns which re-
veal a polycrystalline average.

With increasing height, the volume fraction is expected to decrease in sedi-
mented samples.10 Fig. 2.1 shows that the optical frequency of the stop band de-
creases with increasing height. The L gap frequencies are expected to be equal to
2 times the 111 lattice spacing, multiplied by the effective refractive index of the
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Figure 2.2 Variation of the center frequency of the fcc L stop band with height
in the sample of Fig. 2.1. The open circles are optical transmission measurements.
The triangles indicate stop gap frequencies calculated from twice the 111 lattice
spacing (measured by SAXS) times the Maxwell-Garnett effective refractive index;
the error bar gives an indication of the accuracy. The solid diamond is from a sim-
ilar calculation, but using an optically determined lattice spacing.3 Note that the
111 lattice spacing is the only one that can be accessed optically. In contrast, syn-
chrotron SAXS yields many more reflections, which demonstrates the power of this
technique.
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Figure 2.3 Optical transmission spectrum of a colloidal crystal of polystyrene
spheres in water (sphere radius 111 nm, sample #260) at a relatively low density
of 12 vol%. The high transmission at high frequencies suggests that the sample
is comparatively well ordered. The abrupt bends at low transmission on this plot
with a linear scale provide a natural measure for stop band width, indicated by the
arrow.

crystal. We have accurately determined the position of the stop bands in the spectra
for comparison with crystal structure information from our x-ray diffraction exper-
iments, and from optical diffraction.3 The results are plotted in Fig. 2.2. By using
the x-ray data for the spacings and Maxwell-Garnett effective-medium theory for
the refractive index,11 we obtain good agreement. The good agreement between the
two data sets is the first experimental observation demonstrating that the Maxwell-
Garnett effective refractive index accurately describes the low-lying stop gaps in
the band structure.

2.4 Width of the stop bands

The width of the stop bands is directly related to the strength of interaction between
light and crystals, and an accurate knowledge of the stop band widths is therefore
of utmost importance. The edges of the stop band are clearest at the top of the sam-
ple, where the slope of the transmission is largest, see Fig. 2.1. The attenuation in
the stop band is also largest here. The distinctness of the stop band edges decreases
from top to bottom in the sample, simultaneously with the crystallite size and the
attenuation. Since the stop bands in Fig. 2.1 do not possess an obvious edge fre-
quency there is inevitably some arbitrariness in choice of width.12 Fortunately, a
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Figure 2.4 Optical transmission as a function of wavenumber in the colloidal
sample of Fig. 2.1, at a height of 4 mm. Two estimates for the width of the stop
band, using straight line approximations for the transmission, are indicated. We
used the mean of these estimates to represent the width.

natural measure of the width is suggested by the transmission plotted on a linear
scale as in Fig. 2.3. The low and high frequency edges of the transmission stop
band are well approximated by straight lines. We have estimated the width from
the intersection of these straight lines with a horizontal line through the transmis-
sion minimum, as indicated in Fig. 2.4.

In Fig. 2.5 we have plotted the relative widths of the L gap versus volume frac-
tion ϕ for crystals of polystyrene spheres in water (refractive index ratio m = 1:59=
1:33= 1:20). The stop band width increases because the photonic strength increases
with the density of scatterers, to � 5% at a volume fraction of � 40%. Beyond this
volume fraction, the width is about constant or slightly decreasing. A decrease is
expected for large ϕ, because in the limit of a homogeneous filling (with ϕ = 100%)
there is no more scattering, and hence the width of the stop gaps is zero. The varia-
tion in the experimental data is attributed to disorder in the colloidal crystals, which
causes smearing of the band edges. The drawn curve in Fig. 2.5 is the result of
band structure calculations.13,14 The curve increases to 4:2% at ϕ � 35 vol%, in
agreement with the experimental data. As expected, the theoretical stop gap width
decreases at higher volume fractions. The observation of a maximum width as a
function of ϕ confirms earlier suggestions that the photonic strength has an opti-
mum as a function of ϕ.17,3

A photonic strength parameter that incorporates this effect is the polarizability
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per unit cell, which is also the starting point of an analysis by Spry and Kosan19

Ψ = 3
m2�1
m2 +2

3ϕ j1(GR); (2.1)

where G is the length of the 111 lattice vector, R is the radius of the spheres,18 and
j1(x) = (sin x�xcosx)=x3 is proportional to the Fourier transform of a unit sphere.
For normal incidence on lattice planes parallel to the crystal surface, the photonic
strength Ψ is precisely equal to the relative stop band width as defined in Fig. 2.4.
We have plotted the expression for Ψ in Fig. 2.5, taking m = 1:59=1:33 as appro-
priate for a high index material in a low index background like our polystyrene
spheres in water. The photonic strength decreases at higher volume fractions, due
to the density-dependence of the Fourier component j1(GR). The photonic strength
agrees well with the measured stop band widths, and it closely approximates the nu-
merically obtained widths at low volume fractions. At high volume fractions the
expression Eq. 2.1 cannot be expected to accurately predict the stop gap widths,
since at high sphere densities the roles of the spheres and the liquid are reversed:
the light is diffracted by the liquid in between the spheres and the spheres act as
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Figure 2.5 The width of the stop gap divided by the energy of the L gap as a func-
tion of volume fraction, for crystals of polystyrene spheres in water. The open cir-
cles at low volume fractions are taken from literature.4–7 The filled symbols are
our results for many different samples. The error bars for the widths correspond to
the two different estimates indicated in Fig. 2.4. The drawn curve is the result of
numerical band structure calculations.14 The dotted curves are photonic strength
parameters Ψ, with m = 1:59=1:33 (upper dotted curve), applicable at low densi-
ties, and with m = 1:33=1:59 (lower dotted curve), appropriate for high densities.
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background. An inverted refractive index ratio m = 1:33=1:59 is therefore more
appropriate. To illustrate this, we have also plotted the photonic strength param-
eter Ψ with the inverted refractive index ratio in Fig. 2.5. This photonic strength
more closely approximates the numerically obtained widths at high densities.

The close correspondence between the photonic strength and the stop gap width
contrasts remarkably with the results of a forthright two-band approximation. In a
two-band model, the width of the stop gap is controlled by the Fourier component G
of either m2�1 or 1�1=m2, depending on whether one expands the electric or the
magnetic field. Both the electric and the magnetic form of the stop gap width have
been plotted in Fig. 2.6. Both expansions predict too large stop gap widths, whereas
these same expansions form the basis of the numerical band structure calculations.
Surprisingly, if one expands (m2�1)=(m2+2), then the two-band model prediction
for the stop gap width is indistinguishable from Eq. 2.1. Apparently the polarizabil-
ity of a single sphere represents the interaction between light and a photonic crystal
fairly well. It has even been put forward that there is a direct correspondence be-
tween the gaps calculated by plane wave expansion and the Mie resonances of an
isolated sphere.20
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Figure 2.6 Photonic strength parameter Ψ (- -) and relative stop gap width ∆E=E
(— and � � �) as a function of density, for fcc lattices of polystyrene spheres in wa-
ter (refractive index contrast m = 1:59=1:33 = 1:20). The photonic strength is ob-
tained using m = 1:59=1:33 at low densities, and with m = 1:33=1:59 at high den-
sities. The stop gap widths result from numerical band structure calculations (—)
and from two-band models based on expansion of the electric or the magnetic field
(� � �).
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2.5 Conclusions

We have investigated the effects of volume fraction on the transmission of col-
loidal crystals, whose structure and orientation were determined by small angle x-
ray diffraction. The optical transmission spectra reveal minima corresponding to
stop gaps in the photonic band structure on the edge of the Brillouin zone. The posi-
tions of the optically measured stop bands agree well with lattice spacings measured
by SAXS. The stop bands have a relative width of up to 5% of the gap frequency,
in accord with numerical band structure calculations. The maximum in the rela-
tive width confirms the notion that the strength of the interaction between photonic
crystals and light has an optimum as a function of volume fraction. The photonic
strength parameter Ψ takes this effect into consideration. It agrees well with the
observed stop band widths in transmission and closely approximates the numerical
results. Recently it has been shown that the stop gaps can also be measured in re-
flection.21 Such reflection measurements yield very accurate results; the stop gap
widths are again in excellent agreement with the photonic strength Ψ.
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3
Nonradiative energy transfer

3.1 Introduction

One of the most important consequences of photonic band structures is that spon-
taneous emission of excited atoms or molecules can be inhibited.1 Fluorescent dye
molecules are very suitable to observe the influence of photonic band structure on
the spontaneous emission because of their high quantum efficiency and ease of ex-
citation. However fluorescent dyes are sensitive not only to the photonic band struc-
ture, they are also affected by chemical interactions with their environment and they
influence each other directly via nonradiative electromagnetic interactions when
they are close together. The influence of the environment is particularly impor-
tant; in fact organic dyes are utilized as sensitive probes for the chemistry of their
surroundings.2 In an early study of spontaneous emission in photonic crystals, the
dye was dissolved in the liquid medium between colloidal particles.3 Later it was
recognized that chemical interactions of the dye with the particle surfaces lead to
complications.4,5

Arguably a cleaner way to study photonic effects is to shield the dye by incor-
porating it inside colloidal particles, e.g. silica spheres,6 so the dye’s environment
is constant. Incorporating dye molecules in solids compared to liquid solutions is
also attractive because of the increased photostability and fluorescence yield.7 In
liquid solutions the quantum efficiencies of most organic dyes are strongly reduced
when relatively low dye concentrations of � 10�4 M are exceeded. This concen-
tration quenching or self-quenching effect is due to nonradiative energy transfer
between dye molecules.8 The effect illustrates that it is crucial to identify the spec-
troscopic properties of a dye in its environment before studying the photonic ef-
fects.

Another interest in dyed particles stems from colloid science. Van Blaaderen
et al. synthesized silica colloids with dye incorporated.6 Such particles have made
possible measurements of particle diffusion by fluorescence recovery after photo-

31



bleaching,9 and direct imaging of dense colloidal structures by confocal fluores-
cence microscopy.10 Nevertheless, several questions concerning the incorporation
of dye inside colloids remain open, for example it is not clear whether the dye is
dispersed homogeneously through the solid matrix of the colloids. A spectroscopic
study is expected to give more insight. To elucidate how the dye is incorporated in
the silica particles, we have studied the influence of the amount of labeling (the
number density of dye molecules in a particle) on the spectroscopic properties.

3.2 Experimental

We studied fluorescein isothiocyanate (FITC) dye that is incorporated inside col-
loidal silica spheres. FITC dye was chosen because it is suitable for fluorescence
recovery and confocal microscopy studies.9,10 This fluorophore is often used for
microscopy on biological samples. Many studies have investigated the spectral
properties of this dye12 and its photostability when bound to cell components.13

A series of colloidal dispersions was prepared following the synthesis of Stöber
et al.,14 and modified as described by Van Blaaderen et al.6 to incorporate dye into
the spheres. This procedure yields almost perfectly spherical particles with a nar-
row size distribution. In this case the size polydispersity, determined by transmis-
sion electron microscopy, was 6%. The final radii of the colloidal dispersions F1 to
F5 are all approximately the same, only the dye concentration is doubled from one
dispersion to the next, see table 3.1. The preparation is described in detail in ref. 15.
After the synthesis, the spheres were resuspended in dimethylformamide (DMF),
chosen to match the refractive index of the liquid to that of the particles, in order

Table 3.1 Size of the silica spheres, as determined by transmission electron mi-
croscopy and static light scattering, the concentration c of dye inside the particles,
and the average distance between dye molecules R.

System Radius (nm) Dye concentration Intermolecular
TEM SLS c (mM) separation R (nm)

F1 208 188 0.49 15.0
F2 218 194 1.18 11.2
F3 224 197 2.7 8.5
F4 237 210 6.0 6.5
F5 250 223 11.9 5.2
F6 341 305 31. 3.8
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to minimize scattering effects on absorption and fluorescence properties. Samples
for the time-resolved fluorescence measurements were taken from the stock disper-
sions and transferred to 0:4 mm thick glass capillaries (Vitro Dynamics). Decay
curves were corrected for a weak long-lived luminescence from impurities in the
glass of the capillaries.

The labeling efficiency was determined by dissolving the particles in a NaOH
solution, liberating the dye molecules, and measuring the absorbance of the result-
ing transparent solutions compared to a calibration series, consisting of FITC dye
dissolved in a mixture of NaOH solution and DMF. Absorption spectra were mea-
sured on dilute suspensions in 1 cm glass cuvettes with a Shimadzu Spectronic 200
UV double-beam spectrometer using DMF as a reference. Emission spectra were
measured on the undiluted stock suspensions with a Bio-Rad FTS-60A Fourier-
Transform Spectrometer. The samples were contained in 2:5 cm diameter cylindri-
cal flasks and illuminated by an argon ion laser. Excitation at 458, 476:5, or 488 nm
wavelength gave identical spectra. Fluorescence was detected in backscattering, to
minimize the inner filter effect.

Time-resolved fluorescence curves were obtained using a time-correlated sin-
gle photon counting technique,16 see Fig. 3.1. The dye in the sample is excited
in the UV at a wavelength of around 320 nm by the second harmonic of a cavity-
dumped dye laser. This dye laser is synchroneously pumped by a mode-locked
Nd3+:YAG laser, whose output is first pulse-compressed and frequency-doubled.
The actively mode-locked Nd3+:YAG laser (Spectra Physics 3800) generates about
12 W of output power in TEM00 mode at 1064 nm wavelength. When the laser is

Nd3+:YAG laser
Compressor/
freq. doubler

Dye laser

PD

ND

SHG

F

Prism
spectrometer

MCP

L

S

F

P

Figure 3.1 Outline of the setup for time-resolved fluorescence measurements.
PD: photodiode; ND: adjustable neutral density filter; SHG: second harmonic gen-
erating crystal; F: color filters; L: lenses; P: power meter diode; MCP: micro
channel plate detector.
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mode-locked well, it produces pulses of 100–150 ps full width at half maximum
(FWHM), as measured with a fast 25 GHz photodiode (New Focus). The pulses are
shortened to 5� 10 ps in a pulse compressor (Spectra Physics 3595) to achieve a
high peak power for second harmonic generation. When properly aligned, the sys-
tem wil generate up to 950 mW of 532 nm second harmonic output; at least 600 mW
is required for reliable operation. Care should be taken to avoid Q-switching of the
YAG laser as this may damage the second harmonic generating crystal. The sec-
ond harmonic output is stabilized by deflecting part of the infrared YAG laser beam
with an acousto-optic modulator in a servo loop. This reduces the fluctuations in
the second harmonic intensity, at the price of a reduction in output power. The sec-
ond harmonic output was stabilized at 400 mW to comfortably pump the dye laser.
The synchronously mode-locked, cavity-dumped dye laser (Spectra Physics 3500)
uses Kiton Red dye in the wavelength range 600 to 660 nm. The repetition rate of
the cavity dumper was 80 kHz. The output of the dye laser is frequency doubled,
resulting in an excitation beam of < 1 ps pulses with a wavelength of 320 nm and
a beam diameter of 1 mm at the sample. The beam power was always less than
1 µW. The sample was placed at an angle in order to prevent direct reflection from
entering the detector. A Schott RG490 color filter removes the residual laser light.
The fluorescence was detected at an angle of 90� to the excitation beam by a Hama-
matsu R3809U micro channel plate detector. By adjusting an aperture in front of
the detector, we could maintain a maximum count rate of 12 kcounts=s. The signal
from the detector is amplified and fed to a constant fraction discriminator (Tennelec
TC454) and time to amplitude converter (TAC, Tennelec TC864). A photodiode
monitors the dye laser output for triggering the TAC. The time difference between
the excitation pulse and the micro channel plate detector signal is recorded by a
multi-channel analyzer. The discriminator was modified to accommodate a short
delay corresponding to the risetime of the detector pulses. The zero crossing level
of the discriminator was carefully optimized for best time resolution.

The instrument response of the setup is shown in Fig. 3.2. It consists of a main
pulse and pre- and after-peaks at integer multiples of the dye laser round trip time
of 12:3 ns. We achieve a suppression of pre- and afterpeaks compared to the main
pulse of 1 : 250. The time resolution is 52� 3 ps FWHM, measured using scat-
tered red light from the dye laser. The resolution is determined by the transit time
spread of the micro channel plate detector, which is specified to be 24 ps, by the
jitter of the discriminator due to fluctuations in the detector signal, and by noise of
the multi channel analyzer since the gain setting of the TAC is relatively low. The
dye laser generates pulses of sub-picosecond duration, and the jitter in the electron-
ics is negligible: we have observed that the correlation between two photodiodes
is only � 3 ps wide.

To determine the effect of excitation intensity, a variable intensity filter was
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Figure 3.2 Instrument response (time-resolved scattered red light from the dye
laser), showing the main peak accompanied by pre- and after-peaks corresponding
to the round trip time in the dye laser (above), and the full width at half maximum
(enlargement, below).

placed in front of the second harmonic generating crystal. Due to the frequency
doubling process the intensity varied quadratically with variation of the attenua-
tion. In order to measure the relative intensity of the excitation pulse a power meter
was placed immediately behind the sample in the impinging beam. For the depo-
larization measurements we placed 10 mm polarizing prisms in the excitation beam
and in front of the detector to select polarizations parallel and perpendicular to the
incoming beam. For spectrally resolved measurements we employed a Carl Leiss
prism monochromator, calibrated using the spectral lines of a neon lamp. The re-
solving power of the spectrometer is about 15 nm with the 1 mm slit widths used.
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3.3 Results

Absorption and emission spectra of a suspension of the F4 spheres are shown in
Fig. 3.3. The spectra are slightly asymmetric. This is a usual phenomenon in ab-
sorption and emission of FITC, both in solution and when bound to proteins.17,18

No evidence is found for a FITC dimer absorption peak.19 The spectra provide
an excellent example of the Franck-Condon principle17: the emission spectrum is
nearly a mirror image of the absorption. Both the absorption and the emission max-
imum shift to longer wavelengths as the particles’ dye content is increased. The
shift is 10 nm in going from the lowest to the highest dye concentration; it is fully
completed already at a dye concentration of 6 mM. The Stokes shift, the difference
between absorption and emission maxima, is constant at 40 nm.

The mechanism that causes the concentration dependent shift in the absorp-
tion and fluorescence spectra reveals itself in the time dependence of the fluores-
cence. If the shift is the result of self-quenching due to interactions between close
pairs of dye molecules, then it should be accompanied by a reduction of the flu-
orescence lifetimes. A high probability of energy transfer between dye molecules
reduces the time that molecules remain in their excited state. In contrast, if quench-
ing were only due to formation of nonfluorescent dimers then no change in lifetime
would be expected since these dimers do not contribute to the signal. To discrimi-
nate between these two situations, we have performed time-resolved fluorescence
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Figure 3.3 Absorption and emission spectra (solid curves) of FITC-labeled silica
spheres (designation F4) suspended in DMF. The absorption spectrum is nearly a
mirror image of the fluorescence (indicated by the dotted curve). The mirror wave-
length is 520 nm. The nonzero baseline is due to extinction from scattering.
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measurements.
Time-resolved total (i.e. spectrally integrated) fluorescence curves are shown

in Fig. 3.4. At long times t the slope of the time-resolved fluorescence curves agrees
with a lifetime of 3:8 ns expected for a free FITC molecule.2 This long-time com-
ponent probably corresponds to single FITC molecules in silica. With increasing
dye concentration a fast component becomes more pronounced. In order to have a
measure of the fluorescence lifetime, we determined the mean decay time hτi (i.e.
the first moment) from the curves. We have plotted this mean lifetime in Fig. 3.5. It
becomes rapidly smaller at higher dye contents, indicating the appearance of faster
relaxation pathways. The change in time-dependence reveals that the concentra-
tion effect is caused by self-quenching of closely spaced molecules, as opposed to
the formation of nonfluorescent dimers.

We can estimate the rate of energy transfer nD!A between donor and acceptor
molecules using the following expression due to Förster20:

nD!A =
1
τ0

�
R0

R

�6

: (3.1)

Here τ0 is the reciprocal of the rate constant for spontaneous emission of the donor,

0 5 10 15 20 25
10

1

10
2

10
3

10
4

10
5

10
6

10
7

Increasing
   dye concentration

In
te

ns
ity

 (
ar

b.
 u

ni
ts

)

Time (ns)

Figure 3.4 Time-resolved fluorescence of various concentrations of FITC dye in-
side colloidal silica spheres. The curves have been offset for clarity. The dye con-
centration in the spheres increases from bottom to top. The straight line indicates
a single exponential with a lifetime of 3:8 ns. The dotted curve corresponds to Eq.
3.3 with maximum curvature. Clearly the curvature is insufficient to account for
the data.
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Figure 3.5 Mean fluorescence lifetime as a function of the average intermolecular
distance of FITC molecules in the spheres. The lifetimes were obtained from the
experimental data in Fig. 3.4. The curve is an energy transfer model with a critical
Förster distance of 6:0 nm and a lifetime of 3:8 ns.

R is the distance between donor and acceptor and R0 is the critical Förster distance
– the distance at which half of the donors is deactivated by resonant energy transfer
to an acceptor, which is about 5:0 nm for fluorescein.17 For the average distance be-
tween dye molecules in the particles, we used R = c�1=3, where c is the number of
molecules per unit volume. This distance is on the order of the critical Förster dis-
tance for energy transfer in the more heavily doped samples, therefore quenching
effects are to be expected. Adding rate constants, we find that the dependence of the
mean lifetime hτi on the intermolecular distance is given by 1=hτi= 1=τ0 +nD!A.
A reasonable fit is obtained for τ0 = 3:8 ns and R0 = 6:0 nm, as shown in Fig. 3.5.

