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1 ABSTRACT

In this lecture I will deal with optical studies of vibrational dynamics. I will address the
question of what (minimal number of) parameters characterize vibrational motion and
under what conditions the relaxation-time approximation is valid. Within this assump-
tion the vibrational dynamics are represented by, besides the eigenfrequency, the decay
constants T2 and T1. More of these constants will be needed when different oscillators
are coupled.

Following we will consider the extraction of these quantities from optical experiments.
Relevant optical techniques are linear and nonlinear absorption spectroscopy, sponta-
neous Raman scattering and forced or “coherent” Raman scattering. The complications
of strong coupling of the oscillators to the light field, in absorption spectroscopy referred
to as polariton formation, will be dealt with.

It will be demonstrated that the conventional response theory that is employed to cal-
culate line shapes has serious shortcomings. I refer to these “Kubo-type” response
principles as to “one-way response theory” in contrast to, what I have coined, “two-
ways response theory”.

2 INTRODUCTION

When one considers nowadays the many scientific papers in natural science one might
get confused and a little desperate. The fact that a major fraction of these writings
deals with optics and lasers, that is to say our field, adds to this discomfort. One should
not be surprised that there are numerous publications on scientific applications of lasers,
and in particular on nonlinear optics, because many very clever scientific workers have
bought many lasers and all the necessary auxiliary equipment. Optics is in fashion.
Almost any physicist, and chemist for that matter, that respects himself is in some way
associated with research in which lasers and nonlinear optics are involved. Whatever he
will find or not find, he will write a publication on it. No more microwave spectroscopy,
no more magnetic resonance spectroscopy, no more acoustics, no, just lasers. The prob-
lem with lasers is that they work on optical principles. Suddenly everybody realizes
that before one can embark in this trendy field on nonlinear optics one has to learn
something about this dull field of linear optics. Linear optics has long been abandoned
as a basic subject, not only in (Dutch) highschools, but also in (Dutch) curricula for
university degrees in physics. Many scientists working in the field of nonlinear optics
feel the need to reinvent the wheel, not realizing that a great deal of the formalism for
linear and nonlinear optical response was developed much earlier for magnetic resonance
in the 1960’s. Famous names associated with major contributions during that period
are for instance P.W. Anderson, N. Bloembergen, R. Kubo, and A.G. Redfield. When
somebody wants to learn the subject my advice is: just buy and read a good book on
magnetic resonance like C.P. Slichter’s “Principles of Magnetic Resonance”.1 The prob-
lem with the field of nonlinear optics is that the subject is of enormous extension. Is it
a technique, or is it a phenomenon, or a class of phenomena? Should one discuss the
possible applications of the technique, or should one look at purely optical phenomenon
like nonlinear light propagation? Books on nonlinear optics necessarily only describe a
tiny part of the field. Nonlinear optics is also often approached from the viewpoint of
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an engineer. For an engineer relaxation times like the well-known, and for us crucial,
T2 and T1, are just some parameters determining the quality factor of a lumped circuit,
in the same way as for instance the reflectivity of a mirror does, but for a solid state
physicist these relaxation times differ like day and night from the imperfections of a
mirror.

Let us first find out what type of physics you are interested in and let us see if nonlin-
ear optics has a role to play in satisfying your curiosity about nature. The emphasis
throughout this lecture will be: how can we use optical principles, and if necessary
nonlinear optical experiments, to learn more about our material.

Optical studies of vibrational dynamics are numerous. This is not a review paper, so I
cannot give proper credit to the vast and excellent work carried out by many colleagues.
Sometimes, for educational purposes, I will need and discuss some specific examples.
In the majority of cases these demonstrations will be drawn from our own work. This
implies nothing whatsoever about (my opinion on) the quality of other work, but is
purely done on the basis of convenience (for me).

3 TYPE OF PHYSICS

Before we switch on our laser, let us first discuss what type of information we want to
obtain from our experiment. This is a very important contemplation as otherwise we get
lost in the tremendous complications of laser systems and nonlinear optical phenomena.
A laser is a very bright source of light and as such able to introduce all kinds of nonlin-
ear couplings and effects, many of which are a nuisance and are unwanted. Nonlinearity
is found in many branches of physics besides optics, and its presence invariably means
complications. If you can avoid nonlinearities when gathering your information, please
do.

I assume you are interested in some “system”, consisting of many particles or degrees
of freedom. This corpus is a large collection of atoms or molecules if you are a solid-
state physicist and a smaller number of atoms if you are a molecular physicist. What
quantities are of interest? When do you “understand” the behavior of your crowd of
particles? For any system one can define many, often even an infinite number of, ob-
servables and one cannot be interested in all of them, leave alone to know everything
about them. Understanding implies among other things characterization and prediction
of the behavior of your object using a minimal number of observables. Consequently
we will have to put some limitation on our ambition for knowledge of everything.

This lecture is about vibrational dynamics, so apparently we want to understand more
about the displacement of atoms around their equilibrium positions. Quantities of con-
cern could be for instance simple expectation values like �u2�, the mean-squared
displacement of an atom at a particular site, but also the more informative functions
describing spatial correlations between displacements. Examples of these (static) cor-
relation functions are: �u(r1)u(r2)�, �u(r1)u(r2)u(r3)�, �u(r1)u(r2)u(r3)u(r4)�
and higher-order functions. The expectation value � · · · � denotes an averaging over
some relevant distribution function, like the quantum-mechanical expectation value over
the ground state, or a thermal average (quantum or classical). Sometimes we would
like to Fourier transform our spatial correlation functions, to take maximal advantage
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of translational symmetry, and wavevectors will become the relevant variables like for
instance: �u(p1)u(p2)�. In case of translational symmetry this function is propor-
tional to δ(p1 +p2). We have used the label p rather than k for the momentum variable
as later k will be used for light propagation.

All expectation values are equilibrium expectation values, and they are only determined
by the, time-independent, Hamiltonian of your system. We call the correlation functions
discussed so far static, because they do not depend on time. One can, and for the study
of vibrational dynamics one should, also be interested in dynamic correlation functions,
that depend on time (or frequency). An important dynamic correlation function is

�u(r1, t1)u(r2, t2)�, (1)

which describes correlations in both spatial and temporal variables. This dynamic
correlation function can also be generalized to situations where more displacement op-
erators are involved in the correlation function. Note that these correlation functions
are again defined in terms of equilibrium expectation values, and time is only a param-
eter. The distribution function over which the averaging is performed, does not depend
on time. Fourier transforming over time is of course very frequently performed as na-
ture looks commonly much simpler in the frequency domain than in the time domain.
Fourier transforming the lowest-order dynamic displacement correlation function (1)
with respect to space and time defines σ(p,Ω),

σ(p,Ω)δ(p1 + p2) =
∫

eiΩt �u(p1, t1)u(p2, t1 + t)� dt , (2)

where the delta function comes from the assumption of spatial translational symmetry.
Integrals without explicit indication of the domain of integration are to be taken from
[−∞,+∞]. I have chosen to use Ω rather than ω for frequency as ω is often used to
describe the deviation from the central frequency (bandwidth) of incoming light.

Up to now I have mainly considered correlation functions containing displacement op-
erators. This is a professional deformation of workers in optics. The coupling between
light and our type of matter is primarily through the displacement operator. Peo-
ple studying vibrational dynamics with neutron scattering always consider correlation
function of density operators. The obvious reason is here that the interaction be-
tween neutrons and atoms is through a very local potential (often represented as a
delta-function pseudo-potential). Using the first Born approximation to describe the
scattering of neutrons off nuclei is an excellent approach and immediately leads to the
study of correlation functions of the type

�ρ(r1, t1)ρ(r2, t2)�, (3)

in which ρ is the density operator: ρ(r) ≡
∑N
i=1 δ(r − ri), where N is the number of

particles. A rather famous function is the double (space and time) Fourier transform of
correlation function (3), which after performing the spatial Fourier transform explicitly
looks like

S(p,Ω)δ(p1 + p2) =
∫

eiΩt �ρ(p1, t1)ρ(p2, t2)� dt , (4)

This function S(p,Ω) is the most important function describing neutron scattering
(where it is better known as S(k, ω), and sometimes referred to as the “scattering
law”). Under mild conditions, to be discussed later, the correlation function S(p,Ω)
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has a Lorentzian shape2 (as a function of Ω) and we call its center, Ω0(p), the fre-
quency, and the width of the line, τ (p), we refer to as the damping of the oscillator.
The displacement correlation function σ(p,Ω) will have approximately the same shape
as S(p,Ω).3

In many cases higher-order correlation functions can be decoupled into lower-order
correlation functions. This alleviates the task of characterizing your system as only
some lower-order correlation functions need to be known under these circumstances.
One cannot in all seriousness claim that a correlation function consisting of a product
of thirty-six displacement operators will contain much different information from one
holding thirty-eight or thirty-four displacement operators. Many of these operators will
fluctuate (almost) independently and can, besides some exceptional pathological cases,
safely be decoupled into a product of lower-order correlation functions. The correlation
functions discussed so far are intrinsic to your system, that is to say these correlation
functions are all defined in the absence of the probes. I have indicated that information
can be obtained about these intrinsic correlation functions by coupling your system to
a probe and perform an experiment. This is only true for investigations that can be
described as linear-response experiments. We will discuss this question in more detail
in Section 8. In the philosophy of linear response the influence of the probe is as weak
as possible. When using bright light sources linear-response concept is often not valid
any more. The good thing is that a stronger coupling between probe and system will
potentially lead to a situation where more knowledge can be accumulated. The bad
news is that the correlation functions being measured are much more complicated and
not any longer intrinsic to your system as the separation of probe and system is not
longer possible.

I want to stress that if you are a condensed matter physicist who is interested in vibra-
tional dynamics you do not want to know everything about chirps, bandwidth-limited
pulses, regenerative gain, amplified stimulated emission, unstable cavities, mode lock-
ing etc. These effects and phenomena are indeed very important, but for you only to
the extent that they enable you to study your vibrational system. If you like to study
all these nonlinear optical effects in great detail and just for the sake of themselves,
fine, but do not call yourself a condensed-matter physicist. A butcher should sell meat,
and not bread. Many specialists in vibrational dynamics do not know anything about
lasers but it is of crucial importance to keep on communicating with them. By using
too much “optical jargon” it is quite simple to alienate oneself from this community. A
condensed-matter physicist should have an understanding of the general concepts and
methods of calculation of correlation functions for many-body systems. He should know
about Green’s functions for phonons and electrons. Only if you speak that language,
and present your new results using that terminology your discoveries will get the full
attention and appreciation of the condensed-matter community at large.

4 HOW COMPLICATED IS YOUR SYSTEM?

If your system is not complicated it is not interesting because many other people will
already have studied it in great detail, even before you were born. If a system has only
a “discrete” spectrum, containing a finite or at most a countable infinity of spectral
points, the dynamics are often solved trivially and uninteresting. In the systems you
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will be interested in this is never the case. You will always have to deal with a contin-
uous spectrum and in many circumstances you also will have to handle a many-body
system (which is the physicist understatement for an infinite-body system). When I
explain to colleagues that they work with an infinite-body system they often look very
surprised. In their view they only study a few oscillators having some irreversible be-
havior (for instance expressed by a dephasing time). But they do not realize that in
order to obtain irreversible behavior from a microscopic point of view one has to couple
the oscillator to degrees of freedom having a continuous spectrum, frequently a many-
body system. Otherwise the system could be described with a finite number of modes
and no irreversible behavior could be established.

In all situations a large number, and in many cases an infinite number of operators
and degrees of freedom is involved. We want to understand our system, and we will
come a long way in comprehension when we determine the behavior of some simple
correlation functions. One always speaks of the relevant or slow variables in contrast
to the fast or irrelevant variables. The influence of the fast variables can usually be
taken into account as a (generalized) damping force on the slow variables. One looks
for the slow variables and treats them in great detail and the fast variables are taken
into account only in an approximate way as one expects the details of their dynamics
not to be very important. Conserved variables always belong to the collection of slow
variables but in many cases there is quite some ambiguity about which variables are
allowed to be classified as slow and which not. Sometimes it is a matter of taste and
often one really does not know whether in a theory all slow variables have been taken
into account properly. When an important slow variable has been overlooked we are
frequently warned because when this has happened the damping forces show unphysical
behavior (like a very strange resonance structure) signalling an unjustified neglect of a
slow variable. There are several systematic approaches to incorporate more and more,
less and less slow, variables in a consistent (and hopefully convergent) procedure and
one such a method is the Mori method.4,5

4.1 Introducing T2 and T1

We will outline the general conditions under which the temporal behavior of a system
can be described by a single (or just a few) relaxation time(s) and the frequency re-
sponse can be described by a single (or just a few) Lorentzian line(s). This is very
important as the description of a complicated system in these simple terms is a tremen-
dous simplification and a big step towards understanding the system. The Hamiltonian
of a system, Hsys can very often be partitioned in two commuting parts and a third
coupling or interaction term. We will call them subsystem, bath and interaction term:

Hsys = Hsubsystem +Hinteraction +Hbath ≡ Hsub +Hint +Hbath. (5)

We suppose that Hsub is a very simple system, like consisting of only a few bound
states or just an undamped harmonic oscillator, and we assume Hbath to fluctuate on
very short time scales. If this is not true we will switch their roles and call the bath the
system and vice versa. If this does not work your system is either trivial or very com-
plicated. Skipping the trivial case the failure of a partitioning like expression (5) can
only be due if both Hsub and Hbath are nontrivial many-body systems. But in that case
you can probably forget all about their coupling because they have enough problems to
take care of their own dynamics and will have no time to influence each other. Under
these circumstances you can disregard the “bath” and can continue with Hsub which
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you should try to partition in its own subsystem and bath as indicated in expression (5).
I hope by now that I have convinced you that partitioning (5) is indeed very general
and poses hardly any limitation on the systems you can describe. I expect the reader
also to recognize that partitioning (5) complies with the principle of separation of the
variables into slow and fast variables. The subsystem takes care of the slow variables
and the rest of the fast variables. In some approaches Hint + Hbath are taken together
into one term in which the bath variables do not appear as operators, but as classical
fields having an explicit time dependence. This more limited scheme is often the basis
of stochastic methods. The line of attack that we propose to deal with Hsys can easily
be adjusted so as to apply to these more limited cases also. In the following I will give
one explicit example of a stochastic model and indicate the parallel with the approach
based on Hamiltonian dynamics.