We have separately measured the fluorescence polarized parallel and perpen-
dicular to the polarization of the light that excites the dye. The measured paral-
lel and perpendicular components showed no detectable difference in time depen-
dence, so the method did not allow observation of depolarization due to energy
transfer. If there is energy transfer between molecules then one expects a decrease
in fluorescence polarization with increased dye concentration. When a molecule is
excited in a certain polarization direction it will preferentially emit with this same
polarization. However, when the excitation is transferred to acceptors with a dif-
ferent orientation than the donor molecule, then the fluorescence becomes depolar-
ized. Therefore, the difference in time dependence between fluorescence detected
parallel or perpendicular to the polarization direction of the excitation beam would
in principle provide information on the energy transfer process.
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We can exclude Mie resonances and cooperative effects between spheres due
to scattering5 as a reason for the departure from single-exponential decay in Fig 3.4.
In our case the refractive index difference between the spheres and the suspension
liquid was much too small. As an extra test we measured the decay curves of spheres
suspended in water, where the index difference is much larger. Although care had
to be taken to prevent excessive leaching of the dye due to hydrolysis of the outer
layers of the silica spheres, it was found that the decay was the same.

3.4 Quenching models

We have attempted to describe the fluorescence decay curves by three different mod-
els: quenching of excitations at the sphere’s surface, a fractal distribution of dye
molecules, and mutual annihilation of excitations.

In the first model, the excitations migrate diffusively through the sphere but are
completely quenched when they reach the surface. Assuming an initially homoge-
neous density u(r; t) of excited molecules, the decay is described by the diffusion
equation

∂u
∂t

=� u
τ0

+D∇2u =� u
τ0

+D

�
∂2

∂r2 +
2
r

∂
∂r

�
u (3.2)

with boundary conditions u(RS; t) = 0 and u(r;0) = u0. Here, D = nD!AR2
0=6 is

the effective diffusion coefficient, and RS is the radius of the sphere. The solution
of Eq. 3.2 is integrated over the sphere’s volume to obtain the total fluorescence:

I(t) = u0
6
π2

∞

∑
n=1

1
n2 exp(�t=τ0�n2π2Dt=R2

S) (3.3)

Only the lower eigenmodes of the diffusion equation contribute appreciably. The
formula clearly shows the competition between the spontaneous emission and the
quenching at the surface. Unfortunately, Eq. 3.3 does not describe the data in Fig.
3.4 very well, as is illustrated by the dotted curve in the figure. The curvature of the
line has been set to the extreme by adjusting the diffusion and emission timescales.
Even so the curvature is insufficient to describe the experimental results, in par-
ticular at high dye concentrations. Also, the probability of an excitation reaching
the sphere’s surface is very small: according to the energy transfer rates nD!A cal-
culated before, the excitations in the most heavily doped sample can migrate an
average of only 5:5 steps of R0 � 5 nm before it decays radiatively. The traversed
distance is much smaller than the size of the spheres: the radiative rate in the leading
order term in Eq. 3.3 is three orders of magnitude larger than the surface quenching
rate. This separation is even larger for the other samples. We conclude, therefore,
that surface quenching does not play an important role in the quenching process.
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Secondly, we tried to fit the time-resolved fluorescence curves to a model of
Klafter and Blumen21,22 describing the decay of an excited donor in the presence
of acceptors which are randomly distributed on a fractal of Hausdorff dimension d:

I(t) = I0 exp(�t=τ0�P(t=τ0)
d=s); (3.4)

with s the order of the molecular interaction (s = 6 for the usual Förster dipole-
dipole mechanism) and P a fitting constant which should be proportional to the ac-
ceptor concentration. For integral dimensions Eq. 3.4 reduces to familiar results of
Förster.23 The data of Fig. 3.4 could be fitted very well with Eq. 3.4, but the fit
resulted in low values of d, between 0:3 and 1:5. Such low values for d are unre-
alistic; usually d is roughly between 1:5 and 3.21,22,24

A third model is to assume quenching by annihilation of excitations (singlet-
singlet annihilation). In a system where rapid migration homogenizes the density
of the excitations the corresponding rate equation is25

du
dt

=� u
τ0
�κu2; (3.5)

where κ is the rate constant of the second order process. Solving this equation re-
sults in

1
u(t)

= (κτ0 +
1
u0

)exp(t=τ0)�κτ0: (3.6)
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Figure 3.6 Time-resolved fluorescence curves of the sample with the highest dye
content (31 mM, F6, up triangle), and the influence of lowering the excitation
power by a factor of 2 (�) and 6 (O). The inset shows a fit of the excitation an-
nihilation model Eq. 3.5 to these data.
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Figure 3.7 Time-resolved emission of 2:7 mM dye inside colloidal silica spheres
(with designation F3), spectrally resolved on the blue side (left) and red side
(shifted right) of the dye’s emission maximum. Clearly the influence of the energy
transfer process is most pronounced at the blue side of the spectrum. The vertical
distance between the curves reflects the shape of the emission spectrum, i.e. the
curves have not been offset, in order to show the relative importance of the various
spectral contributions to the total fluorescence. The straight line (dotted) corre-
sponds to a single exponential with a lifetime of 3:8 ns.

If we fit this to our measurements on the most heavily doped sample (Fig. 3.6, in-
set), we obtain a reasonable fit for 1=τ0 = 0:29 ns�1 and κ = 2:3�0:3 ns�1. Thus,
the coefficient of the second order process is an order of magnitude greater than that
of the first order process. If this model describes the situation well then the shape
of the decay curve should depend strongly on the initial excitation density u0. If u0

is lowered then the probability that two excitations meet is lowered and the decay
curve should look more like a single-exponential process. We verified this by de-
creasing the excitation intensity by a factor of 2 and 6, respectively. The resulting
decay curves in Fig. 3.6, however, did not change at all, making singlet-singlet an-
nihilation an unlikely explanation. Alternatively, intensity-independent decay can
sometimes be produced by singlet-triplet annihilation. Since triplet states are effi-
cient quenchers and long-lived (longer than our pulse separation) they could build
up from pulse to pulse until a steady state is reached.26 However, the intensity in
our experiments was far too low to create enough triplets for such a process: We
have at most 2�107 photons/pulse, whereas the number of spheres in the beam is
� 107. Thus, there cannot be more than a few excitations per particle of which only
a small fraction ( 1/1000th) are triplets.
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Thus, none of these quite diverse quenching models explain the data very well.
Since all the models assume a homogeneous distribution of FITC molecules this
could be an indication that the distribution is not homogeneous. Possibly the dye
molecules have a tendency to be incorporated into the spheres in clusters where
there is rapid energy transfer.

To investigate the clustering of dye molecules inside the silica, we have mea-
sured time-resolved fluorescence at various wavelengths in the dye’s emission spec-
trum, motivated by the concentration dependent shift of the emission spectra. This
shift suggests that the clusters have different emission wavelengths than isolated
dye molecules. If the time dependence of fluorescence from the clusters also dif-
fers from that of the isolated molecules, then the time dependence of the fluores-
cence will vary with wavelength. This would give an indication of the origin of the
shape of the time-resolved fluorescence curves in Fig. 3.4. Time-resolved fluores-
cence curves of the F3 silica spheres are shown in Fig. 3.7. At the long wavelength
side of the emission, the fluorescence curves are all very similar. In contrast, on
the short wavelength side the curves start to bend: the initial decay is much faster
(almost a factor of two) and a significant long time tail develops, even though the
dye concentration inside the silica is only moderately high, 2:7 mM. The substan-
tial bending of the fluorescence curves changes the emission spectrum only slightly
because the tail does not contribute much to the total fluorescence yield. The bend-
ing occurs precisely at the side of the emission spectrum which overlaps most with
the absorption band, see Fig. 3.3. The rate of nonradiative transfer, or equivalently
the transfer distance R0, increases with this overlap, resulting in steeper curves at
short wavelengths in Fig. 3.7. To clarify the origin of the long time part of these
curves, we have examined the data in Fig. 3.7 from a different perspective. In Fig.
3.8 we have plotted spectra at different instants after excitation. Initially the spectra
shift to the red as time passes, but later on a sizeable blue component becomes vis-
ible.27 The initial redshift can be explained by the enhanced nonradiative transfer
due to spectral overlap of the absorption and emission bands. The observed blue
component could be due to fluorescence from clusters of dye molecules. However
it is not clear how the appearance of a blue component due to clustering can be re-
conciled with the observed redshift of the emission spectrum with increasing dye
concentration.

3.5 Conclusions

We have studied the influence of the number density of dye molecules on the spec-
troscopic properties of fluorescein isothiocyanate (FITC) dye that is incorporated
inside colloidal silica spheres. A redshift of 10 nm occurred in the absorption and
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fluorescence spectra on traversing the concentration range 0:5 to 5 mM (inside sil-
ica). Simultaneously, the fluorescence lifetimes of the dye were strongly reduced,
pointing to energy transfer taking place between dye molecules. The fluorescence
decay curves could not be described satisfactorily with models involving second-
order processes, or surface quenching, or a fractal distribution of dye molecules. A
possible explanation is that the FITC molecules are not distributed homogeneously,
but form clusters with intermolecular distances of less than the Förster distance.
Such cluster formation would explain why quenching effects are observed already
at low dye concentrations, and it is in agreement with spectrally resolved fluores-
cence decay measurements.

These findings have consequences for the use of dye-labeled silica particles
with various experimental techniques. In the study of multiple scattering and pho-
tonic band structure effects, energy transfer effects within the spheres are intolera-
ble so low dye concentrations are essential. Our results indicate that dye concen-
trations should not be higher than 1 mM. We have specially prepared silica spheres
doped with a suitably low dye content to study photonic effects. The synthesis of
these colloids is described in the next chapter.
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Figure 3.8 Emission spectra of the F3 silica spheres, at different instants after
excitation. The data have been obtained by integrating the curves in Fig. 3.7 over
successive 6 ns long intervals. The spectra have been normalized to the area ob-
servable in the plot.27 The curves are splines, serving as guides to the eye.
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4
Growth of crystals

from dye-doped colloids

4.1 Introduction

To meet the specific needs of experiments on fluorescence in photonic crystals, we
have synthesized dye-doped colloidal silica spheres. Most of the fluorescence ex-
periments were performed using crystals prepared from these specially synthesized
colloids. We will discuss the particle synthesis and the preparation of photonic
crystals from the synthesized particles, but first we will turn to the rationale un-
derlying the synthesis.

Experiments on fluorescence in photonic colloidal crystals make high demands
upon the properties of the colloidal particles used to form the crystals. The size of
the particles should be on the order of optical wavelengths, the typical length scale
in photonic crystals. The particles should readily form large crystals, so one can ob-
tain samples that are sufficiently large to do experiments on. This requires particles
which all have the same size, i.e. a size polydispersity of less than 6%.1–3 To make
the crystals fluorescent, the crystals should contain fluorescent molecules with a
high quantum efficiency, like fluorescent dye. The fluorescent properties of the dye
molecules should be isolated as much as possible from the material properties of the
crystals. The molecules should preferably reside inside the colloidal particles rather
than on the surface or outside in the suspending liquid, to prevent unwanted chemi-
cal interactions of the dye with the liquid or with particle surfaces.4 To prevent the
fluorescent molecules from disturbing the photonic band structure, absorption of
light should be avoided. Absorption impedes multiple scattering, which is essential
for photonic band structure to develop. To reduce absorption, the density of fluores-
cent molecules should be kept low. A low dye concentration will also prevent non-
radiative transfer between dye molecules. The density of fluorescent molecules in
commercially available polystyrene or PMMA spheres is usually high, close to the
quenching concentration, as they have been designed to maximize the fluorescence.
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A bright fluorescence facilitates detection of small numbers of spheres, important
for example in biological applications.5 Due to the high dye density, commercially
available dyed spheres are not suitable for our purposes, so we synthesized spheres
ourselves. Silica was chosen because it is inert and methods exist to incorporate dye
in silica spheres.6 The synthesis was performed by J. E. G. J. Wijnhoven in collab-
oration with the Van ’t Hoff Laboratory, University of Utrecht.6,7

From the colloids, we prepared colloidal crystals by sedimentation. An impor-
tant factor in the preparation of photonic crystals is the density of spheres, since it
determines the position of the stop gaps in the photonic band structure. For our flu-
orescence experiments it is crucial that the stop gap overlaps with the dye’s emis-
sion spectrum. Practical usefulness of photonic colloidal crystals depends on the
availability of sufficiently large single crystals. Crystals with linear dimensions on
the order of 104 unit cells (mm sizes) have been reported, albeit for dilute, weakly
photonic samples with densities ϕ< 1 vol%.8,9 The largest crystals are grown close
to the freezing curve, where the nucleation rate is so small that few crystal grains
nucleate and grow.10 Dense crystals with ϕ � 50 vol% have been made with ster-
ically stabilized colloids, but the crystallites are smaller with linear dimensions of
20�100 µm.12 We have grown charge stabilized single crystals with volume frac-
tions up to 60 vol% and dimensions up to 0:5 mm (see Fig. 4.2, 7.1). The density
of these crystals can be adjusted by adding salt to the suspending medium. The
ionic strength of the liquid influences the extent of the double layer, i.e. the region
of charge imbalance between the electrically charged surface of the spheres and
the counter-ions in solution. In highly deionized suspensions, colloidal particles
can carry an extended double layer of up to 500 nm thickness.11,12 Adding salt to
the suspension screens the Coulomb interaction and compresses the double layer.
Spheres with an extended double layer will start to interact at larger separation, re-
sulting in crystals with a lower volume fraction. From a photonic point of view,
optimal volume fractions for crystals of silica spheres are in the range of 30–40%.
Experiments in this intermediate density range are exceptional. Previously, interest
in colloid physics has mainly focused on the one hand on hard sphere like colloids,
with densities of about 50 vol%, and on the other hand on charge stabilized colloids
with very low ionic strength and hence low densities, on the order of a few volume
percent.12,14 We have investigated the sedimentation and crystal formation in col-
loidal suspensions with intermediate volume fractions, highlighting the interplay
between sedimentation and charge stabilization.
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4.2 Synthesis

The synthesis of the silica spheres is a multi step process. In order to obtain spheres
that are sufficiently monodisperse, the synthesis was started by forming silica seeds
in a micro emulsion.15,16 To obtain larger spheres, extra layers of silica were added
using a Stöber-like synthesis method.17 The core of the spheres is left blank; a mi-
cro emulsion based synthesis route for dyed spheres is not available. The first added
layer of silica contains the dye. Further layers of blank silica serve to shield the dye
from the outside.

The particles were nucleated in a micro emulsion following the method of
Osseo-Asare and Arriagada.15,16 Silica is formed inside micelles by hydrolysis
and condensation of tetraethoxysilane (TES). The emulsion is prepared by mix-
ing 500 ml of cyclohexane, 3:0 ml 25% ammonia and 26:6 ml surfactant (Igepal,
polyoxyethylene (5) nonylphenyl ether) and stirring for half an hour at 300 rpm.
The mixture must remain at 20�C otherwise the micro emulsion is not stable. An
amount of 2:1 ml TES is slowly added below the surface of the emulsion and the
emulsion is stirred vigorously for 15 minutes. The TES dissolves in the cyclohex-
ane and after entering the micelles it reacts with the water. The reaction is catalyzed
by the ammonia. After one week, the reaction is completed. The cyclohexane is
evaporated and the spheres are resuspended in 500 ml ethanol.

Using a procedure described by Van Blaaderen et al.,6 the nuclei were cov-
ered with a layer of silica in which the fluorescent dye, rhodamine isothiocyanate
(RITC), is incorporated. The RITC dye was selected for its superior photostabil-
ity and quantum efficiency compared to e.g. fluorescein isothiocyanate (FITC)6;
quantum yields of 60–75% have been reported for RITC bound to proteins.18 The
silica is grown by adding extra TES and water. The dye is attached to the silica
by a coupling agent, 3-aminopropyltriethoxysilane (APS). The dye is connected to
the coupling agent by an addition reaction of the amine group of the APS with the
isothiocyanate group of the RITC.7 The ethoxysilane groups of the APS react with
silica in a similar way as the TES.

An amount of 11 mg RITC dye is dissolved in 10 ml ethanol and stirred with an
excess of APS for 12 hours. Of this solution, 0:79 ml is used in the first growth step.
The silica particles from the micro emulsion are suspended in a mixture of 25% am-
monia and distilled ethanol, in a 1000 : 80 volume ratio. A lower concentration of
ammonia leads to undesired nucleation of new small particles; a higher concentra-
tion gives rise to coagulation, i.e. the formation of ‘dumbbells’. The concentration
TES should stay below 10 ml/l, therefore TES is added step by step, with at least
4 hours in between the steps. Per mol TES, 2 mol water should be added to com-
pensate for the water consumed in the reaction. Finally, the spheres are centrifuged
and resuspended in ethanol to remove the Igepal and the ammonia.
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4.3 Results

Transmission electron microscopy pictures of the spheres after each step in the syn-
thesis were taken to determine the sphere size. The micro emulsion yields spheres
with a radius of 28 nm and a size variation of 2:5%. After adding the silica layer
which contains the dye, the particles measured 58 nm in radius. Several batches of
spheres with different final radii were made to ensure that we could match the stop
band wavelength of the photonic crystals to the emission spectrum of the dye. The
spheres are designated µESiJ1- followed by their radius, listed in table 4.1. Most of
the fluorescence experiments have been performed using the spheres µESiJ1-101.
A micrograph of the spheres is shown in Fig. 4.1, along with a sketch of the shell
structure. The various silica shells have comparable densities, so the shells are in-
visible on the electron micrograph. The variation in the final size is only 1:5%.
We also determined the outer radius of the spheres by static light scattering and
dynamic light scattering. These radii, 121 nm and 122 nm respectively, are in ex-
cellent mutual agreement. The corresponding radius from electron microscopy is
lower, 101 nm, but we have frequently encountered relatively low radii with this
technique. In the following we will therefore consider the radius to be 121 nm with
an accuracy of �1 nm.

An important aspect from the photonic perspective is the refractive index of

dye
silica

24
2 

nm

Figure 4.1 Electron micrograph of the µESiJ1-101 silica spheres, together with a
sketch of the shell structure, to scale. The micrograph also shows a small number
of coagulated spheres (“dumbbells”), one of them is indicated by an arrow.
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the silica spheres. The refractive index of a batch of 60 nm radius silica spheres
µESiJ4, similar to the µESiJ1 spheres except that they are not dye-doped, has been
determined to be 1:466�0:004 at 589 nm from transmission measurements in var-
ious ethanol-benzylalcohol mixtures.20 The refractive index of various larger, dye-
doped particles has been found to be 1:450�0:001, by titrating dimethylformamide
to a dispersion in glycerol until the transmission at 589 nm was maximized.21 In
the following we will consider the index of refraction of our µESiJ1 silica particles
to be 1:45.

Each sphere contains about 200 rhodamine isothiocyanate dye molecules. The
concentration of dye molecules in the colored silica layer is less than 0:5 mmol/l.
This concentration corresponds to a distance between molecules of 15 nm, greatly
in excess of the Förster transfer distance of 4 to 6 nm so there is no non-radiative
transfer. Considering the molar decadic absorption coefficient of the dye, � 4�
104 l/(mol cm),19 we calculate the inelastic length in a dense packing of spheres to
be longer than 3 mm, so there is little absorption in our 0:3 mm thick samples. The
dye molecules are covalently attached to the silica in the spheres and covered by a
45 nm thick layer of silica. This prevents washing out of dye by the suspending liq-
uid: even after one year, the fluorescence from the suspending liquid corresponded
to a dye concentration of less than 0:1 µmol/l. It is concluded that unwanted chem-
ical interactions of the dye with the liquid and sphere surfaces are minimized.

4.4 Growth of the crystals

From the colloids, we prepared colloidal crystals by sedimentation. First, the col-
loids were deionized by successively centrifuging, decantating, redispersing, and
diluting with freshly deionized water, followed by dialysis using ion exchange resin
(BioRad AG501-X8, Hercules CA). The particles were then suspended in the de-

Table 4.1 Size of the synthesized silica spheres, obtained from transmission elec-
tron microscopy (TEM), static light scattering (SLS), or dynamic light scattering
(DLS)

Radius (nm) Size variation(%)
System TEM SLS DLS TEM

µESiJ1-74 74 88 92 1.5
µESiJ1-93 93 105 110 1.5
µESiJ1-101 101 121 122 1.5
µESiJ1-113 113 134 135

51



0

10

20

30

40

50

60

55 60 65

 
H

e
ig

h
t 

(m
m

)

Density (vol%)

 

 

Figure 4.2 Photograph of a photonic colloidal sample (#642bis) of sedimented
silica spheres µESiJ1-101 (radii 121 nm; size polydispersity 1:5%) in water, con-
tained in a 3 mm wide flat glass capillary, with the front face illuminated. The graph
on the right shows the increase in density from top to bottom in the crystalline part
of the colloidal sample. The density has been inferred from reflection (+) and trans-
mission (�) measurements. The curve is a guide to the eye.

sired liquid (water, methanol, ethanol or dimethylformamide). The initial densities
of the suspensions were estimated assuming that a centrifuged residue has a den-
sity of � 50 vol%. We prepared aqueous suspensions with various ionic strengths
by adding NaCl. The suspensions were sealed in glass capillaries. For this purpose
we employed flat capillaries with a 0:3 or 0:4 mm inside path length and 0:3 mm
thick walls (Vitro Dynamics, Rockaway NJ). For x-ray scattering experiments on
dilute suspensions we also used 2 mm diameter round Mark glass capillaries with
0:01 mm thin walls (Hilgenberg, Berlin).22 By sedimentation under gravity, the
colloidal suspensions form highly ordered fcc crystals, as revealed by our synchro-
tron small-angle x-ray diffraction studies.

A photograph of a flat capillary filled with a suspension of spheres is shown in
Fig. 4.2. Next to the photo we have plotted the sample’s density profile, inferred
from reflection and transmission measurements. The density of spheres increases
from top to bottom. In the upper part of the sediment, the spheres form a colloidal
liquid. Light is randomly multiply scattered in this part of the sample, so the sample
looks opaque white here. Lower in the sample the density of spheres is sufficiently
high for the spheres to crystallize into regular arrays of various sizes which show
colored Bragg reflections.