We assume that our system can be depicted as a few levels in interaction with a con-
tinuum. In principle one could define dephasing for a single level, but the situation is
much clearer for a two-level system. Let us suppose we have two levels, the excited
state | e > and the ground state | g > both interacting with a continuum. The total
wavefunction of the compound system can then be described as | i>⊗|{bath}>, where
a symbolic notation for the bath wavefunctions has been introduced and | i > stands
for either the excited or the ground state. Due to the presence of a high density of
continuum states the state | i > ⊗ | {bath}> will be (almost) degenerate with many
other states which differ only in their bath states. After the system is excited in one
of these compound states it will go through many of the other compound states almost
degenerate with it, because the interaction term will couple them and will take care of
the energy balance. After some characteristic time the phase of this initial state will not
be related anymore to the phase at a later time. The typical time associated with this
dephasing mechanism is called the pure dephasing time Tdeph and is best described to
be associated with quasi-elastic processes. Elastic because the subsystem component of
the wavefunction is unaltered and remains | i>, and quasi because the coupling energy
takes care of small, but not vanishing, energy mismatches.

A second dynamic process can be visualized which could be classified as inelastic. Let
us again discuss the case of two levels for the time being: | e > and the subsystem
ground state | g >. Both these levels will be coupled to the continuum and would be
dephased by it. However the state | e >⊗ | {bath}> can now also be degenerate with
a state of the type | g >⊗ | {bath}> if the right continuum states are excited. The
state |e>⊗|{bath}> will decay into these states but after this kinetic process the ex-
cited compound state has ended, in contrast to a pure dephasing process, in a different
subsystem state. The bath will take care of extreme fast de-excitation of the excited
continuum states and we will wind up with the subsystem in the ground state. This
mechanism represents an inelastic process and the characteristic time will be called T1,eg.
The reader might complain that this inelastic process is also, in a way, described as a
dephasing process, albeit one in which the subsystem component has changed. This
is a very fundamental problem with present day (quantum) physics. Building one’s
models using hermitian Hamilton operators will always lead to energy conservation and
the inability to formally describe inelastic processes. The only technique to represent
inelastic behavior is by relating it to dephasing into a larger space.

The method to obtain the simplest possible theoretical expressions for the relaxation
times from Hamiltonian (5) goes under many names, my favorite is the weak-coupling
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approach. All these methods can be viewed as variations on the theme of “expansion
in the interaction Hamiltonian Hint”. I will estimate higher-order corrections later but
will now indicate the lowest-order result. The dephasing time is measured when a
spectroscopic measurement which induces transitions and for this reason the dephasing
time is a measure for the difference in dephasing of the two levels. The answer, correct
to lowest order in Hint, for Tdeph can also be found by applying Fermi’s Golden Rule,
and the result is given by

1

Tdeph
= E2

intρ(E = 0), (6)

in which Eint is a typical energy scale for Hint (or difference in diagonal matrix elements
of Hint between excited and ground states), and where ρ(E) is the density of states of
the continuum or bath at energy E. I cannot be more specific about the precise magni-
tude of Eint unless I would treat in much more detail the exact form of the interaction
Hamiltonian. It is important to realize that Eint is not at all influenced or determined
by Hbath. People familiar with motional-narrowing theory in magnetic resonance know
that E2

int is also equal to the second moment of a relevant operator of the subsystem (the
relevant operator is the simplest operator of the subsystem that has matrix elements
between the ground state and the excited state).1 This second moment is not deter-
mined by the bath Hamiltonian because this Hamiltonian commutes with any operator
of the Hilbert space of Hsub. The density of bath states has as dimension per energy
so it denotes a time scale. For this reason many people refer to it as τc(E = 0), the
correlation time of the bath. In the latter notation the dependence on the frequencyE
is often dropped. With the inverse of Eint one can also associate a time scale and this
could be called the time scale of the interaction term.

Knowing the expression for the dephasing times makes it rather simple to anticipate
the expression for the inelastic time T1,eg:

1

T1,eg

= E2
intρ(E = Ee −Eg) ≡ E2

intτc(E = Ee − Eg). (7)

As expected in this case the density of states has to be evaluated at the energy difference
between the two levels as the energy has to be supplied or received somewhere. Of course
T1,eg and T1,ge are connected through detailed balance in case of thermal equilibrium:

T1,eg

T1,ge

= e(Eg−Ee)/kBT . (8)

This relation is essentially a condition on the density of states of the continuum. The
magnitude of Eint appearing in equation (7) for the inelastic rate constants can differ
by factors of order one from the factor appearing in equation (6) for the pure dephasing
kinetics.

Up to now we have discussed the relaxation times in terms of levels. In a many-level
system each two levels have their own dephasing times and all levels are potentially
connected through inelastic channels. The relaxation times then really become matrices
where the indices denote the levels.6 Experiments often measure lumped combinations of
these times and for these reason some linear combinations of these times are well-known.
When one measures the decay of the population difference between two levels i and j the
decay time, defined as T1, would be given by the parallel sum , 1/T1 ≡ 1/T1,ij + 1/T1,ji.
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For a multilevel system it makes more sense not to combine them in lumped relaxation
times. In a spectroscopic measurement, like optical absorption, the linewidth is defined
to be 1/T2. The pure dephasing process gives rise to an energy uncertainty of 1/Tdeph,
and the inelastic process gives rise to an energy uncertainty of 1/(2T1). These processes
are independent and add, and the linewidth is given by

1

T2
=

1

Tdeph
+

1

2T1
. (9)

The factor of two appearing in this equation can be explained in the following way.
Dephasing is a property of the probability amplitude (or wavefunction or vibrational
amplitude) and population dynamics is connected with the amplitude squared.

I have presented enough information to make it possible to indicate how higher-order
corrections to the weak-coupling result would look like. Higher-order corrections to the
relaxation times can be visualized by writing expression (6) for Tdeph in a different way,

1

Tdeph
= Eint {Eintρ(E = 0)} = Eint (Eintτc) . (10)

The dimensionless parameter Eintτc is the expansion parameter. In a theory incorporat-
ing higher-order corrections to the weak-coupling theory higher-order powers of Eintτc
would be added to the term between brackets in equation (10). The expansion param-
eter must be small for our approach to be valid and we see that the request is that the
bath should be much faster than the time connected with interaction Hamiltonian E−1

int .
For many types of baths this will be an excellent approximation and we have done a
superb job. We are also able to understand the term motional narrowing. If the bath
would be extremely slow the dynamics of the subsystem would be totally determined
by Eint, and the linewidths and inverse decay times would be of the order of Eint, so
the width is narrowed by the motion of the bath by a factor Eintτc .