The crystallization proceeds from the bottom of the capillary upwards as the
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Figure 4.3 Evolution of the height of the sediment in two capillaries (sample
#627, circles, and sample #628, squares, respectively) filled with a 13 vol% aque-
ous suspension of µESiJ1-101 silica spheres. Open symbols correspond to the in-
terface between clear liquid and the colloidal suspension, solid symbols to the top
of the crystalline part of the sediment. The straight lines are guides to the eye. The
ionic strength of the suspending liquid is 0:25 mM.

initially homogeneous suspension settles and the density at the bottom increases.23

We have carefully kept track of the interface between the clear liquid on top and the
opaque colloidal suspension underneath, and of the interface between the suspen-
sion in the middle and the colloidal crystals below. The advancement of the inter-
faces during sedimentation is shown in Fig. 4.3. Initially, the heights vary linearly
with time. The suspension settles, forming a crystalline sediment at the bottom of
the capillary. The crystal formation starts immediately, indicating that the spheres
crystallize at the suspension-crystal interface and not in the suspension itself. The
sedimentation and crystal growth go on until there is about 2 mm of opaque white
suspension left. The heights then remain constant, apart from a slight compacti-
fication of the crystalline part during the next one or two months. The shrinkage
depends on the amount of added salt. The shrinkage varies from � 0% for a salt
concentration of 1:0 mM to 20% for a salt concentration of 0:25 mM. Presumably
the glass capillaries slowly release extra ions which screen the electrostatic repul-
sion between the spheres.

The crystal growth is governed by the ratio of the sedimentation velocity to the
diffusion velocity, known as the Péclet number.13 If the diffusion is faster than the
sedimentation then the spheres have time to find a lattice position before the next
spheres arrive. The initial velocity of the suspensions is determined by gravity, bal-
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anced by friction in the liquid, i.e. by the difference in mass density ∆ρ between
particles and suspending liquid and by the viscosity η of the liquid. The settling
velocity for a single sphere of radius R in a large volume of liquid, the Stokes ve-
locity,13 is

v0 =
2
9

∆ρg
η

R2; (4.1)

where g = 9:8 m/s2 is the gravitational constant and we have taken ∆ρ = 1:0 g/cm2.
In more dense suspensions the sedimentation is slower because the spheres hinder
each other. It has been found previously that the reduction in velocity can be ade-
quately represented by the formula13,24

v = v0(1�
ϕ
p
)kp; (4.2)

where ϕ is the volume fraction of spheres in the liquid; the parameter k determines
the lowest order correction to the velocity, v = v0(1�kϕ+ : : :), and p corresponds
to the density where sedimentation stops.24 According to theoretical considerations
regarding the dilute limit, k should be set equal to 6:55. We have set p = 54% cor-
responding to hard spheres.25 We have determined the velocity of the transparent-
opaque interface for colloidal suspensions of µESiJ1 spheres with various sizes and
two different volume fractions. We observe that the velocity varies quadratically
with sphere size as predicted by Eq. 4.1. The density dependence agrees well with
Eq. 4.2. For the suspensions of spheres of 134 nm radius with ionic strength of
1 mM, we observed a velocity in the dilute limit v0 of 2:6� 0:4 mm/day, reason-
ably close to the estimate based on Eq. 4.1 of 3:4 mm/day considering the mod-
est ionic strength. The satisfactory agreement indicates that the spheres sediment
individually, forming crystals at the bottom, rather than nucleating in the suspen-
sion which would result in a larger sedimentation velocity due to the comparatively
large size of crystallites. From the Stokes velocity v0 and the diffusion constant
D0 = kT=(6πηR) we can estimate the Péclet number v0R=D0. The Péclet num-
ber is on the order of 10�3 for our colloids, which suggests that the sediment is
close to thermodynamic equilibrium. Indeed the initial volume fraction of the ini-
tial suspension is of little importance for the quality of the crystals which form.
High densities yield equally beautiful crystals as low densities, evidenced by stop
band widths measured in reflection (only the brightness of reflection tends to be
slightly weaker). The main factor affecting the crystal quality is the size polydis-
persity of the spheres, and tranquillity during sedimentation. We have moved the
samples to measure the sediment heights, and even these slight disturbances leave
visible marks: at the corresponding heights new crystallites have started to grow.
The pattern of the marks correlates exactly with the time intervals between height
measurements.
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Figure 4.4 Settling velocity for 8 (�) and 13 (�) vol% suspensions in water with
various salt concentrations. The velocity has been scaled to the velocity v calcu-
lated for spheres with no double layer, i.e. the Stokes velocity Eq. 4.1 corrected for
the density using Eq. 4.2. The estimated error in the measured velocities is 0:03.
The settling velocities are derived from height curves of 64 samples among #605-
#676. For comparison, the solid curve shows the inverse of the relative increase in
volume fraction that would result if we added one Debye screening length κ�1 to
the sphere radius, i.e. (1+κR)�3, for a sphere radius R of 100 nm.

4.5 Density tuning

The density of spheres in the sediment is an important factor in the preparation
of photonic crystals since it determines the position of the stop gaps in the pho-
tonic band structure. The volume fraction of the crystals can be tuned via the
ionic strength of the suspending liquid. Adding salt to the suspension screens the
Coulomb interaction and compresses the double layer. Spheres with an extended
double layer will start to interact at larger separation, which results in crystals with
lower volume fractions. The ionic strength of the liquid also plays an important part
in the velocity of settling spheres. Due to the interaction the spheres will more eas-
ily hinder each other during sedimentation. As a consequence, one would expect
that suspensions sediment slower at low ionic strength. To illustrate this influence
of the ionic strength, we have plotted settling velocities in suspensions with various
amounts of added salt in Fig. 4.4. The velocity in Fig. 4.4 is reduced at low ionic
strength as we had anticipated. The decrease can amount to as much as 40%.

As the suspensions settle, the spheres form crystals at the bottom of the capil-
laries. The crystal growth velocity is determined by the influx of spheres from the
suspension. Thus the settling and growth velocities are proportional at fixed initial
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Figure 4.5 Crystal growth velocity versus settling velocity of the suspension
above the sediment for 8 and 13 vol% suspensions (open and closed symbols) of
spheres of various sizes in water with 0:25 mM added salt. Circles, triangles, and
squares pertain to spheres with radii of 105, 121, and 134 nm respectively.

volume fraction, as can be seen in Fig. 4.5. From the settling and growth veloci-
ties and the suspension’s initial density, we can readily estimate the average volume
fraction of the crystalline part of the sediment. The resulting volume fractions are
plotted in Fig. 4.6. The densities clearly increase with ionic strength, in a similar
fashion as the settling velocities in Fig. 4.4.

To show this similarity more clearly, we have transformed the settling veloci-
ties to volume fractions using Eq. 4.2 and the Stokes velocity. We interpret the re-
sulting ‘effective’ volume fraction as the volume fraction occupied by the spheres
together with their double layers. In Fig. 4.6 we have plotted the ratio of the known
initial density of spheres in the suspension to the effective density of spheres. Com-
paring this density ratio to the density of the crystals in the same figure, we see that
the data are in excellent mutual agreement. Apparently the influence of added salt
on the suspension’s effective volume fraction is similar to the influence on the vol-
ume fraction of the crystals.

The density of the crystals can also be obtained from optical measurements and
knowledge of the photonic band structure. We have determined stop gap frequen-
cies from optical measurements of the (111) Bragg reflections. With our range of
sphere sizes and ionic strengths we cover the wavelength range from 475 to 810 nm,
which includes nearly the whole visible part of the spectrum. Volume fractions
were obtained from the stop gap wavelength and the SLS sphere radii in table 4.1.
In Fig. 4.7 we have plotted the volume fraction of the uppermost crystals in sam-
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Figure 4.6 Average density of the crystalline part of the sediment (circles, left
axis) and the ratio of initial and effective volume fractions of the settling suspension
(bars, right axis), for various amounts of added salt and initial suspension densities
of 8 vol% (�,–) and 13 vol% (�, j). The density of the crystals is obtained from
the slopes in Fig. 4.5 and the initial density of the suspension; the effective volume
fraction is based on Fig. 4.4.

ples of various ionic strengths. The density at the bottom of the sample is generally
� 10 vol% higher than at the top. The density in the figure is lower for low ionic
strengths, i.e. when the charge of the spheres is screened less, in a similar fashion
as the densities obtained from sedimentation, see Fig. 4.6.26

To compare the density changes with the screening lengths, we have plotted in
Fig. 4.7 three curves corresponding to the volume fraction that would result if we
add one Debye screening length to the sphere radius, i.e. ϕ0(1+ 1=κR)�3, where
ϕ0 is the volume fraction with no double layer. The inverse screening length κ in-
troduces the dependence on ionic strength I. For water at room temperature, κ =

3:32 nm�1
p

I if the ionic strength is expressed in mol/l.13 The curves in Fig. 4.7
show a similar trend as the densities, both as a function of ionic strength and as a
function of sphere size. The volume fraction at a specific ionic strength is higher for
large spheres because the Debye screening length is smaller relative to the sphere
size. When little salt is added, the density is higher than predicted by the curves,
presumably due to extra ions released by the glass capillaries.

The results in Fig. 4.7 demonstrate that the volume fraction of the crystals can
indeed be tuned by adjusting the ionic strength of the suspending liquid. The wave-
length of the stop gap can be modified using the size of the spheres. By means of the
ionic strength and the sphere size, we can overlap the stop gap and the dye’s emis-
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Figure 4.7 Density of the topmost crystals determined from optical measurements
of the (111) Bragg reflections on various samples (O, �, M: µESiJ1-93, 101, 113).
The curves correspond to the volume fraction that would result if we added one De-
bye screening length κ�1 to the sphere radius R, starting from a fixed volume frac-
tion with no double layer ϕ0 (solid curve: R= 134, dashed curve: R= 121 nm; dot-
ted curve: R = 105 nm). Densities from sedimentation (�, see Fig. 4.6) are shown
for comparison. These densities have been multiplied by 2 to bring them in the same
range.26

sion spectrum, so we are well-equipped for experiments on fluorescence in pho-
tonic crystals.
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5
Light sources inside photonic crystals

5.1 Introduction

A study of light sources inside photonic crystals is pertinent in view of the primary
aim of photonic crystals, i.e. modifying the radiative properties of such sources.
Among the radiative properties of light sources inside photonic crystals, the emis-
sion spectrum is most readily accessible experimentally. Emission spectra of in-
ternal sources have been measured, and clear stop gaps in emission spectra have
been observed.1–6 Apparently the photonic band structure strongly influences the
emission spectrum. Important open questions remain, however. It appears that the
observed stop gaps differ in several respects from the stop gaps encountered in con-
ventional transmission spectra, e.g. the attenuation and the width of emission spec-
tra are smaller than in transmission spectra. We will explain these observations
with a simple model, outlined in Fig. 5.1. The essential ingredient is that the stop
gaps do not cover all directions in the crystals, i.e. that light can propagate in di-
rections outside the stop gaps. As a result, the spectrum from internal light sources
includes light that is emitted in directions outside the stop gaps and subsequently
scattered by defects close to the surface (Fig. 5.1a). In the presence of a photonic
band gap, the scattered light is strongly attenuated because the stop gaps extend
over 4π solid angle, trapping light in all directions (Fig. 5.1c). Thus the spectrum
of sources inside photonic crystals reveals unambiguously whether a photonic band
gap has been achieved.

5.2 Experiments

To experimentally realize light sources inside photonic crystals we used the dye-
doped silica spheres µESiJ1-101 described in the previous chapter. The silica
spheres (refractive index n = 1:45) are suspended in water (n = 1:33). The re-
sulting colloidal suspensions are contained in long flat glass capillaries of 3 mm
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Figure 5.1 Schematic drawing of the trajectory of light emitted by a point source
inside a photonic crystal, (a) when the light is just Bragg reflected from the crystal
planes indicated, (b) for Bragg reflection at shorter wavelength, when the reflection
is inclined to the lattice planes, and (c) in a crystal with a photonic band gap. The
cross in the leftmost panel indicates a defect.

width and 0:3 mm internal path length. The samples form large highly ordered fcc
crystals with the (111) planes parallel to the walls of the capillaries, as revealed by
our synchrotron small-angle x-ray diffraction studies. The spacing of the crystal
planes varies with height in the sample due to gravity. The spacing ranges from
206 to 221 nm, which corresponds to a density range of 53–65 vol%. Higher up
in the samples, the less dense colloidal liquid phase coexists. The freezing den-
sity is close to the freezing density of hard spheres of 54 vol%, consistent with the
screened Coulomb interactions that occur in these systems. In our samples, 0:5 mM
NaCl was added to screen the charge on the spheres.

Fluorescence spectra were obtained by exciting the dye with an argon laser op-
erating at a wavelength of 488 nm; the spectra were collected with a Carl-Leiss
prism spectrometer, equipped with a photomultiplier. The spectrometer has a re-
solving power of 1 nm for the 0:1 mm slit settings used. It was calibrated using the
spectral lines of a neon lamp. The samples were excited through the back surface,
i.e. the side of the sample away from the detector. The detector is looking at the
front surface. The capillaries were mounted on a rotation stage to orient the crys-
tals with respect to the position of the detector. Optical transmission spectra were
measured with a collimated halogen lamp. Spectra were taken directly or bye use
of a cylindrical index matching bath filled with dimethylformamide, to suppress
refraction at the surface of the sample capillary.
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5.3 Results and Discussion

We have obtained fluorescence spectra of dye in many different photonic crystals.
A typical example is shown in Fig. 5.2 and compared with the spectrum of dye in
a colloidal liquid. The crystal changes the fluorescence spectrum of the dye con-
siderably: the spectrum acquires a pronounced stop gap. The stop gap is caused
by the (111) crystal planes. The crystal planes act as Bragg mirrors for the fluores-
cence, preventing part of the light from leaving the crystal. We observed that the
central wavelength of the stop gap depends on the density of spheres in the crystal.
By changing the vertical position in a sample, we can vary the density and hence
tune the stop gap wavelength. As an example, we have carefully tuned the stop gap
on the dye emission spectrum in Fig. 5.2.

To obtain the transmission spectrum of the light emitted inside the crystal, we
have taken the ratio of the fluorescence spectrum to the reference fluorescence spec-
trum of dye in a colloidal liquid in Fig. 5.2. In what follows, we will call the result-
ing relative fluorescence spectrum the “transfer function”. The transfer function
has been normalized to 100% at long wavelengths; see Fig. 5.3. For comparison,
we have also plotted a transmission spectrum of plane waves entering the crystal
from outside. One can see that the stop gap in the transfer function has the same
central wavelength of 580 nm as the stop gap in the conventional transmission spec-
trum. The stop gap in the transfer function, however, is narrower and the maximum
attenuation of the transfer function is much less than that of the transmission of ex-
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Figure 5.2 Fluorescence spectrum of dye in a photonic colloidal crystal (solid
curve) and in a colloidal liquid of spheres (dotted curve, offset by 0:05). Bragg
reflection causes a stop gap in the spectrum of the crystal.
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Figure 5.3 Transfer function of a light source inside a crystal (solid curve, relative
fluorescence intensity) and of a light source outside the crystal, far away (dotted
curve, transmission of a plane wave). Both spectra were taken normal to the (111)
crystal planes.

ternal plane waves. We will now discuss the main features of the stop gaps in the
transfer function.

We expect that the central wavelength of the stop gap is related to the lattice
spacing of the crystal, the effective refractive index of the crystal, and the crystal’s
orientation.7 Transfer functions for various emission directions are presented in
Fig. 5.4. Stop gaps are observed for all emission directions; away from the normal,
the central wavelength of the stop gap goes to shorter wavelengths, qualitatively
resembling Bragg reflection. The central wavelength of the stop gap as a function
of angle is shown is Fig. 5.5, for stop gaps in the transfer function as well as for stop
gaps in transmission spectra. The two stop gaps follow the same curve. The shift of
the central wavelength is very well explained using Bragg’s law 2d sin θ = λ=neff

generalized to include an effective refractive index neff, if allowance is made for
refraction at the sample interface using Snel’s law. In diffraction experiments us-
ing external sources we have previously found that the effective refractive index
of a photonic crystal is well described with the Maxwell-Garnett approximation.7,8

We note that Bragg’s law with an effective Maxwell-Garnett refractive index yields
results which closely correspond with dynamical diffraction theory.9 For compar-
ison, it is shown that the experimental data in Fig. 5.5 are clearly in between Brag-
g’s law with refraction of either water or silica. Without index matching bath, we
found that refraction at the air-capillary interface introduces large systematic errors.
In a previous experiment, Yamasaki and Tsutsui presented stop gaps in the transfer
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Figure 5.4 Transfer function for sample rotations of 0�–40� in two directions. The
spectra have been divided by a reference spectrum and normalized at long wave-
length. For positive rotations the curves have been offset upward, for negative rota-
tions downward. The stop gap shifts to shorter wavelengths if the crystal is rotated,
in accordance with Bragg’s law.

function that differ both from stop gaps in transmission spectra, and from theoret-
ical predictions.3 It is unknown what the reasons for this surprising deviation are.
The data in Fig. 5.4 illustrate that for emission wavelengths that are equal to the
Bragg wavelength at normal incidence, light can still propagate in oblique direc-
tions (see Fig. 5.1a). For shorter emission wavelengths, the light is Bragg reflected
at a certain angle, but can propagate in other directions, such as the normal one (see
Fig. 5.1b). The resulting variations in fluorescence intensity are familiar from x-ray
fluorescence, where they are referred to as Kossel lines. In x-ray fluorescence, the
term Kossel line is reserved for light which originates inside a crystal. The varia-
tions in fluorescence that we have measured here correspond to true Kossel lines;
the patterns of lines that occur in elastically scattered light are, strictly speaking,
Seemann diagrams.9

The width of stop gaps in transmission is due mainly to photonic crystal ef-
fects, but also to disorder that occurs in any crystal.10 The latter includes strain,
finite crystal size,9 crystal misorientations, and possibly even the lattice modes of
the colloidal crystal.11 For a real photonic crystal, the observed width is thus equal
to or larger than the intrinsic photonic width. An intrinsic width between 11:1 and
11:7 nm is predicted by dynamical diffraction and band structure theories.12,9 In
Fig. 5.3, the stop gap in the transfer function is about 20 nm wide. The width of
the stop gap in the transmission, however, is much larger. Apparently the course of
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Figure 5.5 Central wavelength of the stop gap in the transfer function (�) and in
transmission spectra (+) as a function of rotation of the sample. The wavelengths
are based on spectra taken using an index matching bath. The solid curve corre-
sponds to Bragg’s law with correction for refraction at the sample interface, using
an effective refractive index of 1:39. The dotted curves are based on the refractive
index of silica (upper curve) and water (lower curve).

plane waves through the sample is qualitatively different from that of light coming
from inside.

In transmission experiments, the attenuation at the center of a stop gap is ap-
preciable, even for small or imperfect crystals.13,14 This is also the case in Fig. 5.3.
It is striking that for the same crystal the transfer function shows much less attenu-
ation. To elucidate the origin of this difference, we have varied the position of the
light source inside the sample as follows (cf. inset of Fig. 5.6); The light which ex-
cites the dye is sent through the sample at a glancing angle of 30� with the surface.
Thus the beam is close to the front surface and at one edge and close to the back sur-
face at the other edge of the sample. By imaging a specific part of the sample on the
detector, we select the depth of the emitting sources. The beam waist at the sample
measures only 20 µm full width at half maximum, and the width of the imaged area
is 50 µm, both much less than the 300 µm sample thickness. The resulting transfer
functions are shown in Fig. 5.6. The outermost curves correspond to regions that
are 400 µm apart on the sample. Remarkably, the attenuation of the fluorescence
stop gap does not depend on the depth of the sources. We can exclude the possi-
bility that the depth dependence is washed out by a diffuse excitation beam: Fig.
5.3 shows that there is a large transmission of light at the excitation wavelength.
Indeed we observed a well-defined blue beam behind the sample. From the ob-
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servation that the stop gap is already present for sources close to the surface, we
conclude that the stop gap takes only few crystal planes to build up. It is striking
that the attenuation in the stop gap does not increase with further increasing depth
of the source. Apparently the attenuation in the stop gap in the transfer function is
mostly determined close to the surface but not by the bulk of the crystal.

We verified that the fluorescence originates in the bulk of the sample by photo-
chemically bleaching the dye close to the surface with an intense laser beam tuned
to a Bragg reflection. Due to reflection from the lattice planes, the laser beam pen-
etrates only a short distance into the sample, and it predominantly bleaches the dye
close to the surface. The bleaching did not deepen the stop gap, so we can exclude
that the residual light comes from fluorescent dye close to the surface. The bleach-
ing experiment also demonstrates that the residual light in the stop gap is not due to
surface modes of the photonic crystal. We will explain below that the contribution
of fluorescence generated in the surface layer to the residual light in the stop gap is
indeed expected to be small.

550 600 650 700
0.0

0.5

1.0

1.5

2.0

R
el

at
iv

e 
in

te
ns

ity

Wavelength (nm)

Figure 5.6 Transfer functions (relative fluorescence intensities) for various dis-
tances from light source to sample surface, in a similar crystal as in Fig. 5.3. The
depth of the light source varies with the depth of the light beam which excites the
fluorescence (see schematic drawing). The upper curves have been offset by 0:5
and 1:0 respectively. Each curve corresponds to the position in the sample as indi-
cated.
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5.4 Propagation of light inside crystals

From a comparison between the transfer function and the transmission spectrum
(Fig. 5.3), it is clear that a considerable amount of fluorescence light with wave-
lengths in a stop gap reaches the sample surface and then leaves the crystal in the
direction of a stop gap. The explanation for this phenomenon is that defects near the
surface of the crystal scatter in all directions, including the direction of the stop gap.
The phenomenon can be understood as follows: Light emitted in the direction of a
stop gap is attenuated, but the light can propagate perfectly well in other directions
(Fig. 5.1a, Fig. 5.4). The light will be scattered by a small concentration of defects
that always occur in any crystal.10 Radiation scattered by defects deep inside the
crystal will experience an attenuation similar to that in a plane wave experiment.
If light is scattered by defects close to the surface of the crystal, this radiation will
appear unattenuated outside, even in the direction of a stop gap, because the light
traverses only a thin layer of photonic crystal. Thus, light appears in the direction
of a stop gap. The intensity is determined solely by the defects that are close to the
surface, defects that are deeper inside the sample do not contribute. The internal
sources emit light in a large solid angle of nearly 2π to the front surface, hence an
appreciable contribution is expected compared with the light that directly propa-
gates into the 0:016π solid angle of the detector. In contrast, in a plane wave trans-
mission spectrum the contribution of diffuse scattering is hardly noticeable. The
reason is that the beam that propagates to the detector is well collimated, whereas
the randomly scattered light is spread over 4π solid angle. This elucidates why the
stop gap in fluorescence is shallower than the deep stop gap in plane wave trans-
mission spectra (cf. Fig. 5.3).

To give our explanation a quantitative basis, we now estimate the attenuation
in the stop gap of the transfer function, which is determined by fluorescent light
emanating from a surface layer. We distinguish two main contributions to this flu-
orescence intensity: (1) fluorescence generated in the surface layer itself by scat-
tered blue light from the excitation beam, and (2) scattering in the surface layer of
red fluorescence light generated deeper inside the sample, see Fig. 5.1a. Both con-
tributions depend on the thickness of the surface layer and on the diffuse scattering
of the blue or red light. The thickness of the surface layer was determined by com-
paring the fluorescence intensity of such a layer – excited by a blue beam at the
Bragg condition – to the fluorescence intensity produced by an incident beam that
illuminates the whole sample thickness. The excitation beam was Bragg reflected
at the back surface of the sample and the resulting fluorescence was detected out-
side the stop gap. Under Bragg excitation, we find a fluorescence intensity 6 times
lower than found when illuminating the whole 300 µm sample thickness away from
Bragg reflection. Apparently the surface layer is about 300 µm=6 = 50 µm thick.
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Based on this layer thickness, one would expect a transmission in the stop gap of
exp(�6) = 0:3%. This estimate agrees very well with the measured transmission
in the stop gap in Fig. 5.3. The amount of diffuse scattering in the sample can be
estimated from the transmission. For the blue excitation beam the transmission
is � 60% (see Fig. 5.3), so at most 40% of the incident light is scattered. Half
of the scattered light reaches the front surface. We can now estimate the contri-
bution (1) above: scattered blue light which excites the surface layer contributes
(40%=2)=6 = 3% to the transfer function. Similar reasoning leads to an estimate
of the contribution (2) of fluorescence light scattered in the surface layer, however
the fluorescence is scattered more strongly because it is close to a stop gap.11 In a
separate experiment, we have observed that scattering close to a stop gap can be a
factor 3 to 4 stronger than far away from the stop gap. The contribution (2) is ac-
cordingly larger, i.e. � 10%. The resulting estimate for the relative intensity in stop
gap of the transfer function is then� 3%+10%. This should be compared with the
observed stop gaps in Fig. 5.3 of about 20%. The estimated stop gap depth agrees
well with observed attenuations in stop gaps, confirming the mechanism that we
propose.

With the mechanism described above we can also explain the difference be-
tween the widths of the stop gaps in fluorescence and transmission. The fluores-
cence stop gap is caused by relatively few crystal planes that are well aligned close
to the cell wall, therefore the measured stop gap width agrees well with the purely
photonic width. A simple model calculation reveals that approximately 50 lattice
planes (� 20 µm thickness) suffice to yield the width of 12 nm without finite size
Scherrer broadening.9 The width of the fluorescence stop gap comes close to the
width of the peak in reflection spectra,15 because both are caused by the outermost
crystal planes. The stop gap in transmission on the other hand, samples the com-
plete thickness of the sample (more than a thousand lattice planes), including planes
far from the capillary wall which may be less well aligned. Thus the diffuse scatter-
ing mechanism accounts not only for all of our experimental observations, it also
explains previous uninterpreted data.1–6

5.5 Conclusions

We have studied propagation of light generated inside high quality photonic crys-
tals. Close to stop gaps, the propagation is determined by defects near the surface.
The effect is confirmed by a quantitative analysis of the observed attenuations. Our
result has an important bearing on the long awaited photonic band gap: In that case,
a source inside a crystal cannot emit in any direction, hence the source of diffuse
light is shut off. In a material with a photonic band gap, this diffuse contribution
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to the transfer function vanishes over the full spectral width of the gap. It appears
that a small number of defects that is unavoidable even in high quality crystals is an
excellent probe for photonic band gap crystals. We conclude that the transport of
light in photonic crystals consists of an intricate combination of propagation (away
from stop gaps), and diffuse scattering (at the stop gaps) typical of random samples.
For the latter, a large body of work already exists, which should facilitate detailed
theoretical interpretation.16
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6
Fluorescence lifetimes and linewidths

of dye in photonic crystals

6.1 Introduction

One of the most important consequences of photonic band structures is that sponta-
neous emission of excited atoms or molecules can be inhibited.1 Surprisingly, ex-
perimental studies of excited atoms or molecules in photonic crystals are scarce,2,3

and important aspects of spontaneous emission have not been addressed, i.e. the
spectral width of stop gaps or band gaps as compared to the emission linewidth and
the mechanism that is responsible for this linewidth. The relevance of line broad-
ening becomes clear if one considers the emission linewidth of atoms or molecules
in a photonic band gap crystal in relation to the width of the gap. The linewidths
of important systems such as efficiently radiating dyes or luminescing semiconduc-
tors are generally very large, i.e. comparable to the width of a gap,4 which justifies
the question of whether a photonic gap will ever cause any observable effect on the
radiative lifetime at all. On the other hand, even weakly photonic crystals change
the emission spectrum of embedded atoms or molecules considerably: the spec-
trum acquires a pronounced stop gap. The appearance of a stop gap in the emis-
sion spectrum suggests that the photonic band structure might also affect the radia-
tive lifetime. To determine the influence of the photonic band structure on radia-
tive lifetimes, we have experimentally investigated the excited state lifetime and its
wavelength dependence for molecules in photonic crystals and in a non-crystalline
reference sample.

6.2 Experiment

To experimentally realize spontaneously emitting sources inside photonic crystals,
we used the dye-doped silica spheres described in chapter 4. Fluorescence lifetimes
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of the dye in the crystals were obtained using a time-correlated single photon count-
ing technique.5 The dye is excited in the UV at a wavelength of around 320 nm by
the second harmonic of a cavity-dumped dye laser that uses Kiton Red as the active
medium. The dye laser is synchroneously pumped by a mode-locked Nd3+:YAG
laser. The UV excitation beam of < 1 ps pulses is focused onto the back of the
sample, i.e. onto the side of the sample away from the detector. The power was
always lower than 1 µW. The diameter of the beam is less than 0:5 mm at the sam-
ple position. A lens images the fluorescence on the entrance slit of a Carl-Leiss
prism monochromator. The spectrometer slits were set at 1 mm, which results in
a resolving power of � 15 nm. A Hamamatsu R3809U Micro Channel Plate de-
tector (MCP) detects the fluorescence. At a cavity dump rate of 40 kHz, the count
rate on the MCP was at most a few kcounts=s. The MCP signal is amplified and
fed to a constant fraction discriminator and time to amplitude converter (TAC). A
photodiode monitors the incident beam for triggering the TAC. The time difference
between the MCP signal and the excitation pulse is recorded by a multi-channel
analyzer. With this setup we achieve a time resolution of around 55 ps (FWHM of
scattered red light from the dye laser).

The resulting time-resolved fluorescence data are plotted as histograms. We
have adjusted the widths of the histogram bins to maintain a good signal to noise
ratio at long times, exploiting the fact that decay curves are monotonously decreas-
ing functions of time. This monotonous decrease suggests to use bins so wide that
the random error in the bin heights is comparable to the difference between heights
of consecutive bins. For the Poisson distributed noise of a single photon count-
ing experiment, and a single-exponential decay curve with characteristic time τ,
the criterion leads to a straightforward recipe for the histogram bin width ∆ at time
t, specifically (∆=τ)3 = 2=[N exp(�t=τ)], where N is the total number of counts.
We find it expedient to plot exponential data in this way since such a presentation
emphasizes the information in the data since it averages out the noise; it is straight-
forward to apply, and it has a clear basis.

6.3 Results

Figure 6.1 shows two typical time-resolved fluorescence traces, one of dye in a
colloidal crystal and one of dye in a colloidal liquid, measured at a wavelength of
577 nm, corresponding to the crystal’s stop gap. The measured fluorescence in-
tensities extend over three full decades. The fluorescence decay is very close to
single exponential, which indicates that unwanted nonradiative effects are effec-
tively reduced by the low dye concentration and the protective cover layer. From
the fluorescence decay curves we have obtained lifetimes by calculating the aver-
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Figure 6.1 Time-resolved fluorescence of dye inside a photonic colloidal crystal
of 65 vol% (—) and in a colloidal liquid (� � �, offset by a factor of 2), at 577 nm
wavelength. The mean lifetimes of 3:54 � 0:02 ns are indicated by straight lines.
The narrow spike is the instrument response.

age time at which a photon is detected. The lifetimes for the curves in Fig. 6.1 are
both 3:5 ns, i.e. there is no large difference in lifetime for a crystal and a colloidal
liquid. Fig. 6.2 shows fluorescence lifetimes as a function of wavelength in the dye
spectrum, for two photonic crystals with different densities, and for a colloidal liq-
uid. The emission spectrum of one of the crystals is included in the same figure for
reference. We will discuss fluorescence lifetimes in the crystals first, later on we
will come back to the colloidal liquid. The densities of the crystals that we have
used were 65 and 53 vol%. Due to the density difference the center wavelength
of the stop gaps of the crystals differ: for the low density crystal the stop gap is
at 617� 9 nm, whereas for the high density crystal it is at 582� 2 nm. Since the
stop gap wavelengths of the two crystals differ, the densities of optical modes of
the two crystals should also display different wavelength dependencies. This dif-
ference should become visible in the measured lifetimes. However, the measured
lifetimes in these crystals do not show a significant wavelength dependence. The
variations in lifetime are on the order of only 0:05 ns, or 2%. This observation
shows that the influence of the photonic band structure on lifetime in these crys-
tals is surprisingly small, considering the large changes in the spectra. Below we
will resolve this seeming paradox.
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Figure 6.2 (a) Excited state lifetime of dye inside photonic crystals with densities
of 65 vol% (�) and 53 vol% (�), and in a colloidal liquid (4), at various wave-
lengths in the dye spectrum. The solid circles are an average of two measurements,
indicated by error bars. The dotted curves are guides to the eye. The emission spec-
trum of the more dense (65 vol%) sample is shown in (b) for comparison. The open
circles indicate wavelengths at which lifetime measurements were performed.

6.4 Discussion

We can interpret the variation in lifetimes by comparing this variation to the width
of the stop gaps of the crystals. A simple model connects the lifetimes to the width
of the stop gaps, and it explains why the photonic crystals under study have only
a small influence on lifetimes. In the direction of a stop gap, light cannot be emit-
ted since the zero point fluctuations are expelled from the photonic crystal by re-
peated reflection from the lattice planes. Since our crystals do not have a photonic
band gap, light at a specific wavelength is reflected only for certain directions, in
the other directions the emission persists. We expect that the relative change in
radiative lifetime of the fluorescent molecules is of the order of the solid angle Ω
subtended by the Bragg reflections, compared to the full 4π solid angle which is
available in the absence of a crystal. For atoms in a Fabry-Pérot interferometer the
results of this approach are in excellent agreement with the experiments of Heinzen
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et al..6 The lifetime change for a stop gap at a specific frequency is

∆τ
τ

=
Ω
4π

= 4�2� 2π(cos θ�� cosθ+)
4π

: (6.1)

Here, θ� and θ+ are the inner and outer half apex angles of the Kossel cone. The
factor of 4 is included because there are four pairs of f111g planes, the factor of
2 accounts for the two sides of the planes. The change in lifetime depends on the
emission frequencies of the fluorescent molecules via the angles θ+ and θ�. To es-
timate θ+ and θ� we have calculated the stop gap width using an extended version
of conventional dynamical diffraction theory.7 We have extended the theory to in-
corporate reflection at angles close to backscattering, and we have refrained from
the customary approximation that the Kossel line occurs close to the conventional
Bragg reflection. We consider here only polarization perpendicular to the scatter-
ing plane; this polarization gives the largest stop gaps. We will express the results
in terms of the photonic strength parameter Ψ.8 It appears that the solid angle con-
tained in a stop gap is largest when the full Kossel cone has just come into view
close to normal incidence on a set of planes, i.e. when θ�= 0. This situation occurs
when the frequency of the light is at the top of the stop gap for normal incidence.
The Kossel cone then extends to θ+, which is determined by

tanθ+ =

r
2Ψ

1+Ψ
1�Ψ

�
p

2Ψ: (6.2)

The resulting change in lifetime is

∆τ
τ

= 4�
 

1� 1p
1+2Ψ(1+Ψ)=(1�Ψ)

!
� 4Ψ; (6.3)

where the factor of 4 is due to the four pairs of f111g planes. The relative change in
lifetime is directly related to the relative width of the stop gap in the spectrum. The
relative spectral width ∆ω=ω of the stop gap for transmission normal to the crystal
planes is

∆ω
ω

=
p

1+Ψ�
p

1�Ψ� Ψ: (6.4)

We can obtain this width from e.g. the fluorescence spectrum in the previous chap-
ter. However one should realize that the width of the stop gap in the fluorescence
spectrum is not exclusively caused by the photonic band structure. The stop gap
may be broadened by structural defects.7,9 Indeed the stop gap in fluorescence spec-
tra is usually wider than the peak in reflection spectra. The widths of observed re-
flection peaks agree well with theoretical calculations.9 For our estimate of the life-
time change (Eq. 6.1) we have used a stop gap width of 2%, which corresponds to a
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change in radiative lifetime of only 0:3 ns. The estimated radiative lifetime change
provides an upper bound for changes in fluorescence lifetimes. This upper bound is
consistent with the measured variations in τ of the crystals in Fig. 6.2. Apparently
a large change in fluorescence spectrum can coincide with an only minor change in
fluorescence lifetime, which resolves the paradox mentioned in the introduction.

The observed small change in lifetime contrasts with earlier results. Martorell
and Lawandy2 found a change in lifetime by a factor 1:8 for their crystals of poly-
styrene spheres in water with rhodamine dye dissolved in the liquid. It has been
suggested that their large change in lifetime is not caused by photonic band struc-
ture but by other factors such as chemical interactions and adsorption of the dye on
the sphere surfaces.10 To avoid such effects, we have carefully synthesized spheres
in which the dye is incorporated and shielded inside. Petrov et al.3 have measured
fluorescence of dye in a polymer-filled opal. The decay curves were fitted with a
distribution of lifetimes, in which the short lifetimes were about half as long as
the long lifetimes. The nonexponential decay was attributed to a modified den-
sity of optical modes while chemical or nonradiative effects were not considered.
The fluorescence lifetimes were not spectrally resolved to demonstrate the varia-
tion in density of optical modes with wavelength. Surprisingly, life time changes
were noted for wavelengths at the low frequency side of the stop gap, where θ+= 0
and Eq. 6.1 predicts no lifetime change. In both of the previous studies, the widths
of the stop gaps of the samples are the same as the width of the stop gaps of our
crystals, hence the change of the radiative lifetimes should in all cases be similar
to the data in Figs. 6.1 and 6.2.

We will now discuss the lifetimes that we measured in a colloidal liquid. We
find that in the colloidal liquid, the fluorescence lifetimes are generally slightly
longer than in the photonic crystals. This increase in lifetime is probably a result
of random multiple scattering rather than the photonic band structure. Random
multiple scattering can considerably increase the path length from dye to detec-
tor. If the light propagates diffusively through the sample, then the length of the
traversed path s is proportional to the square of the displacement d. In three di-
mensions s=l = 3(d=l)2, where l is the mean free path. The mean free path l in
the sample can be estimated from the Mie scattering cross section σ of the spheres
and the density n, l = (nσ)�1 = 10� 2 µm. For displacements d of the order of
the sample thickness, 0:3 mm, the resulting path length s is 30 mm. Such a path
length corresponds to a delay of 0:09 ns, of the order of the observed difference in
lifetimes between the crystals and the colloidal liquid.

Apart from the small systematic difference in lifetimes between the photonic
crystals and the colloidal liquid, it appears that all the measured lifetimes in Fig. 6.2
show a common trend in their wavelength dependence. The excited state lifetime τ
that we have measured corresponds to a transition rate 1=τ which is a sum of both ra-
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diative and nonradiative transition rates, 1=τ = 1=τrad+nnonrad. The radiative decay
rate can be calculated with Fermi’s Golden Rule using the density of optical modes.
It is through this density of modes that a strongly photonic crystal may influence
the excited state lifetime. Even without photonic crystal the density of modes has a
pronounced frequency dependence. In vacuum, the density of modes per unit vol-
ume ρvac = ω2=(π2c3).11 The transition dipole matrix element in Fermi’s Golden
Rule contributes yet another factor ω to the transition rate,11 hence we have plotted
a cubic function in Fig. 6.2 for comparison. The frequency dependence of the ra-
diative transition rate explains why the lifetime is shorter at short wavelengths, but
the line is clearly much too steep compared to the data. The leveling of the slope
may be due to nonradiative decay. Nonradiative decay is expected to become faster
towards lower frequencies,12 hence the slope of the lifetimes τ in Fig. 6.2 is not as
steep as the cubic curve. The curve is still sloping upward because the variation in
density of states ρvac dominates the nonradiative decay, since quantum efficiencies
of dyes are high.13

Finally we want to point out that the phenomenon of line broadening is per-
tinent to the determination of the density of modes via fluorescence lifetime mea-
surements. There are two kinds of line broadening, each with a different effect on
lifetimes. The two contributions to the total width of the spectrum are called homo-
geneous linewidth and inhomogeneous linewidth.11,14 The homogeneous linewidth
is the width of the spectrum of individual atoms or molecules. This width can be
measured by techniques like spectral hole burning or photon echo.14 The homo-
geneous linewidth can be much larger than the natural linewidth due to interac-
tions with the environment, i.e. dephasing. The inhomogeneous linewidth corre-
sponds to the variation in center frequencies of the atoms or molecules. Due to
this variation, the total spectral width of an ensemble of molecules is larger than
the linewidth of an individual molecule. Measured fluorescence lifetimes are in-
herently an average over a wavelength region corresponding to the spectrum of in-
dividual molecules, i.e. over the homogeneous linewidths.14 Thus, to avoid aver-
aging out any changes in lifetime due to photonic band structure, it is desirable to
have a homogeneous linewidth smaller than the width of peaks and valleys in the
density of modes. However one would also like to have a wide fluorescence spec-
trum so the photonic band structure can be probed at various frequencies. These
two requirements may seem contradictory at first, but both conditions are satisfied
at once if one uses a system with an inhomogeneously broadened emission spec-
trum, i.e. if one uses an ensemble of molecules with different center frequencies.
Each molecule will probe the density of optical modes within its own narrow ho-
mogeneous linewidth; the ensemble of molecules will reveal the density of optical
modes over the whole wide inhomogeneously broadened emission spectrum. Or-
ganic fluorescent dyes are especially suited as probes of the optical density because
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of their large inhomogeneous broadening. The homogeneous linewidth of the dye
can be reduced by lowering the temperature.14 Reducing the linewidth is profitable
since it increases the wavelength resolution when measuring the density of optical
modes. Lowering the temperature also reduces the nonradiative decay rate advan-
tageously.12
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7
X-ray diffraction of photonic colloidal

single crystals

7.1 Introduction

It is crucial to know the structure of self-organizing photonic colloidal crystals,
since their optical properties are intimately connected to the crystal structure. The
important class of charge stabilized colloids1 is particularly promising for photonic
purposes, because the lattice parameters can be tuned with the ionic strength.2 The
photonic properties are optimal for particle densities ϕ in the range 20–50 vol%,
because the Bragg resonances of the lattice are then matched with the internal Mie
resonances of the particles.3 The crystal structure of dense charge stabilized col-
loids with ϕ > 0:1 is expected to be fcc.1 Interestingly however, experiments at
ϕ > 0:3 have revealed glass formation instead of crystallization.4 Application of
shear prevents vitrification but results in random stacks of hexagonal close-packed
planes (rhcp)5 or possibly hexagonal close packing (hcp)6 instead of fcc. From a
photonic perspective, an fcc structure is more desirable.7

The desired strong interaction between photonic crystals and light hampers
structure determination by light scattering or other optical methods.8 Therefore,
we use small angle x-ray scattering (SAXS)9 with a synchrotron source, which has
the advantages of a high wavelength resolution, a tightly focused beam, and a high
photon flux, in comparison to e.g. neutron scattering. With such a source, diffrac-
tion patterns can be recorded directly on a two-dimensional detector camera. This
has the advantage over other small-angle instruments that the scattering pattern is
not smeared and that no scanning is necessary.10 With this technique we have per-
formed the first in-depth systematic study of the structure of a colloidal single crys-
tal.
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crystal

liquid

powder

Figure 7.1 Photographs of a photonic colloidal sample (#231) of sedimented
polystyrene spheres (radii 100:9 nm, size polydispersity 2:3 nm) in methanol, con-
tained in a 4 mm wide capillary. The pictures were taken with white light, in trans-
mission (left), and in reflection (right), as indicated by the cartoons. For a com-
parison of the images, some light was also reflected in the left picture.