In the foregoing it was assumed that the continuum could supply or absorb the neces-
sary energy for the inelastic process to go. Here a practical difference between optics
and magnetic resonance shows up. In the standard magnetic resonance techniques, like
NMR and ESR, the spin energies are usually so small that τc(E = 0) ≈ τc(Ee−Eg). In
that case the quasi-elastic dephasing times and the inelastic times are approximately
equal. In optics the situation is very often the other way around. The energies are usu-
ally much larger than kBT and for that reason the T1’s are usually orders of magnitude
larger than the dephasing times. The situation could even be more dramatic since it is
possible that the density of states is zero at the required energy. This is because the
degrees of freedom of the bath have a certain energy scale and for much larger energies
than this energy scale there are less and less states and beyond the edge of the density
states there will be no states at all. Under these conditions the energy gap is too large
and the continuum cannot absorb or supply the necessary energy. In the language
of quantum mechanics one would say that one quantum of the bath is not enough to
bridge the energy gap and more quanta are necessary, until we have enough of them to
span the energy gap. It is clear that we have to go to higher-order perturbation theory
with the interaction as perturbation in order to obtain a finite transition probability.
There are in principle two ways of doing this. We could use the same interaction energy
and go to higher-order in weak-coupling theory but this is very cumbersome. A simpler
way to go about is to realize that in the Hamiltonian (5) the interaction term is also
usually a first term in an expansion in bath coordinates. If we would allow higher-order
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term there we could still do simple weak-coupling theory to obtain expression for the
linewidths.7–9 Let me be more specific. Suppose we consider some subsystem interact-
ing with its environment. We could symbolically denote the environment with some
lumped variable {R}. The coordinates of our simple subsystem will be represented by
the coordinate q. We can formally define the “displacement” δR of the bath operators
by

R ≡ R0 + δR, (11)

where R0 is some equilibrium or reference set of coordinates for the bath. Let us imagine
some adiabatic approach (for instance by assuming for the time being that the masses
of the degrees of freedom of the bath are infinite). We can then calculate the energy
of the total system. This energy is a function of {R} and q. Assuming now that we
can expand in small bath displacements we will have the following terms (in symbolic
notation !!)

U(δ{R}, q) − U(δ{R} = 0, q) =

(
∂U(δ{R}, q)

∂δ{R}

)
δ{R}=0

δ{R}+

1

2!

(
∂2U(δ{R}, q)

∂δ2{R}

)
δ{R}=0

δ2{R}+ · · · . (12)

All the terms on the rhs. of this expansion will give rise to coupling between bath
and subsystem as they depend on both the dynamic coordinates q and δ{R}. In the
higher-order terms successively more bath operators (or bath quanta) are involved. If
we use weak-coupling theory for each separate coupling term we would find that the
successive densities of states we would need in the expression for the linewidths (See
for instance equation (6)) consists of a compound density of states which can usually
simply be described as a (convolution) product of the single-excitation density of bath
states. For the first term in the rhs. of the equation above we need the single-excitation
density of bath states and for the second term we would need the convolution of two
single-excitation density of states, approximately twice as wide in the frequency domain
as the single-excitation density of states. If we would go to higher order we would be
able to bridge any energy gap. If this is after N terms we would describe the vibra-
tional relaxation in terms of a N-excitation (or N-phonon) process. One calls this the
energy-gap law as one expects an exponential decrease in magnitude of the successive
terms in expansion (12).10 The sharp drop for each next order implies that if the process
goes for a certain N , one does not need to take into account additional higher-order
processes as their contributions will be exponentially smaller.

In multilevel systems some new and interesting phenomena can occur. We will use
a three-level system as a generic example: | i >, | j >, and | g > presented in order
of decreasing subsystem energy. Excitation to a compound | i > ⊗ | {bath}> can be
followed by direct decay to the ground state but it can also decay through the inter-
mediate excited compound state | j >⊗|{bath}>. Important factors determining the
branching ratio’s of the two channels are the respective energy gaps and the magni-
tudes of the matrix elements of the interaction Hamiltonians. This new situation can
again simply be handled in the weak-coupling situation. A system having two excited
levels can be described with the two coordinates q1 and q2. The potential energy of
this system will be of the form U(q1, q2, {R}). The actual dependence of this energy
on {δR} will determine what type of bath excitations will drive the transition. An
expansion of this energy in small deviations {δR} will give rise to terms like q1q2δ{R},
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a bath-induced harmonic coupling between normal modes, but also higher-order terms
like bath-induced anharmonicity would show up in this expansion and would provide
the right matrix elements to allow for a path in which a low-lying excited subsystem
level gets populated before the transport to the ground state takes place.

In addition to introducing new inelastic channels a third level can also have interesting
effects on linewidths and line positions. These two quantities are closely related as
lineshifts and linewidths are given by respectively the sine and cosine transform of
the same dynamic correlation function. From motional narrowing theory in magnetic
resonance it is known that if an absorption spectrum consist of two narrow separate lines
and a kinetic process exist connecting the two transitions that is faster than the inverse
of the separation in frequency between the two lines one “motionally averaged” line
will appear at some weighted average position.11 The weight depends on the occupation
probability of the initial states of the two separate transitions. When these initial states
differ in energy, a Boltzmann factor will determine their occupation probability and so
also the position of the averaged line. Changing the temperature will then change the
line position. This is a situation often encountered in optics where a high-energy mode
is anharmonically coupled to a low-energy mode that has a fast T1. The fast occupation
dynamics of the low-energy mode (usually referred to as the “exchanging mode”) will
pull on the frequency of the high-energy mode. The existence of an fast exchanging
mode will also have effects on the linewidth. The structure of the contribution to the
linewidth must again be of the form E2

intτc. Eint will be of the order of the anharmonic
coupling between the two modes and τc will be the correlation time of the kinetic process
weighted by a Boltzmann factor containing the energy of the exchanging mode.12 Under
these circumstances measurement of the lineposition and width of a certain oscillator
as a function of temperature could give information on the energy of a different mode.
In Figure (1) I depict the the linewidth of the CN stretch vibration 2095 cm−1 in
a ferroelectric crystal as a function of temperature, data obtained with spontaneous
and forced Raman scattering. From the slope one infers that this stretch vibration is
anharmonically coupled to a mode at 346 cm−1.13

4.2 Relaxation of an Oscillator

We will discuss a model that is more phenomenological than our previous example that
existed of a few low-lying quantum-mechanical levels. The new model we introduce
for the description of a system coupled to a continuum is the very popular harmonic
oscillator. An oscillator is a generic model used in physics from degrees of freedom
having energies in the range of milli-electron-volts (nuclear magnetism) up to Giga-
electron-volts (high-energy physics). In our case we specifically mean the displacement
of an atom around its equilibrium position, but much of what we will discuss has
a much wider applicability. A major advantage of the oscillator model is that the
classical interpretation hardly differs from a quantum-mechanical one. We will assume
that our degree of freedom has some generalized coordinate q (we will use q rather than
u to comply with a convention popular in the optical literature). In an experiment one
measures a collection of these oscillators and we define the “coherent” amplitude

Q ≡
N∑
i=1

qi. (13)
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Figure 1. Logarithmic plot of the temperature dependent contribution to
the Raman linewidth of the CN stretching mode in the ferroelectric crystal
K4Fe(CN)6 · 3H2O . The solid line is a fit to exponential behavior which
yields an activation energy of 349± 25cm−1. The interpretation is that the
CN mode at 2095 cm−1 is anharmonically couple to a water mode having
this low energy. After Reference (13).