7.2 Colloidal crystals

We have grown charge stabilized single crystals with volume fractions up to
60 vol% and dimensions up to 0:5 mm (see Fig. 7.1), which is large enough to
isolate a single photonic crystal for experimental study. The samples were made
of polystyrene spheres (Duke Scientific) in water or methanol, that were sealed in
0:3 or 0:4 mm thick flat glass capillaries (Vitro Dynamics). Crystals with densi-
ties below 50 vol% were made by deionizing the suspensions with ion exchange
resin (BioRad AG501-X8) before introducing the suspension in the capillaries. The
best results were obtained with crystals that nucleated and grew over periods on
the order of months. Adding extra ion exchange resin to the capillaries increases
the nucleation and growth rates, which results in more and smaller crystals. Dense
crystals (ϕ > 50 vol%) were grown by sedimentation of charge screened colloids
at accelerations of � 400 g. This corresponds to a ratio of the sedimentation veloc-
ity to diffusion velocity (known as the Péclet number) of about 0:02, which sug-
gests that the sediment is in thermodynamic equilibrium. The crystal-liquid inter-
face appears at densities near 50 vol%, close to the hard sphere crystallization den-
sity. After about 4 hrs, relatively large grains develop at the crystal-liquid interface,
that anneal to sizes on the order of 0:5 mm. Longer centrifugation times result in
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compression of the crystals (ϕ > 60 vol%), but also causes them to break up into a
polycrystalline assembly.11

Photographs of such a photonic colloidal sample of polystyrene spheres are
shown in Fig. 7.1. The density of colloids increases from top to bottom. In the up-
per part of the sample, the particles form a colloidal liquid in which incident light
is randomly multiple scattered, hence it appears opaque in transmission and white
in reflection. In contrast, photonic crystals transmit incident light unless Bragg re-
flections occur, which are a precursor of photonic band gaps.12,13 In this particu-
lar sample, green light is Bragg reflected (right panel) and the red part of the opti-
cal spectrum is transmitted (left panel). The green Bragg reflections are caused by
close packed crystal planes parallel to the capillary wall (fcc 111 planes). Just be-
low the liquid, crystals are visible that are large enough for a single crystal diffrac-
tion study. They are separated by dark grain boundaries, and several of them are
not oriented with the close-packed planes parallel to the glass, hence their Bragg
reflection is not visible. Further below, the sample is polycrystalline.

7.3 Experiments

The SAXS experiments were performed on beamline 4 of the ESRF,14 at wave-
lengths λ of 0:147 25 nm and 0:098 80 nm. The incident beam was tightly colli-
mated and very monochromatic. The bandwidth ∆λ=λ of 1:5� 10�4 corresponds
to a longitudinal coherence length15 of (λ=∆λ)λ � 0:7 µm. The beam divergence
∆θ of only 30 µrad corresponds to a transverse coherence length15 of λ=∆θ� 6 µm.
The beam was focused to a narrow spot of about 0:2� 0:5 mm, with a maximum
beam flux of 1013 photons/s. The scattered radiation was detected with a two-di-
mensional gas filled detector at the maximum distance of 10 m from the sample.
The smallest scattering vector s = 2sin(θ)=λ, with θ the diffraction angle, is 0:002
nm�1. The resolving power of the instrument ∆s is about 7� 10�4 nm�1. At the
maximum sample-detector distance, the largest observable wave vector exceeds
8�107 m�1.

The raw diffraction patterns were corrected for the detector efficiency distri-
bution which has been determined using the isotropic fluorescence radiation from
a Sr-doped glass.16 Absolute scattering intensities have been obtained by using a
calibrated Lupolen polymer sample as a reference. We have obtained the differen-
tial scattering cross section per unit volume Iv by dividing the number of counts in
a detector pixel by the number of incident photons, the solid angle subtended by
the detector pixel, the transmission of the sample, and its thickness. Background
intensities caused by scattering from the capillary, window of the detector vacuum
chamber, and beam stop were determined by separate measurements on empty cap-

85



illaries and subtracted. To correct for the contributions from scattering by inhomo-
geneities inside the particles (fluctuation-induced scattering) we also subtracted a
small constant.

The capillaries were mounted with their long axis vertical on two translation
stages that scanned the spatial position with respect to the horizontal x-ray beam,
and a rotation stage that scanned about the long axis of the samples (ω-axis).17 The
crystal diffraction patterns for Fig. 7.2 were collected in 105 seconds. The typical
integration time for form factor measurements was 600 seconds, which yields about
108 counts on the detector.

7.4 Diffraction

Figure 7.2 presents x-ray scattering patterns of a single crystal consisting of r =

120:8 nm spheres with a lattice parameter a = 370 nm and a volume fraction ϕ =

56 vol%. Many Bragg peaks are seen, which indicates that the spheres are ordered
in a crystalline array. When the sample is translated, we observe doubling or tripling
of each peak or even concentric rings at the radii of the peaks, which signifies that
the incident beam then irradiates two, three or many crystals respectively. There-
fore, Fig. 7.2 shows indeed the scattering patterns of a single colloidal crystal. Many
Bragg diffraction peaks are observed simultaneously, in contrast to x-ray diffraction
of atomic single crystals.17 The reason is that the wavelength λ is much smaller than
the typical lattice spacings d, hence the radius 1=λ of the Ewald scattering sphere
is much larger than the lengths 1=d of the reciprocal lattice vectors. Consequently,
the Ewald sphere becomes a scattering plane that simultaneously intersects many
reciprocal lattice vectors.5,17 The Bragg peaks in Fig. 7.2A have approximately a
sixfold symmetry. This is expected because dense colloids usually order in hexag-
onal close packed planes that lie parallel to cell windows.1 The stacking sequence
of these planes determines whether the structure is fcc, hcp, rhcp, or a more com-
plex sequence.17 Due to the hexagonal symmetry, the reciprocal space consists of
a hexagonal arrangement of Bragg rods, labeled with Miller indices h;k, and an
index l indicating the distance along the rods,17 see Fig. 7.3. In normal incidence
(Fig. 7.2A), l = 0 and we are looking down the c-axis. The inner six Bragg peaks
in Fig. 7.2A are the hk = 11 class reflections. These peaks cannot be the hk = 10
class, because this would result in an unphysical density beyond close packing of
ϕ = 88 vol%. The absence of hk = 10 indicates that the crystal is fcc, based on
considerations of intensity distributions on the Bragg rods.17 In Fig. 7.2A, most
bright and dark spots occur under conditions expected for fcc, namely h� k = 3n,
and h� k = 3n�1, respectively.

In order to sweep the third dimension of reciprocal space, the scattered inten-
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Figure 7.2 Structure factors at several angles of incidence ω of a colloidal sin-
gle crystal of 120:8 nm radius polystyrene spheres (size polydispersity 1:6 nm) in
water with a volume fraction ϕ = 56 vol% (sample #300), measured at 0:09880 nm
wavelength. The data were obtained at angles ω of 0� (A), 6� (B), 14� (C), and 34�

(D). The drawn lines are the a� and b� axes in reciprocal space. The rotation axis
is sx = 0 (dashed lines), hence the spots on this axis are unchanged. The circles
indicate the six hk = 11 class Bragg rods, which peak at l = 0 (panel A), and l = 1
(panel D). The diamonds indicate the hk = 31 Bragg rods, which peak at l = 1=3
(panel B). The squares in panel (D) indicate the peaks on the hk = 10 Bragg rods,
that appear at ω = 34�. These four reflections correspond to the close packed re-
flections of fcc. The patterns were collected in 105 seconds. They have been cor-
rected for the single particle form factor, that was measured separately.
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sity was measured as a function of the angle of incidence ω, see Fig. 7.2A-D. In-
tersections of the Ewald scattering plane with reciprocal lattice vectors are seen
as Bragg spots on the detector, that appear and disappear upon rotation,18 as il-
lustrated in Fig. 7.3. As a visual aid, we have indicated the positions of several
classes of Bragg rods in Fig. 7.2A-D. It is clearly seen that with increasing angle,
the hk = 11 spots (circles) become weaker (B), completely disappear (C), and reap-
pear at ω = 34� (panel D). The hk = 31 spots (diamonds) on the other hand, start
with zero intensity in panel A, have a maximum at 6� (panel B), become weaker
(panel C), and have completely disappeared in panel D. The maxima for the 11 class
correspond to l = 0, and l = 1 respectively, which confirms that the crystal consists
of interlocked stacks of hexagonal planes.5,17 The maximum intensities for hk = 31
appear at l = 1=3, which confirms that the crystal structure is untwinned fcc, and
not any other stacking of hexagonal planes such as hcp or rhcp.17 Moreover, at
ω = 34� (Fig. 7.2D), four spots have appeared close to the beam stop, closer than
the hk = 11 class reflections (squares). They are the hk = 10 class with l = 1=3, that
correspond to the cubic 111 reflections of the close packed planes – these reflections
are absent in hexagonal structures. The 111 reflections perpendicular to the capil-
lary wall are the ones that are visually observed in Fig. 7.1, which demonstrates that
x-ray diffraction resolves length scales on the order of optical wavelengths.

The analysis above can be performed

h-k=0

      =1

      =2

      =3

l

h,k

ABCABC

ωωωω

Figure 7.3 Schematic section through
the Bragg rods of an fcc crystal, show-
ing the Ewald plane (thick line) sweep-
ing through reciprocal space.

systematically for all the hk reflections.
In Fig. 7.4, we have plotted the scattered
intensity along some of the Bragg rods
in reciprocal space, bringing together in-
tensities from all the diffraction patterns
at various angles of incidence ω. Two va-
rieties of Bragg rods can be distinguished:
those with h�k = 3n and those with h�
k = 3n� 1. For the former, one expects
peaks at integral l for all hexagonal stack-
ing sequences. Indeed the 21, 30 and 51
reflections in Fig. 7.4 (left) show peaks
at l = �1;0;1. The hk = 51 class of re-
flections shows that the sequence of peaks
persists out to very high Miller indices.
The other Bragg rods, with h�k = 3n�

1, directly reveal the crystal structure. For hcp, peaks should appear at l = m or
m+1=2, while for fcc, the peaks are at l = m+1=3 or m+2=3, depending on the
stacking sequence (ABCABC or ACBACB) and the Bragg rod (h� k = 3n+1 or
3n�1). For rhcp, broad peaks would appear at l = m+1=2. The hk = 21 and 20
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Figure 7.4 Scattered intensity along Bragg rods in reciprocal space (c� axis), for
several classes of hk reflections. On the left: reflections with h�k = 3n, resulting in
peaks at integral l; on the right: reflections with h�k = 3n�1, leading to l integer
�1=3. The intensities have been corrected by the measured sphere form factor.
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families of Bragg rods in Fig. 7.4 clearly show peaks at l =�1=3, which demon-
strates that the crystal structure is fcc, not hcp or rhcp. Similar results were obtained
for the 10 rods. Notice that the scattered intensity disappears completely at l = 0 on
the 21 and 20 rods, in contrast with previous observations.5,6 The absence of l = 0
peaks on these h� k = 3n�1 rods rules out hcp; for the hcp structure, one would
expect a peak at l = 0, in addition to three times stronger peaks at l =�1=2. The
h�k = 3n�1 rods also give a clue as to whether the exposed part of the sample is a
single fcc crystal or if it consists of twins with mirrored stacking sequences. In Fig.
7.4 we see that the 22 rod has peaks at l = �1=3 and �4=3, but not at l = �2=3.
This indicates that the fcc crystal structure is not twinned. However, the peaks at
l = �1=3 on the 20 rods imply that we irradiate a crystal with the opposite stack-
ing sequence. For the higher order Bragg rods of this crystal, we have detected
more complicated intensity distributions, possibly signaling slight distortions from
an ideal fcc lattice. For instance, the 31 rods show peaks at both l = 1=3 and 2=3,
which suggests that we have exposed multiple twinned fcc crystals, albeit proba-
bly only a few, because the peaks are not equally intense. Large numbers of twin-
ning planes would result in equal amounts of ABCABC and ACBACB crystals,
and hence equal peaks in Fig. 7.4.5 Some of the high order rods have a tendency
for peaks at l = m+ 1=2, suggestive of stacking faults that are far apart. Some of
the intricacies of the current crystal are immediately apparent in Fig. 7.2, when one
realizes that the intersection of an Ewald plane through a periodic lattice is itself
periodic. Obviously this is not strictly true in Fig. 7.2. Reassuringly, in later exper-
iments we have observed completely periodic diffraction patterns of 111, 110 and
even 100 sections through reciprocal space. The observation of a square diffraction
pattern from the cubic 100 planes is very convincing evidence for the fcc structure.

The widths of the peaks in Figs. 7.2 and 7.4 areM
S

Figure 7.5 Widths of the
diffraction peaks due to
crystal mosaic structure
(M) and Scherrer broad-
ening (S).

directly related to the perfection of the crystal and the
quality of the instrument. The crystal perfection and
instrument quality find expression in different widths,
as illustrated in Fig. 7.5. In Fig. 7.2, we see that the
peak width along circles increases with order of the
peaks, whereas the widths perpendicular to these cir-
cles do not depend on the indices hkl. The increase in
width along the circles is a result of mosaic structure,
i.e. slight variations in lattice orientation throughout
the crystal. Mosaic structure causes a spreading of the
reciprocal lattice points on spheres of constant s in re-
ciprocal space, as illustrated in Fig. 7.5. The variation

in angle in Fig. 7.2 is only 0:75�. The width perpendicular to the circles does not
increase with s, which indicates that there is no strain in the crystal. This perpen-
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dicular width is due to the resolving power ∆s of the instrument. The widths along
the Bragg rods in Fig. 7.4 increase with the order of the rod, again due to the mosaic
structure: the Bragg rods in Fig. 7.4 are tangential to the spheres of constant s. In
principle the width along the rods could be much smaller than the resolving power
∆s in the diffraction pattern, however the resolution is limited by the transverse co-
herence length of the x-ray beam. The transverse coherence length expresses over
what distance a crystallite can still provide a diffraction pattern. This coherence
length effectively limits the crystallite size to about 6 µm, leading to Scherrer broad-
ening of the reciprocal lattice points.

The Bragg peaks shown in Fig. 7.2 can be azimuthally averaged to obtain a
pattern as a function of the diffraction angle, similar to patterns of polycrystalline
samples. It turns out (see chapter 9) that the Bragg diffraction angles are very
well explained with fcc lattice spacings. This confirms our observation of fcc
diffraction patterns in polycrystalline samples of charge stabilized spheres. We ob-
served single crystal and polycrystalline fcc patterns at densities over the range
20�60 vol% and at various ionic strengths, i.e. at various distances from the melt-
ing transition. This is evidence that fcc is indeed the stable phase of dense charge
stabilized colloids,1 in contrast to rhcp or glass, in agreement with theoretical ex-
pectations.19 The observation of the fcc structure has important consequences for
photonics7: since there are more close-packed directions in fcc crystals than in hcp
or rhcp structures (8 rather than 2), the fcc structure has a larger influence on the
density of radiating optical states,20 which results in a larger quantum optical mod-
ification of the spontaneous emission rate.21

An important feature in the diffraction patterns is the large number of diffrac-
tion peaks up to large scattering vectors (Fig. 7.2). This indicates that the Debye-
Waller factor is small, which means that the root-mean-square excursions u of the
colloidal spheres from their ideal crystal positions are small.17 For the patterns in
Fig. 7.2, we find a u of only 3:5% of the nearest neighbour distance. Bragg peaks
correspond to lattice vectors in reciprocal space that play a central role in band
structure calculations of the propagation of light through photonic crystals.13 A
high degree of order is crucial for photonic crystals. The observation of a large
number of reciprocal lattice vectors means that the optical band structures are well
defined up to high optical frequencies.13

7.5 Real space structure

The basic goal of a diffraction study is to obtain a real space image of the positions
of particles in a crystal. Whereas direct imaging is hampered by the well-known
phase problem in diffraction,17 one can already obtain much insight from Fourier
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Figure 7.6 Real space density autocorrelation functions (Patterson maps). (a)
Cubic 111 planes (ω = 0 in Fig. 2A). The hexagonal unit cell with edge lengths
equal to the nearest neighbour distance of� 260 nm is indicated with dashed lines.
The dashed-dotted cell indicated with ”B” and the dashed-triple dotted cell indi-
cated with ”C” are hexagonal units in planes just above or just below the central
”A” plane. (b) Cubic 110 planes (ω = 34� in Fig. 2B). The dashed grid indicates
the projected square faces of the cubic unit cell, with edges equal to 260 nm and top

2�260 nm. The dotted rectangle indicates the correlations due to planes above
and below the one indicated with dashed lines.

transforms of the diffraction patterns. In Fig. 7.6a,b, we have plotted the Fourier
transforms of Fig. 7.2A and D, respectively. This yields projections of the auto-
correlation function of the density in real space, which is a map of the vectors that
connect particle positions, known as the Patterson map.17 These maps are espe-
cially useful to elucidate complex structures of non-overlapping particles, typical
of colloidal systems. Figure 7.6a shows the Patterson function projected on a plane
perpendicular to the cubic 111 axis. The dashed lines indicate the hexagonal close
packed plane (’A’ in Fig. 7.6a). The clear spots on the corners of each cell indicate
the distance to nearest neighbours, and next nearest neighbours in the hexagonal
planes. The spots should not be confused with the real space density obtained in
a hologram or a microscope image. It is well-known that the fcc structure can be
represented as a three layer repeat sequence ABCABC... of close packed layers,17

thus there are two other planes that are located below and above an ’A’ plane. In
Fig. 7.6a, these give rise to additional peaks, that are indicated with ’B’ and ’C’.
Additional correlations at positions in between the ideal lattice points are possibly
caused by defects in the crystal mentioned earlier. Figure 7.6b shows the Patter-
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son function projected perpendicular to a cubic 110 axis. We have indicated the
rectangular pattern with edge ratio 1 :

p
2 times the nearest neighbour distance of

� 260 nm. The cubic 110 direction is vertical (as in Fig. 7.6a), and the cubic 100
direction is now horizontal. The midpoints in the rectangles are caused by particles
in planes below and above a particular 110 plane that are displaced by one nearest
neighbour distance. The orientation of the unit cell is such that one cubic 110 axis
is pointing upward, which means that rows of particles in the close packed planes
are parallel to the sedimentation direction. Such an orientation is usually observed
in sheared samples,5 but does not always occur in our samples (cf. Fig. 7.1). The
range in real space of the Patterson functions is currently limited to about 500 nm
by the shape of the incident beam and the detector response function. The extension
to the micron range is anticipated.

7.6 Conclusions

We observe large numbers of Bragg diffraction peaks of photonic colloidal single
crystals over an unprecedented range of scattering vectors. The colloidal particles
order in face centered cubic (fcc) structures at all densities and with a high degree of
localization about their lattice sites. The growth and observation of highly ordered
fcc crystals strongly support the notion that self-organizing soft condensed matter
is a suitable building block for photonic matter. It is thus exciting that there are
novel developments to control the growth of colloidal crystals.22 Moreover, crys-
tals with structures of interest to photonic applications have recently been found
in binary mixtures.23 Our results demonstrate that synchrotron small-angle x-ray
scattering with two-dimensional detection (Fig. 7.2) is a powerful technique to in-
vestigate systems with length scales on the order of optical wavelengths, especially
when they are strongly photonic,8 in other words strongly multiple scattering.
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8
X-ray scattering of colloidal spheres

8.1 Introduction

Knowledge of the size and internal structure of the particles in a colloidal crystal
is of critical importance for photonic applications; for example, the density pro-
file inside the spheres is directly related to the refractive index, which determines
the photonic band structure. A thorough understanding of scattering from individ-
ual particles is essential for the interpretation of diffraction patterns from groups
of particles, e.g. colloidal crystals.1 Surprisingly, the internal structure of colloidal
particles is seldom investigated.

Here we present a synchrotron small-angle x-ray scattering study of colloidal
particles that are widely used, namely polystyrene latex and two types of silica
spheres. Although the use of x-ray scattering for characterizing colloids has been
known already since the early 1950s,2–5 it does not seem to have found widespread
application,6 in spite of the fact that the technique has several major advantages: it
probes a wide range of length scales, it allows us to probe inside the particles, the
method is in situ, and it does not suffer from multiple scattering.

The potentials of small-angle x-ray scattering have been demonstrated by Bal-
lauff et al.7 and in the use of ultra-small angle scattering by e.g. Dosho et al.8 Re-
cently, x-ray scattering is rejoicing in a growing interest, stimulated by results such
as those presented here. Surprisingly, synchrotron sources have hardly been used
until a few years ago, in spite of pioneering work by Sirota et al.9 and Chang et
al.10 Modern synchrotron sources11,12 are ideally suited for small-angle scattering.
These sources have a high brilliance, so the acquisition time can be short (fractions
of a second); they deliver a highly monochromatic beam which is tightly collimated
and has a narrow focus, so the angular resolution is high. In combination with the
high dynamic range of the detector, this makes synchrotron small-angle x-ray scat-
tering an ideal tool for the study of colloidal systems.
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8.2 Experiments

We have studied several different kinds of colloidal particles of various radii. Silica
spheres were grown by Stöber synthesis13 or by polymerization in a microemul-
sion,14,16 and were kindly provided by A. van Blaaderen15,16 and A. Imhof.17,18

Polystyrene colloids were obtained from Duke Scientific or kindly provided by J.
Verhoeven.19 Table 8.3 at the end of this chapter summarizes the names and ori-
gins of the various colloidal systems. The particles were suspended in various sol-
vents (water, methanol, ethanol, or dimethylformamide) by successively diluting
and centrifuging. The final volume fraction of the diluted suspensions was usually
0:1% or less to prevent effects from particle interactions.

The colloidal suspensions were sealed in glass capillaries. For this purpose
we employed 2 mm diameter round capillaries with 0:01 mm thin walls (Hilgen-
berg) and flat capillaries with a 0:3 or 0:4 mm inside path length and 0:3 mm thick
walls (Vitro Dynamics). Because colloidal crystals usually have their close-packed
planes parallel to the walls of the capillary, it is advantageous to use flat capillaries.
Therefore we have also tried to measure diffraction patterns from dilute suspen-
sions in the flat, thick-walled capillaries, but this resulted in a much higher back-
ground.20 Most of the results that we present derive from diffraction patterns taken
with thin-walled capillaries.