A careful reader would notice that in the beginning we addressed wavevector-dependent
displacement operators of the type u(p) and now we are only considering displacement
operator (13), which is essentially the p = 0 component of u(p). The reason is that due
to the discrepancy between atomic length scales and the wavelength of light only the
p = 0 displacement operator will be probed with light. This is a tremendous disadvan-
tage compared to other techniques like inelastic neutron scattering when investigating
vibrational dynamics in the solid state, but less in liquids where (almost) no dispersion
(that is p-dependence) exists.

I will treat only a single coordinate Q . It is trivial to extend this into regime of more
coupled systems, but I do not want to write out matrices all of the time. The equation
of motion of the simple damped harmonic oscillators is

d2Q(t)

dt2
+

2

T2

dQ(t)

dt
+ Ω2

0Q(t) = 0. (14)

We have neglected a possible distribution (“inhomogeneous linewidth”) in the frequen-
cies of the oscillator. The coordinate Q is a generalized coordinate. To emphasize the
general character of the present approach I will point out that Q could be the dis-
placement of a lattice vibration (which we have called u earlier), but it could also be
the excitation of a bound electron, or it could be the excitation of a magnon, etc. We
could even generalize the meaning of Q more. Q could denote some non-equilibrium
expectation value introduced by some probe at earlier times and equation (14) would de-
scribe the return to equilibrium.14 Q could also denote some equilibrium displacement-
displacement correlation function �Q(0)Q(t)� .

lagendijk
Placed Image
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The damping has been introduced in a phenomenological way. In the previous section
we have outlined how to justify the concept of damping times in a microscopic way us-
ing one of the possible interpretations of Q when we are dealing with a weakly-coupled
system. The coordinate Q describes the phase of the oscillators and that is why the
damping time contains the total dephasing time T2. Equation (14) cannot represent
population dynamics of the oscillator and so T1 is not present in it. The extension to
include the population dynamics will be discussed later. The solution of equation (14)
is simple and requires two initial (or final) boundary conditions i.e. Q(t = 0) and(

dQ(t)
dt

)
t=0

. In the case the interpretation is in terms of correlation functions these ini-

tial conditions are determined by the equilibrium ensemble.

I have outlined that equation (14) is a very general equation. Now I want to stress
the limitations of this equation. This equation can never be an operator equation.
That is to say equation of motion (14) describes the motion of Q, but one cannot
infer from the behavior of, for instance, Q2 from it. The reason is that equation of
motion (14) can only be obtained from a microscopic equation after some averaging
has been performed. This averaging could have been sneaked in our calculation either
because quantum-mechanical matrix-elements have been taken, or because a statistical-
mechanical averaging has been carried out, or because an averaging over some stochastic
process has been invoked. Equation (14) can never be a microscopic equation, as no
microscopic origin of irreversible behavior exists for a finite system. A better practice
would have been to use 〈q〉 and 〈Q〉 in equation of motion (14) rather than q and Q, to
emphasize that some averaging procedure has been introduced.

A simple example will demonstrate the phenomenological character. The dynamical
coordinate of our oscillator will be denoted by q̃ (and their sum by Q̃). This coordinate
does not represent an averaged coordinate and would for instance appear in the Hamil-
tonian. The oscillator is coupled to other degrees of freedom. This makes the whole
situation into an interacting many-body system. A simple, and ad hoc way, to introduce
the rest of the system is to propose a random force, that modulates the frequency,

d2q̃(t)

dt2
+ +Ω0 (Ω0 + Eintξ(t)) q̃(t) = 0, (15)

where ξ is a zero-mean random function with correlation time τc. The strength of the
random-force has been parametrized with the energy parameter Eint. It will turn out
that this parameter maps exactly on the Eint we have been using extensively in the
weak-coupling approach when describing relaxation with a microscopic approach using
Hamiltonians. The solution of the stochastic equation is straightforward. Essentially
the same expansion in Eintτc as in the case of weak-coupling can be inserted. (See
van Kampen15 and his excellent book16). The result for the coordinate 〈q̃〉, where the
brackets mean averaging over the stochastic process, to lowest order in an expansion
of Eintτc is that one obtains exactly the phenomenological equation of motion (15)
when we make the identification: 〈q̃〉 ≡ q and 〈q̃〉 ≡ Q, and the most important re-
sult 1/T2 ≡ (π/8)E2

intτc. I hope the reader sees that this stochastic approach is very
analogous to the Hamiltonian approach within the weak-coupling scheme. It is clear
that the solution of the Langevin equation for 〈q̃2〉 not simply is given by 〈q̃〉2. A
stochastic fluctuation of the frequency is related to pure dephasing. It is also possible
to include inelastic channels in this stochastic approach. For instance an anharmonic
force proportional to q̃2ξ(t) would lead, after the assumption of q̃2 ≈ 〈q̃〉q̃ to a T1− type
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contribution to the linewidth T2.

I will now explain why I have emphasized so much the fact that the phenomenologi-
cal equation of motion can only be obtained aver averaging. Later we will couple this
oscillator to an electromagnetic field, and if we would interpret the phenomenological
equation as a real dynamical equation, the oscillator cannot absorb light but only scat-
ter light elastically. In the latter case the dephasing time T2 must correspond to the
radiative lifetime of the level as the radiation field would be only reservoir that could
cause dephasing of the oscillator. We must allow for the possibility that our oscilla-
tors absorb light (that is convert radiation into non-radiative degrees of freedom), and
consequently we have to accept that equation of motion (14) has been obtained after
averaging over some bath and it describes the motion of the averaged amplitude.

Higher-order correlation function are in general notoriously difficult to calculate. Under
many circumstances they can be decoupled into a product of lower-order correlation
functions, and the only independent correlation functions contains two operators. In the
weak-coupling situation we have found that � Q(0)Q(t) � decays exponentialy with
a decay time of T2. The decoupling of correlation functions is allowed in more general
circumstances and certainly in the weak-coupling situation. A decoupling procedure
would look like

� Q(0)Q(t′)Q(t′′)Q(t′′′)�≈� Q(0)Q(t′)�� Q(t′′)Q(t′′′)� + . . . , (16)

where the ellipsis stand for the two other additional factorizations. We see that in the
case of exponential decay for the � Q(t′)Q(t′′) � the (decoupled) higher-order corre-
lations also fall off exponentially.

4.3 Beyond the Relaxation-Time Approximation

Very often Eintτc is very small and this is why in the frequency domain simple Lorentz
lines and in the time domain simple decay are so often observed. In a way one should
also be a little disappointed when confronted with simple exponential decay in a time-
resolved experiment as one does not get to know much of the bath as the correlation
time τc only reflects global behavior of the bath. I call this type of findings about
the bath second-hand information (or hear-say witness) If the weak-coupling expansion
parameter is not small your line shapes will certainly not be like Lorentzians and you
have stumbled on an extremely interesting case. The price you will have to pay when
the system allows you to obtain first-hand information is that you have to do a much
better job than first-order weak-coupling theory to be able to compare your experimen-
tal results with theory.