8.3 Particle radii

Figure 8.1 shows the experimentally determined scattering cross section as a func-
tion of scattering vector s for dilute suspensions of the different kinds of particles
studied: polystyrene, Stöber grown silica, and microemulsion-grown silica spheres.
The cross sections vary over more than 5 orders of magnitude. For weakly scat-
tered radiation like x-rays, the amplitude of the scattered radiation is the coherent
sum of contributions from different parts of a particle (Rayleigh-Gans scattering21).
The intensity of the scattered radiation has its maximum in the forward direction
(s = 0) where all contributions are in phase. Away from the forward direction the
cross section gradually decreases because contributions from different parts of the
sphere start to interfere destructively. The interference gives rise to fringes in the
cross section as a function of s, that are clearly illustrated in Fig. 8.1. The radius
r of the spheres can be determined with high accuracy, and in situ, from the posi-
tions of the fringes. The presence of a large number of fringes indicates that the
spheres are nearly monodisperse, because even a moderate (� 10%) size polydis-
persity (standard deviation of the radius divided by the mean) almost completely
washes out the fringes.
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Figure 8.1 Scattering cross section Iv as a function of scattering vector s =
2sin(θ)=λ for dilute suspensions of spheres, plotted semilogarithmically (left
panels) or on a linear scale and multiplied by s4 (Porod plot, right panels):
(a) polystyrene in methanol (polystyrene-1); (b) microemulsion-grown silica in
dimethylformamide (microemulsion-2); (c) Stöber grown silica in water (silica-2).
The solid lines are model curves for spheres of homogeneous internal density, tak-
ing into account size polydispersity and detector blurring. The presence of a large
number of fringes indicates that the sizes of the spheres are highly monodisperse.
The polydispersity can be determined from the fringe amplitude (arrow) as a func-
tion of s. If the scattering cross section is multiplied by (2=9)(2πsr)4 instead of s4,
then the average height of the fringes (� � �) yields the cross section in the forward
direction (s = 0). This cross section can also be obtained from the Guinier plots
(inset). The dotted lines with a slope of (2πr)2=5 in the Guinier plots have been
drawn using the radii deduced from the fringe period.
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To gain a further understanding of the particle shape, we consider the exact ex-
pression for the differential scattering cross section of a single homogeneous sphere
of radius r with a sharp edge5,11,22

I(s) = IeN2
e Φ2(2πsr): (8.1)

Here Ie is the cross section for a single electron (a constant), r is the radius of the
sphere, Ne = (4=3)πr3∆ne is the number of excess electrons in the sphere with re-
spect to the surroundings, and ∆ne is the difference in electron density. The angular
dependence of the cross section is determined by the spherical Bessel function j1(x)

Φ(x) = 3j1(x) = 3
sin(x)� xcos(x)

x3 : (8.2)

Beyond the first fringe (x > π), the square of the Bessel function decreases as [1+
cos(2x)]=x4. The fourth power of s causes the variation of I over 5 orders of mag-
nitude in Fig. 8.1. The radius and polydispersity can be conveniently obtained by
presenting the data in a Porod plot (Fig. 8.1), i.e. multiplied by s4 and on a lin-
ear scale. For perfect spheres the resulting curves should go like cos(4πrs) at large
rs. The experimental curves indeed look like a sine, but the oscillations gradually
decrease with increasing s, as a consequence of the polydispersity of the spheres.
The positions of the minima and maxima in the Porod plot are determined by the
average sphere radius and hardly affected by a small polydispersity. Hence, the ra-
dius of the spheres can be very accurately determined by plotting the positions of
the minima and maxima. The resulting plot for the polystyrene spheres is shown
in Fig. 8.2. The slope of the line corresponds to half the inverse radius. We have
obtained a radius of the spheres in suspension of r = 100:9� 0:5 nm, close to the
radius specified by the manufacturer, r = 99 nm. The statistical errors in the radii
thus determined are on the order of only 0:5 %, which clearly illustrates the poten-
tial of the method.

We have obtained radii for many colloidal systems of nearly monodisperse
spheres. The nature of the various systems, along with radii determined by x-ray
scattering and other methods, and the polydispersities are summarized in table 8.1.
For some colloids we have measured the radius in several solvents. The radii were
identical within experimental uncertainty,23 which indicates that the spheres do not
swell in the liquids that we have used. The radii determined by x-ray scattering for
the polystyrene systems are in excellent agreement with the radii specified by Duke
Scientific. The radii obtained by static light scattering also closely correspond, as
expected because light scattering and x-ray scattering are basically the same tech-
niques.21 We take the excellent agreement as a validation of the x-ray technique.
The radii determined by transmission electron microscopy are systematically on the
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order of 10% lower than the other results, probably because the particles are dried
so they shrink, and the electrons sometimes degrade the material. There is a con-
siderable variation in these radii. One would expect that radii can be determined
with high accuracy using electron microscopy, because it is possible to determine
quite small polydispersities (down to a few percent) with this technique. The vari-
ation suggests that different colloidal systems shrink by different amounts. Radii
determined by dynamic light scattering, based on measuring Doppler shifts due to
Brownian motion of the particles, tend to be higher than the radii determined by
the other methods. This has been observed previously10; possibly the spheres drag
some extra liquid along with them, for instance due to interactions with counteri-
ons which are in solution. Furthermore, there is a considerable variation in the data,
on the order of 10%. It has been shown previously that dynamic light scattering is
rather sensitive to the presence of surfactants, salts, and the volume fraction of the
colloid,24 which may explain the variation in the radii. However, if one makes ev-
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Figure 8.2 Positions of the minima and maxima in the Porod plot (Fig. 8.1a) ver-
sus the order of the minimum (n) or maximum (n+ 1=2). The slope of the fit (—)
yields the radius, r = 100:9�0:5 nm, in excellent agreement with the value spec-
ified by the manufacturer, 99 nm. The lower panel shows the small difference be-
tween the datapoints and the fit in the upper panel. Note that the simple straight line
is not expected to accurately predict the position of the first maximum (leftmost data
point).

101



ery effort it is possible to determine very accurate radii using dynamic light scatter-
ing.25 This is clearly demonstrated by the excellent agreement between x-ray radii
and the results of Duke Scientific, which were obtained by dynamic light scattering.

8.4 Size polydispersity

For monodisperse spheres, the curves in Fig. 8.1 should go like 1+ cos(4πrs) at
large rs, but the amplitude of the observed modulations decreases with increasing s
as a consequence of the polydispersity of the spheres. The form factors of spheres
with different radii are identical, but the horizontal scale is different. The scattered
intensities of individual spheres add, but with the fringes shifted, so the fringes av-
erage out. The fringes at high s are shifted more (in the absolute sense), so they
average out more easily. Thus the decrease of the fringe amplitude is a measure of
the polydispersity.26

If the polydispersity is small, the distribution of radii closely resembles a Gaus-
sian.27 For a Gaussian distribution, the average cross section can be calculated ana-
lytically if we assume that the electron density is the same for all spheres. It appears
that the oscillating terms in Φ2 decrease with a factor exp[�2(2πrsδ)2], where δ is
the polydispersity, i.e. the standard deviation of the radius divided by the mean.
This is a very useful result, because it provides a straightforward method to deter-
mine the polydispersity from the amplitudes of the fringes in a Porod plot, as we
will demonstrate below. The method that we present here is both quantitative and
convenient, as it eliminates the need for elaborate fitting procedures.

In Fig. 8.3 we have plotted the amplitude of the fringes in Fig. 8.1a as a function
of (rs)2. Such a semilogarithmic plot should give a straight line, except at low s,
near the first maximum in the Porod plot.28 Indeed the fringe amplitudes in Fig.
8.3 agree with a straight line. From the slope of the line we find a polydispersity
δ = ∆r=r = 2:3� 0:3%, excellent agreement with the polydispersity specified by
Duke Scientific, δ= 2:1%. It shows that x-ray scattering is well suited to accurately
determine small polydispersities (below 5%). We stress that our characterization of
the particle size distribution is an in situ technique, as opposed to techniques that
are normally used, such as transmission electron microscopy.29

There are several experimental effects which may also affect the amplitude of
the fringes in Fig. 8.1, namely the polychromaticity of the x-rays, the finite focus
spot size, the beam divergence and the finite detector resolution. Only polychro-
maticity has the same influence as a polydispersity of the spheres. Fortunately, the
relative spectral width of the source is approximately 1:5� 10�4, which is com-
pletely negligible compared to polydispersities of colloidal dispersions (> 10�2).
For comparison, in small-angle neutron scattering the relative spectral width is of-
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Thin walled capillaries; wavelength λ= 0:147 25 nm

System rTEM rSAXS rSLS rDLS δTEM δSAXS

polystyrene-1 100.9(5)b 99 f 2.1 f 2.3(3)

silica-1 114 138(3)cd 148(7) 161 2
silica-2 156 178.5(7)cd 178(5) 216 3.6 3.05(5)
silica-2 184.0(4)e 2.9(1)
silica-4 89.4 94.9(1.6)d 107.2(3) 6 5.5(2)
silica-5 179 199.0(1.8)d 200(3) 188(5) 5.5 4.4(3)
silica-6 187 211.4(5)e 211(1) 213(3) 4.0 2.4(2)

microemulsion-1 82.0(4)c 79.5 1.3(1)
microemulsion-2 25.7 28.0(5)c 1.5
microemulsion-3 26.3(5)c

Thick walled capillaries; wavelength λ= 0:098 80 nm

System rTEM rSAXS rSLS rDLS δTEM δSAXS

polystyrene-2 102.0(3)be 101.5 f 2.1 f

polystyrene-3 111.8(3)e 111 f 2.0 f

polystyrene-4 120.8(5)e 120.5 f 1.6 f

polystyrene-5 198.5g 200.6(5) 211.5

silica-1a 114 144(2)e 148(7) 161
silica-2 156 185.5(1.3)e 178(5) 216 3.6
silica-3 208 248.4(1.1) 241(7) 260

microemulsion-2 25.7 27.8(4)c 1.5
microemulsion-3 26.7(5)c

aThese spheres consist of a core of 101�2 nm and a 37�2 nm thick shell of lower density.
bIn methanol; cIn dimethylformamide; dIn water; eIn ethanol.
f Specified by Duke Scientific; gSEM instead of TEM.

Table 8.1 Radii r (in nanometers) and polydispersities δ (in percent) for a number
of colloidal systems, obtained by transmission electron microscopy (TEM), small-
angle x-ray scattering (SAXS), static light scattering (SLS), or dynamic light scat-
tering (DLS).
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ten of the order of 0:1; hence this completely dominates the polydispersity of the
spheres. The other effects, i.e. the focus size at the sample, the beam divergence,
and the finite detector resolution, all affect the fringes in the following way: the
measured diffraction pattern is equal to the ideal pattern, convoluted with the profile
of the direct beam. This convolution corresponds to small shifts of the diffraction
pattern; because all fringes shift by equal amounts, they are all affected equally. It
appears that due to these effects the fringe amplitude decreases by a factor which
is independent of s. Thus it is possible to separate the influence of polydispersity
and the instrument response, because the dependences on s of the effects are dif-
ferent. The abscissa of the line in Fig. 8.3 is a measure of the r.m.s. width ∆ of the
beam profile. We find ∆ = 0:72�0:10 mm. This is in reasonable agreement with
the experimentally determined width of the direct beam on the detector, which is
∆ = 0:60 mm (horizontally) and 0:38 mm (vertically).

The polydispersities for several dilute colloidal systems of nearly monodis-
perse spheres have been determined using small-angle x-ray scattering, see table
8.1. The ratio of polydispersities determined by electron microscopy and by x-ray
scattering is plotted in Fig. 8.4. For comparison, we have also included the polydis-
persity from dynamic light scattering discussed above. The polydispersities from
electron microscopy are consistently larger than the corresponding polydispersities
from x-ray scattering.30 The discrepancy gradually becomes larger with decreasing
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Figure 8.3 Amplitude of the fringes in Fig. 8.1a, normalized to the average height,
as a function of (rs)2. The fringe amplitude decreases as exp[�2(2πrsδ)2], which
is a straight line in this plot. The slope of the fit (—) yields the polydispersity,
δ = 2:3�0:3%, in excellent agreement with the polydispersity specified by the man-
ufacturer, δ = 2:1%.
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Figure 8.4 Ratios of the polydispersities determined by transmission electron mi-
croscopy (�) or dynamic light scattering (N) to the polydispersities determined by
x-ray scattering, as a function of the latter. The polydispersities determined via
scattering (N) are in excellent agreement. The polydispersities from electron mi-
croscopy are consistently higher,30 which is probably due to the random error in
the determination of the radius of each individual sphere. The two curves indicate
the expected overestimation of the polydispersity in the case of a 2% or 3% random
error in the determination of the radii by electron microscopy.

polydispersity. This can be explained from the method to determine polydispersi-
ties by electron microscopy. These polydispersities are determined by measuring
the diameters of a large number of particles on a grid and calculating the variance.
The polydispersity is then computed as the root of the variance (i.e. the standard
deviation) divided by the mean diameter. However, the variance of the measured
diameters is not equal to the variance of the distribution of diameters but also in-
cludes an additional contribution due to the random error in the determination of
the diameters of the individual spheres. Because the magnification of the micro-
scope is usually adjusted according to the size of the particles, one would expect
the absolute error to be proportional to the particle size. The resulting observed
polydispersity is then δobs =

p
δ2

true + δ2
err, where δtrue is the true polydispersity of

the particles and δerr is the uncertainty in a measurement divided by the particle
size. We have calculated this δobs assuming that the x-ray polydispersity is correct
and for a relative random error δerr in the observed radii of 2 and 3%. The resulting
polydispersity ratios are plotted in Fig. 8.4. The agreement with the experimentally
observed ratio is striking. Hence we conclude that the small polydispersities deter-
mined by electron microscopy are probably too high; i.e., they are rather an upper
bound for the true polydispersity of the particles.
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8.5 Particle-medium interface

Measuring the scattering cross section out to large scattering vector s, i.e. more than
just one fringe, in principle yields information at small length scales. Some details
have a pronounced effect on the diffraction pattern, even if the deviation from a per-
fect sphere of homogeneous density is small, for instance the presence of a smooth
edge instead of a sharp one. So far we have assumed that the particles have a sharp
edge, i.e. that the electron density abruptly changes at the interface to the medium.
A smooth interface reveals itself immediately in the scattering cross section, as can
be readily shown using the convolution theorem. The electron density of a particle
with a smooth interface region can be constructed mathematically as the convolu-
tion of the electron density of a particle with a sharp edge and a smooth function
which describes the blurring at the edge. The corresponding scattering cross sec-
tion is the cross section of the particle with a sharp edge multiplied by the squared
Fourier transform of the blurring function. If we take a Gaussian with a small width
for the blurring function, then the cross section is multiplied by a broad Gaussian,
so it starts to decrease faster than s�4 at high s. In a Porod plot like Fig. 8.1, spheres
with a sharp edge would show a function which oscillates around a constant value,
while the function would gradually decrease at high s if the edge were smooth. Note
that the decrease affects the cross section as a whole, not just the oscillating terms
as with polydispersity, so the effects of a smooth edge and polydispersity can be
separated.

Since the Porod cross section in Fig. 8.1 oscillates around a constant value, we
conclude that the edges of these spheres are rather sharp. Considering the average
Porod cross section of the polystyrene spheres to be constant to within a fraction ε=
10% over the whole range of s in the figure, we estimate the width σ of the interface-
blurring Gaussian in reciprocal space from [exp(�s2=2σ2)]2 = 1� ε. Taking s =
5�10�2 nm�1, the upper bound for the thickness of the edge is 1=(2πσ) = 1:0 nm,
so the density indeed changes abruptly at the edge of the polystyrene spheres. Sim-
ilar values are obtained for Stöber-synthesized silica. For silica surfaces, the edge
layer has been reported31 to have a thickness of 1� 2 nm, in agreement with our
result. The method just described could be a valuable means of studying the phase
separation of a mixture of two liquids at the surface of colloidal particles. The pref-
erential adsorption of one of the fluids on the surface near the critical point of wet-
ting is of fundamental importance.32
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8.6 Electron Density

The forward scattering cross section I(s! 0) is related to the difference in electron
density of the medium and of the particles, ∆ne, and the size and number of spheres
in the scattering volume.11 We can estimate the volume fraction ϕ of spheres in the
liquid from the cross section per unit volume Iv using

ϕ =
3

∆n2
e4πr3

1
r2

e
Iv: (8.3)

The electron densities can be estimated from the number of atomic masses per pro-
ton M=Z and the mass density ρ. The densities for relevant materials are listed in
table 8.2. The radius is determined with high accuracy from the positions of the
minima and maxima in the Porod plot, see Fig. 8.2. However, it is difficult to mea-
sure the forward scattering cross section because of the presence of the unscattered
beam.

To estimate the forward cross section, the experimental cross section is extrap-
olated to s = 0 using a Guinier plot, as shown in the insets of Fig. 8.1. The slope of
(2πr)2=5 in the Guinier approximation is determined by the radii estimated from the
fringes, cf. table 8.1. The inset of Fig. 8.1a reveals an excellent agreement between
the data and the Guinier approximation. The excellent agreement also demonstrates
that there are no saturation effects of the detector. Saturation effects usually occur
near the beam stop and would reveal a decrease at small s and a deviation from the
straight line. For the microemulsion-grown silica (Fig. 8.1b) the Guinier slope is
also in good agreement with the data, except for a small deviation at small s. This is
possibly due to a small number of coagulated spheres (“dumbbells”) that occur in
microemulsion-grown dispersions16 and that were detected by TEM. These com-
posite particles are larger; hence, they give rise to scattering at low s. Furthermore
the cross section of these particles is larger, proportional to the volume of the par-
ticle, which explains why a small number of them is detectable. In Fig. 8.1c, the
Guinier slope is in moderate agreement with the data. We have no explanation for
the not so good agreement in Fig. 8.1c in comparison with Figures 8.1a and 8.1b.

The forward scattering cross section can also be derived from the Porod plot,
as a check. The average height of the fringes in a Porod plot should correspond
to the scattering cross section extrapolated to s = 0 in the semilogarithmic plots of
Fig. 8.1. The data on polystyrene spheres in this figure give a forward scattering
cross section of 8:2� 105 sr�1m�1, in good agreement with the Guinier estimate
of 7:5�0:4�105 sr�1m�1. However, the calibration of the absolute intensities was
probably incorrect during the first run, and this affects the measured cross sections.
In a later run we have repeated our measurements on the polystyrene colloids in
ethanol, paying due attention to the determination of absolute intensities. We have
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Table 8.2 Electron densities ne of relevant colloidal materials and suspending
liquids, estimated from the atomic mass per proton M=Z and the mass density ρ.

Material Structure M=Z ρ (g/cm3) ne ( e�/nm3)

Methanol CH3OH 1.78 0.81 272
Ethanol C2H5OH 1.77 0.79 267
Dimethylformamide C3H7NO 1.83 0.95 311
Polystyrene latex C8H8 1.86 1.00-1.05 322-338
Water H2O 1.80 1.00 333
Silica (colloidal) SiO2 2.00 1.9-2.013,17,34 570-600

prepared suspensions with volume fractions of 0:1%. From the forward scattering
cross section we derived a difference in electron density of polystyrene and ethanol
of 66, 89, and 67 nm�3 respectively, in excellent agreement with the expected value
of 66�8 nm�3, cf. table 8.2. This shows that absolute intensities can be measured
accurately.

The scattering cross section of polystyrene-water systems is very low, because
the electron density of the most common solvent, water, is very closely matched
to that of polystyrene. The weak scattering of this ubiquitous colloidal system may
well be a reason why there have been so few reports on small-angle x-ray scattering
and colloids. For the polystyrene-3 spheres in water we have determined the for-
ward scattering cross section to be less than 1:5�103 sr�1m�1 at a volume fraction
ϕ of 0:1%, which corresponds to a difference in electron density of the polystyrene
spheres and water of less than 2%. The associated mass density of the colloidal
polystyrene is 1:03� 0:02 g cm�3, in good agreement with the density quoted by
Duke Scientific, 1:05 g cm�3.

Knowing the cross section in the forward direction, the radius, and the polydis-
persity, it is possible to calculate the complete scattering cross section as a function
of s. These theoretical cross sections are shown as solid curves in Fig. 8.1. The
width of the detector profile is taken into account. The agreement with the exper-
imentally observed cross sections is very good, especially for the polystyrene sys-
tem, where it extends over more than 5 orders of magnitude. Only for the micro-
emulsion-grown silica there are some small discrepancies, possibly caused by the
presence of “dumbbells”. We conclude that the cross sections of both polystyrene
and Stöber silica systems are completely consistent with those of homogeneous,
nearly monodisperse spheres with a sharp edge. Such a comparison of experimen-
tal and theoretical cross sections is quite a severe test, as will be demonstrated in
the next section.
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8.7 Internal structure

An attractive capability of x-ray scattering is the ability to examine the density pro-
file in the spheres, e.g. to see whether the spheres consist of shells of different den-
sity. In such situations one traditionally resorts to contrast matching with a suitable
suspension liquid,1,7 which is indispensable for detecting small density differences.
Here, we show that it is in some cases possible to detect inhomogeneities even with-
out matching. This is probably due to a considerable density difference.

As an illustration, the Porod cross section of a dilute suspension of silica-1
spheres is shown in Fig. 8.5. These spheres have had no special treatment, but
the cross section is totally different from the cross sections of the other spheres,
cf. Fig. 8.1. Similar silica systems (for instance silica-2) give scattering patterns in
accordance with that of homogeneous spheres, so there is something peculiar only
with the silica-1 system. As a check, we measured diffraction patterns for the same
silica-1 spheres in different liquids and at several different volume fractions, but the
cross sections appeared identical.