If the weak-coupling approach does not converge very fast (that is when Eintτc is not
a small number) one can use the so-called memory function formalism. The central
object in this approach is an operator which has many names in different branches of
physics. To mention a few: mass operator, or self-energy, or memory function, and it
is all the same stuff. We will indicate it in our approach for the oscillator. Equation
of motion (14) is of the Markov type. The dynamics of Q(t) only depends on Q, and
some of its derivatives, at the same value of t. There is no memory in the system. This
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means that a much better and more general equation of motion would look like

d2Q(t)

dt2
+
∫ t

0
Σ(t− τ )

(
dQ(t′)

dt′

)
t′=τ

dτ + Ω2
0Q(t) = 0, (17)

where the memory function Σ(t) has been introduced. The simple weak-coupling result
can be recovered when the memory function is approximated by a delta function. A
finite response time of the bath can be taken into account in this way. Very often it
can be proved that the form of equation (17) is exact. This means of course that all
our problems have been sublimated in this memory function. The advantage of this
approach is that the memory function is a very convenient vehicle to make approxima-
tions for. One of the simplest simplifications that recently got quite popular in optics,
but is already known much longer,17 is to perform a continued-fraction expansion.

An expansion in the coupling does not make sense at all in case the bath is extremely
slow. A very important and popular theory developed to deal with this situation for
magnetic resonance has never become popular in optics, for reasons beyond my under-
standing. I am referring to the Kubo and Tomita theory.18 This theory is essentially
a theory based on cumulants. An important aspect of this idea is that it is very easy
to obtain either a Gaussian or a Lorentzian lineshape. To obtain the same results in
weak-coupling-type theories or memory-function approaches is very involved and only
emerges as the solution of a set of difficult self-consistent equations, often referred to
as the mode-coupling approach.4,19 A disadvantage of the Kubo-and-Tomita theory is
that an ultra-slow bath always gives a Gaussian lineshape, whereas the correct result
should reflect the distribution of the slow bath fields, not necessarily characterized by
a Gaussian stochastic process. Another possible method, and alternative for the weak-
coupling expansion, would be to use an asymptotic series expansion much like the WKB
method by expanding in the kinetic energy of the bath.20 In a weak-coupling approach
an expansion in the interaction Hamiltonian is performed and this is essentially a Born
expansion. The asymptotic approach is only expected to be a sensible strategy for a
slow bath.

5 PROBE

Once we have decided what kind of information we want to accumulate we will have
to figure out how to go about it? Physics is an empirical science, consequently we
perform a measurement. That is to say we introduce a probe. Since we know that
the conservation of energy is one of the main laws of physics we always write down
Hamiltonians or Hamiltonian operators. For our situation the relevant energy operator
seems to be

Hworld = Hsystem +Hprobe ≡ Hsys +Hprobe. (18)

This Hamiltonian is not very satisfactory, however, because there is no coupling between
system and probe as these terms commute and could treated independently. There must
be an additional, coupling, term. A coupling term is a part of the Hamiltonian that
depends on both the variables of the probe field and the system degrees of freedom. We
finally arrive at the Hamiltonian:

Hworld = Hsys +Hprobe +Hcoupling ≡ Hsys +Hprobe +Hcou. (19)
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You already decided that you were mainly interested in Hsys, your hobbyhorse with
your favorite particles, and your only motivation to introduce a probe is to get to know
more about them. This immediately puts some serious restraints on your probe:

• you must know the probe dynamics in great detail.

• the coupling mechanism must be as simple as possible.

Otherwise you do not know how to interpret your signals. With this in mind it seems
that it does not make much sense at all to go to nonlinear optical response. Linear
response seems already difficult enough. The whole classic book of Born and Wolf21 is
devoted to part of linear optics. To treat nonlinear optics to the same depth one would
at least need a multiple of these books. When you start to do nonlinear optics you
really open a can of worms. Superficially the form of Hamiltonian (19) is very similar
to partitioning (5). Nevertheless there is quite a distinction between the two cases,
and for that reason I have called the coupling term here Hcou rather than Hint. Here
Hsys stands for the Hamiltonian of the total system which is an interacting many-body
system that very likely can be partitioned into form (5). Hprobe should be as simple
as possible, preferably consisting of one, or only a few, well-defined modes. An experi-
mentalist excites this mode and registers at which rate energy is absorbed by Hsys from
the excited mode of the probe. In this case one looks for the response of a many-body
system to the excitation of a simple mode to which it is coupled. In the narrowing
Hamiltonian (5) one looks for the reaction of a simple oscillator or simple two-level
system on a coupling with an interacting many-body system, the bath. The similarity
between the two situations is that, often against the will or even the awareness of the
experimentalist, Hprobe has many more modes than the one being excited by the ex-
perimentalist. An example of this situation is the existence of radiative lifetimes that
find their origin in the same coupling to the electromagnetic field that takes care of
the absorption of light in a spectroscopic measurement, albeit that the coupling is to
different modes of that field. I will come back to this difficulty in some detail later,
when problems with respect to response theory will be dealt with.

An efficient way of getting information on a particular phenomenon is to get your probe
in resonance with a relevant degree of freedom of your system. Usually a probe has a
certain characteristic length (for instance the wavelength of the probe) and a charac-
teristic time (or inverse frequency of the probe). Your degree of freedom probably can
also be characterized by similar parameters. Optimal coupling is achieved when you
match them: probe and system are in resonance. It is very clumsy in general to try to
get information on nuclear magnetism from x-ray absorption. So if for some reason you
are committed to do optical experiments your primary length scale is the wavelength
of light and your primary frequency scale is the optical frequency. Other important
factors are pulse width and resolution of your probe, which quantities are constrained
through a Fourier-transform uncertainty product.

6 CONTROL OF EXPERIMENT

Any physical system contains at least as many as 1023 degrees of freedom and usually
an infinite number of them. Can you control them all? Can you change them all? No,
of course not! How then can you do a reproducible experiment? Well we use some
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assumptions about the realization of the microsystems. In the first place the presence
of thermal equilibrium takes care of the fact that nature goes through all the possible
microstates and you are just measuring the average. This deals with a lot of the uncon-
trolled parameters. However, almost always there is still some uncontrollable quenched
disorder. In solids we talk about random fields, random strains etc, in liquids we talk
about slow density fluctuations. It always means that there are non-thermal degrees of
freedom. To deal with this situation we assume that we know the kind of stochastic law
that the field is described by. We either average in our theory over all these realizations
or we pick a typical realization depending on what is better in agreement with the way
the experiment is being done (not of course which fits the experimental results better).
In practice we assume a stochastic law that is much simpler than the real situation.
Many effects, like interaction between impurities and dislocations, are neglected. Usu-
ally so much averaging goes on in a disordered system, that the details of the structure
of the disorder do not matter much. The exception to this rule is nowadays the subject
of intensive study of electron dynamics in condensed matter physics, but does not need
to bother us here.

7 INTERACTION LIGHT AND MATTER

We have decided to do an optical experiment. This introduces some problems with
respect to getting the probe in resonance with the scatterer. If you are interested in
atoms they have dimensions much less than the wavelength of visible light. So the probe
cannot simply be put in resonance as far as the length scales is involved. The only way
to getting them into resonance is that if there is an internal degree of freedom that
couples to the light. Happily atoms and molecules have internal degrees of freedom and
in this way resonance coupling can be achieved by matching the energy of the probe
with the energy of the internal degrees of freedom.