Silica spheres are often synthesized in steps, growing additional layers of sil-
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Figure 8.5 Porod plot of the scattering cross section Iv as a function of scattering
vector s for a dilute suspension of silica-1 spheres in water. The minimum in the
fringe amplitude around 1:5� 10�2 nm�1 and the large wavelength modulation
are likely caused by a core-shell structure. The solid line is a model of spheres with
a homogeneous core (radius 101 nm) and a thin, less dense outer shell (thickness
37 nm). The model captures the essential features of the observed scattering cross
section.
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ica on smaller particles until the desired diameter is reached. A density difference
between the core and the additional layers would show up as an extra oscillation,
as in Fig. 8.5. The scattering cross section of a core-and-shell sphere can be eas-
ily calculated using the result for a homogeneous sphere (Eqs. 8.1 and 8.2): the
excess electron density of the core-with-a-shell sphere can be made up of two ho-
mogeneous spheres with different radii and densities,

Icore�shell = IeN2
e

�
(1� ν)Φ(x)+ ν(1+b)3Φ((1+b)x)

�2
; (8.4)

where x = 2πrs with r the radius of the core, d is the thickness of the shell, b= d=r is
the thickness of the shell as a fraction of the core radius, Ne is the number of excess
electrons in the core, and ν is the electron density difference between the shell and
the liquid as a fraction of the core excess electron density difference.

We have plotted the cross section for such a core-and-shell sphere in Fig. 8.5,
taking into account polydispersities for the core radius and shell thickness, their
correlation, and the blurring due to the finite resolving power of the instrument. The
calculated curve represents the observed scattering cross section reasonably well,
although there are some discrepancies at small and large s. These may be caused
by additional shells or density gradients in the spheres.

The calculated scattering cross section corresponds to spheres with a core ra-
dius r of 101 � 2 nm and a shell thickness d of 37� 2 nm, in good agreement
with radii measured by static light scattering before and after the last synthesis step,
101�7 and 148�7 nm. From the relative electron density difference ν = 81�3%
and the electron densities of water and silica in table 8.2 we estimate that the shell
has an 8� 2% lower mass density than the core. This is a sizeable difference in
density, considering that the layers were grown using the same synthesis method.
On the other hand, there is a comparable variation in the experimentally determined
densities of colloidal silica.13,17,33,34

8.8 Conclusions

We have shown that the technique of synchrotron small-angle x-ray scattering is
very well suited for the characterization of colloidal spheres. The size of colloidal
spheres can be determined in situ and with high accuracy. We have determined the
radii of many different kinds of colloidal spheres from the positions of the minima
and maxima of the differential scattering cross section as a function of wavevector.
The radii are in excellent agreement with those determined by static light scattering.
Electron microscopy consistently yields radii that are smaller and dynamic light
scattering yields radii that are larger than the radii determined by x-ray scattering.
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We have presented a straightforward method to deduce the size polydisper-
sity of nearly monodisperse (polydispersity < 10%) spheres from a Porod plot of
the differential scattering cross section, thus eliminating the need for elaborate fit-
ting procedures. A comparison with polydispersities determined by electron mi-
croscopy shows that the new method makes it possible to accurately determine even
very small polydispersities (� 2%). Our data suggest that polydispersities deter-
mined by electron microscopy are an upper bound to real polydispersities.

We have shown that it is possible to study details of the spheres, for instance the
sharpness of the outer edge of the spheres. The thickness of the edge of polystyrene
spheres of 100 nm radius was estimated to be less than 1 nm. Similar thicknesses
are observed for silica spheres, in agreement with observations on silica surfaces.
Thus, picturing polystyrene and silica spheres as objects with an abrupt edge is jus-
tified.

A Guinier plot was used to determine the forward scattering cross section, which
in turn yields the volume fraction or the excess electron density of the spheres. The
excess electron densities of several systems including the closely matched system
polystyrene and water were obtained, in good agreement with literature data.

Using our data, we have calculated the scattering cross section as a function of
wavevector, assuming that the spheres are homogeneous and that they have a sharp
edge. The agreement of the calculated curves with the experimentally observed
cross sections is excellent, especially for the polystyrene system where it extends
over 5 orders of magnitude.

As an example of a more complicated system, we have discussed a suspension
of silica spheres which show a peculiar modulation in the cross section, caused by
an inhomogeneous intraparticle density. The qualitative features of the cross sec-
tion were captured by supposing that the spheres consist of a core surrounded by a
shell of less dense material. This is a reasonable assumption because the spheres
were synthesized by growing additional silica layers on smaller particles. The core
radius is in agreement with the size determined before the last synthesis step using
static light scattering. The core radius, the shell thickness, and the ratio of the den-
sity of core and shell could be obtained even without contrast matching with the
suspension liquid, i.e., in situ.
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13. W. Stöber, A. Fink, and E. Bohn, ‘Controlled growth of monodisperse silica
spheres in the micron size range’, J. Colloid Interface Sci. 26, 62-69 (1968).

14. K. Osseo-Asare and F. J. Arriagada, ‘Preparation of SiO2 nanoparticles in a
non-ionic reverse micellar system’, Colloid Surf. 50, 321-339 (1990).

112



15. A. van Blaaderen, J. van Geest, and A. Vrij, ‘Monodisperse colloidal silica
spheres from tetraalkoxysilanes: particle formation and growth mechanism’,
J. Colloid Interface Sci. 154, 481-501 (1992).

16. A. van Blaaderen, Silica from Synthesis to Application Mulhouse, France,
September 1-4, 1998; A. van Blaaderen, N. A. M. Verhaegh, A. Imhof, and N.
Mason, (in preparation).

17. A. Imhof, A. van Blaaderen, and J. K. G. Dhont, ‘Shear melting of colloidal
crystals of charged microspheres studied with rheology and polarizing mi-
croscopy’, Langmuir 10, 3477-3484 (1994).

18. A. Imhof, A. van Blaaderen, G. Maret, J. Mellema, and J. K. G. Dhont, ‘A com-
parison between the long-time self-diffusion and low shear viscosity of con-
centrated dispersions of charged colloidal silica spheres’, J. Chem. Phys. 100,
2170-2181 (1994).

19. H. J. Verhey, B. Gebben, J. W. Hofstraat, and J. W. Verhoeven, ‘Detection of
nanoscale events in dispersed polymer particles containing a charge-transfer
fluorescence probe’, J. Polym. Sci. A 33, 399-405 (1995).

20. The high background prevented an accurate determination of the polydisper-
sity of the samples in the thick-walled capillaries. The background is especially
bothersome at large s. As a result, the obtained scattering patterns are different
from those obtained with thin-walled capillaries and do not decrease as s�4, but
more slowly.

21. H. C. van der Hulst, Light Scattering by Small Particles (Dover, New York,
1957).

22. A. Guinier, X-ray diffraction in crystals, imperfect crystals, and amorphous
bodies (Dover Publications, New York, 1994).

23. One exception is the silica system SC200, which appears to be 3% larger in
ethanol than in water or dimethylformamide. The radius of the SC200 system
in ethanol was reproduced in two different runs. We have no explanation for
this difference.

24. S. D. Duke, R. E. Brown, and E. B. Layendecker, ‘Calibration of spherical par-
ticles by light scattering using photon correlation spectroscopy’, Part. Sci.
Technol. 7, 223-228 (1989).

25. P. N. Pusey and W. van Megen, ‘Detection of small polydispersities by photon
correlation spectroscopy’, J. Chem. Phys. 80, 3513-3520 (1984).

26. This polydispersity includes a contribution due to a possible ellipticity of the
particles, because the form factor for an ellipsoid is identical to that of a sphere
with an effective radius which varies between the smallest and largest radii of
the ellipsoid depending on its orientation.21

27. W. F. Espenscheid, M. Kerker, and E. Matijević, ‘Logarithmic distribution
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Table 8.3 Key to the sample designations used in the text.

System Original name Source Ref.

polystyrene-1 PS5020A Duke Scientific
polystyrene-2 PS5020Aa Duke Scientific
polystyrene-3 PS5022A Duke Scientific
polystyrene-4 PS5024A Duke Scientific
polystyrene-5 A11 J. Verhoeven [19]

silica-1 SC150 C. van Kats
silica-2 SC200 C. van Kats
silica-3 SC006 C. van Kats
silica-4 SBE1/A6 A. van Blaaderen [15]
silica-5 FSA7 A. Imhof [17]
silica-6 SAF8 A. Imhof [18]

microemulsion-1 µESA9.3 A. van Blaaderen [16]
microemulsion-2 µEc1 C. van Kats
microemulsion-3 µEc3 C. van Kats

a This dispersion is a different batch than the other PS5020A.
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9
Excursions of particles

in a colloidal crystal

9.1 Introduction

Understanding how patterns in many-body systems arise from their constituents’
interactions remains one of the outstanding problems in physics.1 The interactions
in these systems determine both the structure and the dynamics of the constituent
particles. The positions and dynamics can be measured and compared with mod-
els for the interaction. The interaction between colloidal spheres has been studied
in-depth by Grier et al., who determined the interaction from the random motion
of various polystyrene spheres using optical microscopy.1,2 The observed pair in-
teraction appears to agree reasonably well with the DLVO theory of screened elec-
trostatic interaction.2,3 However it is a subject of current debate whether or not the
interaction among many spheres is simply a sum of pair interactions.4,5 Further-
more it is important to understand the role of the suspension liquid, i.e. how the
viscous damping and random forces affect the dynamics.6

In systems where many particles interact, like colloidal crystals, the interac-
tion gives rise to sound modes, i.e. motions of the particles about their lattice sites.
Lindsay and Chaikin,9 and Hurd et al.10 have studied the dispersion of sound modes
sustained by the combined system of particles and suspension liquid in colloidal
crystals. The excursions of particles from their lattice sites are directly related to
the lattice dynamics. The excursions are important in relation to the melting tran-
sition: according to the Lindemann criterion, crystals melt at a specific ratio of the
extent of the excursions to the inter particle spacing.7,8

The abovementioned studies of the dispersion of sound modes9,10 were per-
formed on dilute three-dimensional colloidal crystals. In contrast, the Brownian
motion of colloidal particles has been observed mostly in two-dimensional layers
of colloids near a wall.1,5,11,12 The sample walls influence the dynamics consid-
erably: measurements of the single particle dynamics in crystalline layers near a
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glass wall have revealed a systematic increase of the excursions with increasing dis-
tance from the glass plate.11,12 We have studied bulk three-dimensional colloidal
crystals, thus minimizing the effects of the walls of the sample container.11–13,6 We
have systematically mapped out the extent of the excursions as a function of density,
by recording small-angle x-ray diffraction patterns of dense colloids as the melting
transition is approached. Previous studies focused mostly on dilute samples at a
fixed density � 5 vol%.11,12,14

9.2 Structure factor

We have analysed x-ray diffraction patterns from two samples made of sedimented
100:8 nm radius monodisperse polystyrene spheres (Duke Scientific PS5020A) in
methanol. The suspensions were deionized by means of dialysis with ion exchange
resin (BioRad AG501-X8) before being introduced in the capillaries. Extra ion ex-
change resin was added to one of them (sample #236). The density in the capillaries
decreases with height. We have determined the height of the crystal-liquid interface
by visual inspection of the optical Bragg reflection. The density profile is obtained
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Figure 9.1 X-ray diffraction patterns from 100:8 nm diameter polystyrene col-
loidal spheres in methanol, at low density (< 1 vol%, lower curve, form factor)
and crystallized (45 vol%, upper curve, sample #232); �: experiment; —: model.
The form factor (lower curve) accounts for the shape of the particles. The diffrac-
tion pattern from the crystal (upper curve) also contains information on the crystal
structure. Dividing this pattern by the form factor yields the structure factor (Fig.
9.2), in which the influence of the particle shape has been eliminated.
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from the diffraction patterns. Two diffraction patterns from the sample with no ex-
tra resin are shown in Fig. 9.1, one from a dilute suspension with a particle density
of < 1 vol% and one from a polycrystalline region in the sample with a density of
45 vol%. The diffracted intensities vs. scattering vector s = 2sin(θ)=λ were ob-
tained at an x-ray wavelength λ of 0:14725 nm. The diffraction patterns have been
azimuthally averaged and the background has been subtracted.

To determine the structure factor we measure diffraction patterns from dilute
suspensions as well as colloidal crystals. The diffraction pattern from the dilute
sample (form factor) shows many interference fringes. From the spacing of the
fringes we have accurately determined the size of the colloidal spheres. The pres-
ence of a large number of fringes indicates that the spheres all have the same size
(polydispersity 2:1%). Because the colloidal spheres are so monodisperse, they
readily form crystals at high volume fractions. The crystals produce similar fringes
as the dilute suspension, because the shape of the colloidal particles affect both
diffraction patterns in a similar way. However the regular spatial arrangement of
the spheres in the crystals gives rise to extra features in the diffraction pattern. The
effect of particle shape and spatial arrangement can be separated by simply divid-
ing the diffraction pattern of the crystal by that of the dilute suspension. The re-
sulting curve, known as the structure factor, is shown in Fig. 9.2. It consists of the
Bragg peaks associated with the crystal lattice. The intensities of the Bragg peaks
are related to the r.m.s. displacements u of the colloidal particles from their lattice
positions.15

9.3 Crystal structure

Many crystal diffraction peaks are observed, as can be seen in Fig. 9.2. The abun-
dance of peaks facilitates determination of the crystal structure and confirms the
strong ordering of the colloids. To identify the crystal structure, we compare the
diffraction pattern with several likely models.16 The uppermost vertical ticks un-
der the Bragg peaks of the lower pattern in Fig. 9.2 indicate the expected positions
of the lattice spacings of an fcc powder with a lattice parameter a of 322 nm, giving
a volume fraction ϕ of 51� 1 vol%. It is seen that the tick positions explain very
well the observed Bragg peaks out to s = 2:5� 10�2 nm�1. Several ticks appear
under peaks that are somewhat broader, which can be explained by the resolving
power of the instrument ∆s of 4:6� 10�4 nm�1, that causes closely spaced peaks
to overlap. The small feature near 0:7� 10�2 nm�1 probably does not originate
from the crystals, because it does not shift when all other diffraction lines do. More-
over, it occurs at a position where the form factor has a deep minimum, hence the
structure factor is expected to be less reliable here. We have not attempted to index
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the features beyond 2:5� 10�2 nm�1, because they are mostly influenced by the
background. For comparison, we also plot in Fig. 9.2 the expected lattice spacings
for random stacks of close packed planes with the same volume fraction as the fcc
model mentioned above, because this structure has been observed in dense sheared
suspensions of charge stabilized samples.17 The middle set of ticks are the spacings
for random stacks with the close packed planes parallel to the cell walls, in other
words with the c-axis parallel to the x-ray beam. It is clear from Fig. 9.2 that this
does not explain the observed peaks. Even changing the unit cell parameter does
not improve the correspondence, hence this model is excluded. The lower ticks in
Fig. 9.2 are for a powder of randomly stacked close packed planes. This model pre-
dicts many diffraction lines, yet several of the observed ones are not explained, e.g.
the shoulder at 0:6�10�2 nm�1 (fcc 200) or the peak at 1:2�10�2 nm�1 (fcc 400).
Moreover, many peaks of the randomly stacked model are expected to be broad, on
account of the intrinsic disorder of the structure, hence the powder diffraction pat-
tern is expected to have less structure then the one observed. On the basis of the
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Figure 9.2 Structure factors of a polycrystalline assembly of polystyrene spheres
in methanol (sample #232). The lower curve was measured at the bottom (height
4 mm) whereas the upper curve was measured at the top of the sample (height
14 mm). The upper curve is obtained from the data in Fig. 9.1. The upper set of ticks
indicate the peak positions for a powder of fcc crystals with a cubic lattice param-
eter a of 322 nm. The middle set of ticks are for a random stacking of close-packed
planes parallel to the cell walls with a hexagonal lattice parameter of 228 nm. The
lower set of ticks are for a powder of random stacking of close-packed planes (r.s.)
with a = 228 nm.
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observation of fcc 200 and 400, we can also exclude the hexagonal close packed
(hcp) structure. Thus we conclude that fcc is the structure of the colloidal crystals
of polystyrene colloids studied here. Our x-ray diffraction results for silica spheres
demonstrate that crystals of silica spheres are also fcc ordered.

The observation of all Bragg peaks of fcc in Fig. 9.2 suggests that the sample is
a powder, i.e. all crystal orientations appear with nearly equal probability. The scat-
tered intensity on the two-dimensional detector showed ringlike features, although
incompleteness of the rings indicates a degree of preferred orientation. Indeed the
crystals at the cell walls are aligned with the close packed planes (e.g. fcc (111))
parallel to the walls as is usual with colloidal crystals: the samples show a bright
green (111) reflection. From this combination of SAXS and optical observations,
we conclude that the crystal grains deeper inside the capillary, away from the cell
walls are the ones that have a random orientation.

9.4 Debye-Waller factor

A quantitative understanding of the observed structure factors can be achieved if
we take the heights and widths of the Bragg peaks into consideration. In our case
the width of the peaks is dominated by the resolving power of the instrument. The
peak heights are determined by the excursions u of the particles from their lattice
sites, and by the multiplicities of the reflections, i.e. the number of reflections with
the same scattering vector. Furthermore there are two geometrical factors: at high
scattering vector s relatively few lattice vectors are close to the Ewald plane, and the
size of the ring on the detector is larger.18 These geometrical effects compensate
the crowding of reflections at high s, apparent from the ticks in Fig. 9.2. As a result,
the peaks in the calculated structure factor coalesce to form a uniform background
at large s.

The excursions of the particles from their lattice sites reduce the height of the
Bragg peak at scattering vector s by the Debye19-Waller20 factor exp(�2M), with
M =(2πsu)2=6, assuming that the spatial distribution is a Gaussian with r.m.s. width
u, which is appropriate even for hard spheres.21,22 In solid state physics, one cus-
tomarily measures the Debye-Waller factor of a single Bragg peak as a function of
temperature, and fits this to the Debye model.18,8 Here the r.m.s. displacements
u are obtained directly from the decrease in peak height with increasing scatter-
ing vector.23,14 The intensity that disappears from the Bragg peaks reemerges as
a diffuse background 1� exp(�2M) if the motions of the particles are uncorre-
lated. Correlations between the particle motions, i.e. sound waves, will give struc-
ture to the diffuse background, known as thermal diffuse scattering.18 In dilute col-
loidal crystals, such a diffuse background has been observed with light scattering
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by Rundquist et al..24 The thermal diffuse scattering will tend to accumulate near
the Bragg peaks, the peaks acquire ‘feet’ of diffuse intensity. Systematic study of
this diffuse intensity would reveal the phonon dispersion relation.20,18 However in
our case the Bragg peaks and the diffuse peaks are indistinguishable due to instru-
mental resolution, so we cannot detect particle correlations. To estimate the impor-
tance of phonons, Warren gives an expression for the first order contribution PTDS

to the area Phkl of a measured Bragg peak when one naively subtracts a base line.18

Assuming a linear dispersion relation for the phonons, he finds for fcc crystals the
ratio PTDS=Phkl � Ma∆s, where a is the cubic lattice parameter and ∆s � 1 µm�1

is the total width of the measured peak. From this formula, we infer that our r.m.s.
displacements u underestimate the true r.m.s. displacements by about a∆s=4� 8%.

We have fitted the model described above to the experimentally determined
structure factors, taking into account the extra intensity in reflections from the crys-
tallites aligned with the cell walls. The resulting curve for the sample of Fig. 9.1
is shown in Fig. 9.3. The match with the experimental data is striking; it confirms
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Figure 9.3 Measured structure factor (�, same as upper curve in Fig. 9.2) to-
gether with a model curve for fcc crystals with 19:4 nm r.m.s. displacements of the
particles from their lattice sites (—). The shaded area indicates the experimental
accuracy, estimated from Poisson counting statistics and the agreement between
measured and calculated form factors. The marks at the bottom indicate the peak
positions for fcc crystals with a cubic lattice spacing of 335:5 nm. The marks which
are shifted up correspond to the 22̄0 family of reciprocal lattice vectors. These lat-
tice vectors intersect the Ewald plane if the 111 close-packed planes are parallel
to the cell walls. The triangles indicate the minima of the form factor.
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that the crystal structure is indeed fcc. Apart from a straightforward rescaling of
the horizontal axis with the lattice spacing and normalization of the vertical axis,
the curve is described by only three parameters: the r.m.s. displacement u, the peak
width, and the ratio of the intensity due to crystallites aligned with the cell walls and
randomly aligned crystallites. For the structure factor in Fig. 9.3 we find a ratio of
2:7. The peaks from the aligned crystallites are relatively strong because the pat-
terns were recorded with the x-ray beam perpendicular to the crystal face, so the
Bragg condition is satisfied for all the aligned planes simultaneously. The width
of the peaks, σ = 3:8� 10�4 nm�1, agrees well with the measured width of the
attenuated direct beam on the detector, σ = 4:0� 10�4 nm�1. From the decrease
in peak height with increasing scattering vector we find a r.m.s. displacement u of
19:4�0:5 nm, based on a least-squares fit with weights as indicated by the shaded
area in Fig. 9.3.

To put this r.m.s. displacement into perspective, it is desirable to compare it
with the separation between neigboring spheres. Fortunately the lattice spacing can
be determined with great precision by exploiting all the information contained in
the structure factor peaks. From the structure factor in Fig. 9.3, we find a lattice
parameter a of 335:5�0:7 nm. In combination with the radius of the spheres r =
100:8 nm determined from the form factor, we deduce the smallest separation in a
perfect fcc structure to be 36 nm, suitably larger than the 26 nm full width at half
maximum of the distribution of displacements, so the excursions fit in, as expected.

We have determined excursions and lattice spacings at various heights in our
colloidal samples. From the lattice spacings and the sphere radius we have deduced
the density profile. The results are shown in Fig. 9.4. The extent of the excursions
increases almost in proportion to the lattice spacing. The r.m.s. displacements from
the two samples form a single curve, although the density profiles in the samples
differ considerably. The colloid in sample #236 is more compressible, and it has
a lower melting density. According to the pressure equation,25 an increased com-
pressibility is indicative of a softer potential, i.e. a more extended double layer. In-
deed the more compressible sample is the one which contains extra ion exchange
resin. The reduced melting density also indicates that this sample has a more ex-
tended double layer. The presence of an extended double layer would imply that
there is less room for excursions at the same density, but the r.m.s. displacements
are very similar despite the difference in interaction potential.
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Figure 9.4 (a) R.m.s. displacements u of the spheres from their equilibrium posi-
tion, as a function of the cubic lattice parameter, at various heights in two similar
samples of polystyrene spheres in methanol (N: sample #232, H: sample #236).
(b) The density profiles of these samples. The curves are guides to the eye. The top
of the crystalline part of the samples is indicated by dashed lines.