The, linear and nonlinear, interaction of light with vibrational degrees of freedom of
matter, is always treated within, what I would call, a Kubo-response formalism.22 Not
widely recognized is that this framework is very limited, not at all exact, and not at all
as general as (formal) scattering theory.23 The general shortcomings and break-down
of Kubo’s response theory is probably only fully appreciated in mesoscopic condensed
mater physics, mainly due to the pioneering work of Landauer.24 A major advantage
of response theory is its simplicity, clearly demonstrated by the fact that no precise
description of the probe is required in Kubo’s response theory. This should already
warn us about the limitations of this procedure as we would expect that the precise
form of the probe Hamiltonian should matter. To emphasize the limitations of Kubo’s
response theory I will refer to it as “one-way response theory” in contrast to what I
will call, and explain later, “two-ways response theory”. In scattering theory the whole
Hamiltonian is necessary and the precise forms of all the coupling terms are essential.
This demand immediately points out that scattering theory is much more general than
Kubo’s one-way response theory.

One-way response doctrine is explicitly, or implicitly, used in almost all books on non-
linear optics. To emphasize the limitations of one-way response theory, I will describe
in some detailed the Hamiltonian of a radiation field and how formal scattering theory
deals with this problem. This presentation is not meant to be an introduction to scat-
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tering theory and the equations presented are not meant to be understood in detail,
and their consequences will not be dealt with in this paper. I will only give you a flavor
of the limitations of one-way response theory.

Let us look at the Hamiltonian describing the probe dynamics, Hprobe, which in this
case is given by the radiation Hamiltonian Hrad,25,26

Hrad =
ε0

2

(
∂A

∂t

)2

+

(
∇×A

2µ0

)2

−
ε0

2
(∇φ)2, (20)

in which A and φ are the vector potential and the scalar potential of the electromag-
netic field respectively. In equation (20) the coulomb gauge ∇ ·A = 0 has been used.
All the equations of motion of the free field could be obtained from this Hamiltonian
using a Lagrangian formalism.27

The interaction with an atom at the origin of nuclear charge Z is through the charge
and current densities,26

σ(r) = −e
∑
j

δ(r− rj) + Zeδ(r), (21)

J(r) = −e
∑
j

eṙjδ(r− rj). (22)

In optical studies the polarization (density) P(r) and magnetization (density) M(r) are
useful variables, and they are defined by

σ(r) = −∇ ·P(r), (23)

J(r) = Ṗ(r) +∇×M(r). (24)

The above set of equations are not simple and I will discuss later why you will hardly
ever find for instance Hamiltonian (20) featuring in a text on optical studies of nature.
I have treated the field classically which is a very good starting point. Only for ex-
periments performed with low light intensities and in which higher-order electric-field
correlation functions are measured, the need arises to introduce the complication of a
quantum-mechanical description of light.28 As the matter part still has to described
quantum-mechanically for vibrational degrees of freedom, one calls this treatment “the
semi-classical approach”.

A tremendous simplification can be obtained in the coupling Hamiltonian when one
realizes that the wavelength of light is much larger than the dimensions of the atom.
This calls for an expansion in the ratio of these two length scales. To this end one
calculates the potential energy of an atom in an electromagnetic field.26 We only need
the transverse part of the electric field as the longitudinal part is simply be described
by electrostatics. This interaction energy is

Hcou = −
∫

ET (r) ·P(r)dr, (25)

in which the subscript T refers to the transverse part.

An expansion in atomic length scale over wavelength amounts to an expansion of the
polarization in multipoles and only the first term, containing the dipole moment µ is
retained in the “dipole approximation”,

P(r) = −e
∑
j

rjδ(r) ≡ µδ(r), (26)
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and ET (r) will be expanded around r = 0, the center of the atom. Substituting these
expansions into expression (25) gives as first term,

Hdip = −µ · ET (0). (27)

So our simplified Hamiltonian describing the probing of our system with radiation looks
like

Hworld = Hsys +Hdip +Hrad , (28)

where we have summed over all atoms. This result should bring about a big disap-
pointment. We have been able to simplify the coupling to the electromagnetic field
considerably without loosing any accuracy, but we are still left with the complicated
radiation Hamiltonian featuring in Hworld and so the whole system is still very compli-
cated. In the one-way response theory, to be discussed in the next section, the radiation
Hamiltonian will be absent.

The only way I know to handle Hamiltonian (28) properly is scattering theory. In a
scattering formalism one describes the scattering of a wave from a potential. To use
this approach for our case we have to identify Hcou with this potential. In scattering
theory the wavefunction is partitioned in a scattered and an unscattered wave,

Ψ = Ψincoming + Ψscattered ≡ Ψinc + Ψsca, (29)

In scattering theory the solution is obtained by introducing the transition matrix T,

Ψ = (1 + G0T)Ψinc, (30)

where G0 is the Green’s function of the system without scatterers (that is for H =
Hsys +Hrad). So G0 describes the propagation of the system and the free electromag-
netic field. The T -matrix takes care of the coupling between them.23 We will deal in
more detail with these concepts in Section (9.1). Obtaining the full T -matrix amounts
to obtaining an exact solution, so very often approximations are used, and one such
an approximation is an expansion in the potential (Born series), another one is the
(asymptotic) expansion in the kinetic energy (WKB method). Retaining only the first
term in the, not necessarily converging, Born expansion of the T -matrix is labeled the
first Born approximation.

A simplification very often introduced in scattering theory is to mimic the vector field
by a scalar field. The justification for this is beyond the scope of the present lecture,
but it is quite clear that all polarization phenomena are thrown away when adopting
this simplification. The wave equation for the free field for scalar waves looks like(

ε(r)
∂2

∂t2
−∇

)
Ψ(r, t) = 0 , (31)

in which ε = 1/c2 is the dielectric constant.

I emphasize again that this is not an article on scattering theory and the scattering
equations are only presented here to point out the shortcomings of conventional re-
sponse theory.
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8 (NON)LINEAR RESPONSE THEORY

Using the first term of the Born expansion of the T -matrix, for both the loss and the
gain contribution to a a transition probability provides identical results as obtained by
the familiar Fermi’s Golden Rule. Fermi’s Golden Rule is equivalent to Kubo’s one
way response theory. In a way one-way response theory is the reformulation of Fermi’s
Golden Rule in the time domain. If the exact answer is contained in the T -matrix, why
does, presumably rigorous, one-way linear response theory only gives the first term
of the Born expansion of the T -matrix? The answer is that standard one-way linear-
response and one-way nonlinear response theory are very incomplete. It comes about
when Hamiltonians (19) and (28) are treated as

Hworld = Hsys +H ′cou. (32)

H ′cou differs in a principal way from Hcou. In the original Hamiltonian the coupling
term contained the field degrees of freedom (for instance the electric field) as dynamic
variables, the dynamics of which was controlled by the probe Hamiltonian. InH ′cou these
dynamic degrees of freedom are replaced by massive, adiabatic fields, the magnitude of
which is described and controlled by the experimentalist. For our optical example the
coupling Hamiltonian given by the dipole approximation Hdip is replaced by H ′dip,

H ′dip = −µ · Eexternal(0), (33)

according to the one-way response dogma. The dynamic electric field ET has now
turned into an external field that does not seem to care about the response of the sys-
tem. The probe dynamics has been turned off. This is a serious flaw of this approach.