9.5 Particle excursions

The considerations of available space above are similar to those of Lindemann.7 In
an effort to understand the frequency of vibrations in solids from first principles, he
assumed that a solid would melt whenever the amplitude of vibrations became suf-
ficiently large for the hard cores of nearest neighbor atoms to collide. Nowadays,
Lindemann’s name is often associated with a slightly different criterion. Accord-
ing to this modified criterion, the ratio of the displacements to the nearest neighbor
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distance at melting is independent of the system under consideration. This has be-
come widely known as the Lindemann criterion of melting, although it is not the
original criterion proposed by Lindemann in 1910.

In the spirit of this Lindemann criterion, we have plotted in Fig. 9.5 the ra-
tio L = u=dnn of the displacements u to the nearest neighbor distances dnn. As
expected, the normalized displacements L increase as we approach the density of
melting. At a density of 40 vol%, close to the density of melting of the colloid, the
Lindemann ratio L has increased to 0:150�0:015. We have rescaled the horizon-
tal axis of the plot in such a way that it ranges from the density of melting to the
close packed density. This rescaling allows us to compare colloidal systems with
very different interactions, from strongly charged dilute to dense hard-sphere like
systems. The normalized displacements from the two samples form a single curve,
although the ionic strengths of the samples differ. The dynamic light scattering re-
sults of Piazza and Degiorgio26 on index matched, charged samples with a melting
density of 7 vol% are in good agreement with our results. Also, one data point de-
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Figure 9.5 R.m.s. displacements u of the spheres from their equilibrium position,
scaled to the distance d between centers of neighboring spheres, as a function of
density, obtained from the data in Fig. 9.4 (H, N). The horizontal axis has been
rescaled in such a way that it ranges from the density of melting (the density at the
top of the crystalline part of the sediment, see Fig. 9.4b) to the close packed den-
sity (74 vol%). As a consequence, the dynamic light scattering results of Piazza
and Degiorgio26 (2) and Zhu et al.27 (3) scale exactly onto our data points. The
static light scattering result of Bierbaum et al.14 (O) agrees well with our Linde-
mann ratio.
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rived from an experiment by Zhu et al.27 on sterically stabilized particles agrees
very well with our data. Apparently, when plotted in this fashion, the relation be-
tween the excursions and the particle density is insensitive to the interparticle in-
teraction. Previously, it has been suggested that differences in ionic strength are
responsible for observed variations in the normalized displacements.11

For hard spheres, calculated normalized displacements are available for a range
of densities above the melting transition.21 We have included these in Fig. 9.5 for
comparison. The measured excursions are clearly smaller than the hard-sphere re-
sults, even if we take into account an 8% increase because of thermal diffuse scat-
tering. Correcting the excursions for the 2:1% size polydispersity of our spheres
would increase this discrepancy. Because of the good agreement between the ex-
perimental results on different colloidal systems, it seems unlikely that the type of
interaction (i.e., screened Coulomb or hard sphere) can remedy the discrepancy.28

Perhaps, many-body interactions play a role5 or the presence of a suspension liquid
affects the dynamics.6

Our Lindemann ratio at the density of melting of 0:15 is clearly higher than the
normalized displacements well in the solid phase. Bierbaum et al.14 have obtained
a Lindemann ratio in a very dilute (0:19 vol%) bcc crystal of 0.146, in very good
agreement with our Lindemann ratio. The experimental data are slightly smaller
than numerical predictions for spheres with a screened Coulomb interaction.6,29

Numerical simulations for fcc crystals with various ionic strengths, properly ex-
trapolated to infinite system size, predict Lindemann ratios in the range 0:164–
0:176.29 The experimental Lindemann ratios are clearly higher than the computer
simulation result for hard spheres.21 Remarkably, however, the observed excur-
sions at higher densities are consistently lower than the hard-sphere normalized dis-
placements.

9.6 Conclusions

We conclude that small-angle x-ray diffraction makes it possible to study syste-
matically the approach to melting of colloidal crystals. This valuable scattering
technique complements recently developed methods based on direct imaging of the
particles with microscopy using visible light.1,5,11,12 Microscopy generally works
best for larger particles since they probe larger length scales. X-ray diffraction al-
lows the investigation of optically opaque, high density colloids. Diffraction of-
fers excellent statistics: the results are based on very large numbers of particles,
� 108. The majority of these particles are far away from the sample cell wall, i.e.
in the bulk of the crystal. Thus surface effects are eliminated. We find that the ex-
cursions in our crystals of charge-screened colloidal spheres are generally smaller
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than the hard-sphere results. The difference might be caused by many-body inter-
action among the spheres,5 or the presence of a suspension liquid could play a role.6

It would be fruitful to perform lattice dynamics calculations for screened Coulomb
pair interactions at various screenings and densities to compare with the results pre-
sented here.

Measurements on colloidal single crystals open up the prospect of studying the
thermal diffuse scattering, revealing the spectrum of sound modes in these crys-
tals. Recently x-ray diffraction also has been extended to dynamic measurements,
analogous to dynamic light scattering, by exploiting the interference of coherent
x-rays.30–32 With this dynamic technique it is possible to determine not only the
extent of the excursions, but also the associated diffusion coefficient.

From the photonic materials perspective, the study of particle excursions by
x-ray diffraction is of considerable importance since it offers a measure of crystal
quality. Control over crystal quality is crucial for applications of photonic crystals,
and the degree of perfection of photonic crystals is expected to become ever more
important as the refractive index contrast is increased. Indeed small-angle x-ray
diffraction recently has been applied to confirm the lattice perfection of a periodic
structure of air holes in a solid host material.33
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Samenvatting

Dit proefschrift gaat over licht in zogeheten fotonische kristallen, materialen die
de voortplanting van licht beı̈nvloeden door hun structuur. Het doel van fotonische
kristallen is om als het ware een kooi voor licht te verwezenlijken. Zo’n ingrijpende
verandering van de voortplanting van licht is niet alleen vanuit een wetenschap-
pelijk standpunt interessant, maar ook van belang voor bijvoorbeeld de telecommu-
nicatie. In de moderne telecommunicatie wordt veel gebruik gemaakt van licht, om
snel grote hoeveelheden gegevens te transporteren via glasvezels. In de toekomst
zal het belang van licht voor de informatievoorziening waarschijnlijk nog toene-
men. Er is voorspeld dat de veranderde voortplanting van licht in fotonische kris-
tallen aanleiding zal geven tot vele nieuwe natuurkundige verschijnselen. Controle
over de voortplanting van licht biedt bijvoorbeeld de mogelijkheid om het uitzen-
den van licht te beı̈nvloeden en zo de efficiency van lasers te verbeteren, of ruis te
verminderen onder de grens van het normaal mogelijke.

De voortplanting van licht kan worden beı̈nvloed door doorzichtige materialen
samen te voegen tot een geschikte structuur, en gebruik te maken van interferentie.
Fotonische materialen kunnen bijvoorbeeld als spiegel gaan werken. Een belang-
rijk verschil met gewone spiegels is dat fotonische kristallen ook binnenin weer-
spiegelen: ze weerkaatsen niet alleen het licht dat er van buitenaf op valt, maar ook
licht dat van binnen komt. Deze inwenige weerspiegeling kan belangrijke gevolgen
hebben voor lichtbronnen binnen fotonische kristallen. Zulke lichtbronnen krijgen
hun licht dan meteen teruggespiegeld, waardoor zij nooit licht kunnen uitzenden.
Als een bepaalde kleur licht in alle richtingen goed weerspiegeld wordt, dan is die
kleur licht opgesloten. Om te begrijpen hoe doorzichtige materialen als spiegel
kunnen werken, is het van belang om je te realiseren dat doorzichtige voorwer-
pen eigenlijk zelden onzichtbaar zijn. Dit komt doordat ze ook licht weerkaatsen.
Meestal weerkaatst maar een klein gedeelte van het licht: een etalageruit bijvoor-
beeld is op de eerste plaats doorzichtig, al kun je er jezelf ook in weerspiegeld zien.
De weerspiegeling is genoeg om de ruit op te merken, maar er weerkaatst veel min-
der licht dan van een echte spiegel. Om een goede spiegel te maken is véél weer-
kaatsing nodig.

Om een sterkere reflectie te krijgen, maken we gebruik van het feit dat licht zich
gedraagt als golf. Golven kunnen elkaar versterken, als de toppen van de ene golf
samenvallen met de toppen van de andere golf, of juist uitdoven, als de toppen van
de ene golf samenvallen met de dalen van de andere, zie de figuur. Het verschijnsel
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wordt ‘interferentie’ genoemd; het doet zich ook bij licht voor. De afstand tussen
opeenvolgende golfdalen van lichtgolven – de golflengte – nemen wij waar als de
kleur van het licht. Zichtbaar licht heeft een golflengte van ongeveer 0:0005 mm.

Als licht weerspiegelt aan een dun laagje

+

  

+

  

Interferentie: golven die elkaar ver-
sterken of uitdoven

doorzichtig materiaal, ontstaan heldere kleuren
als gevolg van interferentie. Een alledaags voor-
beeld hiervan zijn de regenboogkleuren die je
ziet als er een druppel olie in een plas water te-
recht is gekomen. De olie spreidt zich uit tot
een dunne laag op het water. De lichtgolven die
terugkaatsen van het spiegelende wateropper-
vlak interfereren met lichtgolven die terugkaat-
sen van het spiegelende olieoppervlak. Ze ver-
sterken elkaar of doven elkaar uit, afhankelijk
van de dikte van het olielaagje en de golflengte (kleur) van het licht. Wit licht wordt
op die manier door de oliefilm opgesplitst in de samenstellende kleuren. De kleuren
van parelmoer en de heldere kleuren op de vleugels van vlinders ontstaan op een
vergelijkbare manier. In deze gevallen zijn er meer laagjes bij de interferentie be-
trokken, daarom reflecteert er meer licht en zijn de kleuren feller.

De kleuren van een oliefilm veranderen als je er onder een andere hoek naar
kijkt. Zulke veranderende kleuren zijn natuurlijk mooi om te zien, maar onwen-
selijk als je een bepaalde kleur licht op wilt sluiten. In een fotonisch kristal moet
deze kleur licht worden weerkaatst, ongeacht de richting waarin het licht gaat. Dit
kan bereikt worden door een ruimtelijke structuur te gebruiken in plaats van dunne
laagjes. Omdat het materiaal er dan vanuit verscheidene gezichtspunten vergelijk-
baar uitziet, reflecteert het steeds dezelfde kleur.

Om optimaal gebruik te maken van interferentie om de weerkaatsing van een
bepaalde kleur te versterken, is het van belang dat de ruimtelijke structuur van fo-
tonische materialen regelmatig is. Onregelmatig opgebouwde structuren zijn ge-
woonlijk ondoorzichtig wit, zoals matglas of poedersuiker. Door natuurkundigen
wordt een regelmatige ruimtelijke structuur gewoonlijk een ‘kristal’ genoemd, naar
analogie met de regelmatige rangschikking van atomen in gewone kristallen. De
gelijkenis gaat nog verder: vele eigenschappen van gewone kristallen, zoals stroom-
en warmtegeleiding, houden verband met hun regelmatige structuur, net als de ge-
wijzigde voortplanting van licht in fotonische kristallen. Deze gelijkenis verklaart
de benaming ‘fotonische kristallen’. Materialen met een regelmatige bouw wor-
den niet alleen kunstmatig gemaakt, er zijn ook fotonische kristallen van natuur-
lijke oorsprong; een voorbeeld is de edelsteen opaal, een opeenstapeling van kleine
glazen bolletjes, die zijn glimmende kleuren ontleent aan interferentie.
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Wij hebben fotonische kristallen gemaakt van kleine bolletjes in water en daarin
de voortplanting van licht onderzocht. We hebben gemeten welke kleuren licht
er doorheen gaan en welke weerkaatst worden. De golflengtes van het tegenge-
houden licht stemmen goed overeen met de afstanden tussen de lagen bolletjes,
die bekend zijn uit onze metingen met behulp van Röntgenstraling. Het kleuren-
bereik van de spiegeling klopt met onze berekeningen. Het blijkt dat er een op-
timale volumeverhouding bollen:water is waarbij de kristallen zo veel mogelijk
kleuren tegelijk weerspiegelen. Als het volume-aandeel water veel groter is dan
het volume-aandeel bolletjes of vice versa, dan worden er minder kleuren weer-
spiegeld. Dit zou men ook verwachten, immers het water en het materiaal van de
bolletjes zijn ieder apart gewoon doorzichtig.

Om te zien of fotonische kristallen nu inderdaad invloed hebben op het uitzen-
den van licht, is het noodzakelijk om lichtbronnen binnenin de kristallen te maken.
Hiervoor hebben we bolletjes gemaakt met een fluorescerende kleurstof erin. Zulke
kleurstoffen kunnen licht opnemen, en zenden dan specifieke kleuren licht uit. Fluo-
rescerende kleurstoffen zijn echter niet alleen gevoelig voor de weerspiegeling van
fotonische kristallen maar ook voor de scheikundige samenstelling van hun om-
geving, en de kleurstofmoleculen beı̈nvloeden elkaar als ze dicht bij elkaar zitten.
Daarom hebben we eerst gekleurde bolletjes apart bestudeerd, zonder weerspiege-
lingseffecten. We hebben gemeten welke kleuren licht de kleurstof uitzond en hoe
lang het licht opgeslagen bleef in de kleurstof, voor verschillende hoeveelheden
kleurstof in de bolletjes. Het bleek dat een grote hoeveelheid kleurstof een korte-
re opslagtijd van het licht tot gevolg heeft. De waargenomen variatie in opslag-
tijden suggereert dat de kleurstof niet gelijkmatig verdeeld is, maar samenklontert
binnenin de bolletjes. Deze ongewenste invloeden kunnen vermeden worden door
maar een heel klein beetje kleurstof in de bolletjes in te bouwen.

We hebben kristallen met inwendige lichtbronnen gemaakt van glazen bolle-
tjes met een heel klein beetje fluorescente kleurstof erin. De glazen bolletjes zijn
allemaal even groot, en zweven rond in een glazen buisje gevuld met water. On-
der invloed van de zwaartekracht zakken de bolletjes langzaam naar de bodem van
het buisje. Door het uitzakken neemt de dichtheid van bolletjes toe en ontstaan er
vanzelf kristallen. De bolletjes stoten elkaar enigszins af doordat ze geladen zijn.
Deze afstoting kan verminderd worden door zout aan het water toe te voegen. Extra
zout vergroot zowel de snelheid van het naar beneden zakken van de bolletjes als de
dichtheid van de uiteindelijke kristallen. Door hier gebruik van te maken hebben
we kristallen verkregen met de optimale bolletjes/water-verhouding. De kristallen
zijn opzettelijk zo gemaakt dat de kleur van de weerspiegeling overeenkomt met
de kleur van de kleurstof.

De invloed van de weerkaatsing binnenin de kristallen op de kleurstof is heel
duidelijk merkbaar in de uitgezonden kleuren licht die je buiten het kristal ziet: de
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kleur licht die binnenin weerkaatst wordt is een stuk zwakker. De verzwakking
blijkt echter minder dan de verzwakking van licht dat van buitenaf komt. uit onze
experimenten blijkt dat de verminderde verzwakking niet afhangt van de plaats van
de lichtbron in het kristal. Er is meer aan de hand dan alleen maar weerspiegeling
van regelmatige lagen bollen: de weerkaatsing aan onregelmatigheden in de kris-
tallen speelt ook een belangrijke rol. Deze onregelmatigheden weerkaatsen licht in
willekeurige richtingen. Als gevolg hiervan komt er van alle kleuren licht wel een
gedeelte naar buiten, ook van kleuren licht die binnenin weerkaatst worden.

De tijd die het licht in de kleurstof opgeslagen blijft, hebben we ook gemeten.
In tegenstelling tot de schakering van uitgezonden kleuren, blijkt de gemeten tijd
niet af te hangen van de wisselwerking tussen licht en de fotonische kristallen. Dit
is een gevolg van de richtings- en kleurafhankelijkheid van de weerspiegeling van
de kristallen. De tijd die verstrijkt tussen het opnemen en uitzenden van licht, de
spontane-emissietijd, is een maat voor de mogelijkheden die de kleurstof heeft om
licht af te geven. De kleurstof kan in allerlei richtingen en kleuren uitzenden, ook
richtingen waarvoor geen weerkaatsing optreedt. Hierdoor blijven er nog genoeg
mogelijkheden over om het licht kwijt te raken, en de spontane-emissietijd veran-
dert niet merkbaar.

De kleine glazen bolletjes in water waar we de kristallen van gemaakt hebben,
zijn een voorbeeld van een colloı̈d, een materiaal dat bestaat uit een fijn verdeeld
mengsel van twee fasen. Colloı̈den zijn alom tegenwoordig in het dagelijks leven;
slasaus (druppeltjes olie in azijn), gel, inkt (vast stoffen in vloeistoffen), en scheer-
schuim (gas in vloeistof) zijn er voorbeelden van. Ook het menselijk lichaam bestaat
uit colloı̈den. Colloı̈den zijn bijzonder geschikt om fotonische kristallen van te
maken, aangezien ze van nature ongeveer de juiste grootte hebben en vanzelf kris-
tallen kunnen vormen. Het is echter ingewikkeld om de opbouw van zulke kristallen
te achterhalen met behulp van licht, immers de fotonische kristallen zijn bedoeld
om de voortplanting van licht te veranderen! Met behulp van Röntgenstraling zijn
we er toch in geslaagd om informatie te verkrijgen over de opbouw van colloı̈dale
fotonische kristallen. Hiervoor hebben we experimenten gedaan in Grenoble in
Frankrijk, waar een zeer felle Röntgenbron beschikbaar is. Het blijkt dat de kris-
tallen bijzonder goed geordend zijn, honderden bolletjes liggen keurig op rijtjes,
zowel in de breedte en hoogte als in de diepte. De experimenten tonen aan dat
kleine-hoek Röntgenverstrooing met een synchrotronbron en twee-dimensionale
detectie bijzonder geschikt is voor het bestuderen van colloı̈dale systemen.

Als voortvloeisel van deze zeer nauwkeurige metingen hebben we de groottes,
groottevariaties, scherpte van het oppervlak en de dichtheid kunnen bepalen van
verschillende soorten colloı̈dale bolletjes, in hun natuurlijke omgeving. Het blijkt
dat de meeste colloı̈den beantwoorden aan het beeld van homogene, eenvormige
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bolletjes met een scherpe rand. De gemeten groottes en groottevariaties komen
goed overeen met resultaten van andere technieken, maar zijn nauwkeuriger en vol-
gen uit één enkele meting aan de bolletjes in hun natuurlijke omgeving. Bovendien
hebben we een handige nieuwe methode gevonden om zelfs zeer kleine variaties in
bolletjesgrootte te kunnen bepalen.

Samenvoeging van bovenstaande Röntgenwaarnemingen levert interessante in-
formatie op over de nauwkeurigheid waarmee de bolletjes op hun plaats zitten in
de colloı̈dkristallen. Vanwege de warmtebeweging maken de bolletjes voortdurend
kleine uitstapjes rond hun plaats in het kristal. We hebben systematisch de grootte
van deze uitwijkingen in kaart gebracht in kristallen waarin de bolletjes dicht op of
juist verder van elkaar af zitten. Opmerkelijk genoeg blijkt dat de uitgestrektheid
van de warmtebeweging in allerlei verschillende colloı̈den voornamelijk bepaald
wordt door het verschil tussen de dichtheid van de bolletjes en de dichtheid waar-
bij de bolletjes geen kristal meer vormen maar wanordelijk door elkaar gaan zitten.
Het soort wisselwerking tussen de bolletjes blijkt alleen van belang voor zover het
de dichtheid bij de smeltovergang beı̈nvloedt. Verrassend is ook dat de warmtebe-
weging minder is dan op grond van berekeningen was verwacht. Wellicht spelen
wisselwerkingen tussen meer bolletjes tegelijkertijd een rol, of beı̈nvloedt de aan-
wezigheid van een vloeistof de beweging.

Een belangrijk doel van het onderzoek aan fotonische materialen is om een
kristal te maken dat ten minste één kleur licht goed tegenhoudt, ongeacht de rich-
ting waarin het licht gaat. Dit onderzoek laat zien dat colloı̈den bijzonder geschikt
zijn om fotonische kristallen te maken. Kort geleden zijn er nieuwe fotonische
kristallen ontwikkeld die veel meer kleuren weerspiegelen, en in veel meer richtin-
gen tegelijk. Deze kristallen zijn opgebouwd uit van nature al beter weerkaatsende
doorzichtige materialen, zoals titaandioxide, dat om deze reden ook gebruikt wordt
in de betere kwaliteiten witte verf (“titaanwit”). De kristallen worden gevormd met
behulp van een soort mal die bestaat uit een colloı̈dkristal. Het lijkt aannemelijk
dat verdere ontwikkelingen binnen afzienbare tijd zullen leiden tot kristallen met
de gewenste volkomen weerspiegeling van tenminste één kleur. Zulke kristallen
werken dan als kooi voor die kleur licht.
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Peter Bösecke en Olivier Diat wil ik bedanken voor alle hulp bij de metingen
in het ESRF in Grenoble, samen met het geslaagde team van Willem, Carlos, Ju-
dith, Mark, Dirk, en Michiel, in wisselende combinaties. (Zie hoofdstuk 8, 7, en 9.)
Speciale dank aan Peter, voor zijn geduldige en bereidwillige uitleg van de finesses
van de gas-gevulde detector, en zijn aandacht voor een nauwgezette uitwerking van
de metingen.

Gerard Wegdam wil ik bedanken voor zijn enthousiasme en belangstelling (on-
der andere voor de polydispersiteiten in hoofdstuk 8), en de prachtige verhalen,
zowel op wetenschappelijk gebied (vraag hem maar eens naar het ‘netje’ SF6 bij-
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