In one-way optical response approach one seeks next an expansion in the response of
the system in powers of the applied field. This scheme is possible because the field
has been converted from a dynamic variable into a parameter. Collecting powers of the
electric field in the response defines linear response and nonlinear response, expressed in
terms of the linear and, notorious, nonlinear susceptibilities χn. When adhering to this
strategy one encounters the following symbolic expansion for the polarization density,

P = χ1E + χ2EE + χ2EEE + · · · , (34)

to be found in any book on nonlinear optics. The expressions given there for these
susceptibilities are invariably the result of one-way response theory and thus incom-
plete because the response formalism does not allow, amongst other things, for a back
reaction of the system to the field.

Which effects are not included in one-way response methodology? I will give some
examples. Any system being probed is coupled to many more modes of the probe field
than the one being excited by the experimentalist. In case of optical spectroscopy, the
propagation from one mode of the probe field to another field mode is exactly what we
call light scattering. It follows that all forms of probe field scattering are neglected in
one-way response theory. If one would be a purist one could even maintain that the
influence of absorption on the propagation of the probe field is not contained in one-
way response theory. Changes in the index of refraction and polariton behavior are not
described by one-way response theory. Cavity pulling is the effect, well-known to occur
in high-Q (Q=quality factor) microwave and optical cavities, that the eigenfrequencies
of system and (probe) cavity perturb each other. Cavity pulling cannot be described
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by one-way response theory. The depletion of an incoming field is also not included in
the one-way response doctrine. Some of these shortcomings that I mentioned can be
treated, and have been treated, in a phenomenological way. One should realize that
these phenomenological approaches are essentially patches to one-way response con-
cepts.

One-way linear response ideology does not describe all the linear response to the field,
but it only describes the effects that are linear in the coupling constant. A simple addi-
tional example should convince the reader. If low-intensity light is multiply elastically
scattered in an inhomogeneous medium, like white paper, and then absorbed in the
medium, this effect is linear in the incoming field. This manifestly linear absorption is
not described by one-way linear response principles as the scattering is not contained
in that approach. The failure of the one-way response concept is even worse in the
quantum case which I am not going to examine.

Under what conditions can one use the one-way response philosophy? The material
should be transparent for all the optical frequencies being used or generated. The qual-
ity factor of the probe cavity should be very small and the mass, or energy capacity, of
the probe should be very large. In addition one should introduce some ad hoc patches
like wave-vector and frequency dependent “local-field” corrections, that will account for
effects like the change in index of refraction due to the presence of matter. This approach
certainly does not deserve a price on a beauty contest but that is what is being done
all the time. Given these conditions it is simple to contemplate situations where the
one-way response hypothesis fails dramatically. A correct theory, which includes back
reaction to the field, I would refer to as a “two-ways response theory”. It seems obvious
to me that such a theory will involve the full T -matrix. For non-propagating fields,
like a DC electric field, two-ways response theory amounts to correctly accounting for
the boundary conditions under which the experiment is being performed. Application
of one-way response theory to these cases assumes implicitly one particular boundary
condition out of the many possible under which the experiment can be performed. If
one deals with nonlinear optics and one considers the generation of more than one field
the reaction of all these fields to each other should be included, and I would refer to this
as “all-ways response theory”. An example where implicitly all-ways response theory
has been used is the case of four-wave mixing in a disordered medium.29

9 DIRECTLY DRIVEN OSCILLATOR

Let us make a connection between the coupling Hamiltonian and our vibrational degree
of freedom. This degree of freedom has some (generalized) coordinate qj. The jth

oscillator is coupled to the electromagnetic field through its dipole moment. We assume
the dipole moment to be a function of the coordinate qj, and perform a Taylor expansion,

µj = µ(qj = 0) +

(
∂µj
∂qj

)
qj=0

qj + · · · . (35)

When we have N identical oscillators the total dipole moment is represented by

p =
N∑
j

µj. (36)



22

The interaction of the oscillators with the optical field is given by Ecou = −p ·E, and by
using expansion (35) we find that there is a contribution proportional to qj. As minus
the gradient of an interaction represents a force, this term gives rise to a total force on
the oscillators,

F = NE ·

(
∂µ

∂q

)
q=0

. (37)

Apparently we can drive an oscillator directly by an optical field only if its dipole
moment changes during vibration. Our original equation of motion for the coherent
amplitude Q of the vibrator did not contain an external force. Extending the equation
of motion with an external driving force in the equation of motion results in

d2Q(t)

dt2
+

2

T2

dQ(t)

dt
+ Ω2

0Q(t) =
(
N

m

)
E ·

(
∂µ

∂q

)
q=0

. (38)

The solution of this equation of motion contains two classes of responses. The first type
is the transient response and the second is the force-induced reaction. The transient
response will have died away after the elapsed time exceeds several damping times and
the driven reaction is the only lasting effect. This driven motion has two components,
one in phase with the driving force and one 90o out of phase with the driving field. The
simplest and most convenient way to represent these results is to introduce a Fourier-
Laplace transform of a time-dependent function g(t),

g(z) ≡
∫ ∞

0
g(t)eizt, (39)

z = ω + iε, ε > 0 .

The solution of equation (38) formulated with the help of this transform is

Q(z) =

(
1

Ω2
0 − z2 − iz2/T2

)(
N

m

)
(∂µ/∂q)q=0 · E(z) , (40)

= (1/2) (Ω2
0 − 1/T 2

2 )−1/2

(
1

z − z+

−
1

z − z−

)(
N

m

)
(∂µ/∂q)q=0 · E(z), (41)

in which

z± = [±(Ω2
0 − 1/T 2

2 )1/2 − i/T2], (42)

≈ (±Ω0 − i/T2).

We will follow closely Loudon26 and try to make our results look as much as possible
equivalent to case of absorption of visible light by atoms. Using Eqs. (36) and (40)
shows that we will have an induced polarization (≡ dipole moment per volume V ),

P(z) = (∂µ/∂q)q=0Q(z)/V ≡ ε0χ1(z)E(z). (43)

The definition for the linear, second-rank tensor, susceptibility implies

χ1(z) =
(

N

mV ε0

)
(∂µ/∂q)2

q=0

(
1

Ω2
0 − z2 − iz2/T2

)
. (44)

To compare the magnitude of this susceptibility with other optical transition probabil-
ities one could introduce the oscillator strength

f ≡ f0(∂µ/∂q)2
q=0/e

2, (45)
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where f0 is introduced to allow for the fact that not all oscillators have frequency Ω0

and f0 represents the fraction that does. The oscillator strength can, and should, be
given a full quantum-mechanical interpretation. In principle f is a second-rank tensor.
From now on we will drop the vector and tensor notation in this section as different
combinations of cartesian components can easily be traced back. We rewrite the ex-
pression for the linear susceptibility by using the definition of the oscillator strength
and arrive at

χ1(z) =

(
fNe2

mε0VΩ2
0

)(
Ω2

0

Ω2
0 − z2 − iz2/T2

)
. (46)

≡ S
Ω2

0

Ω2
0 − z2 − iz2/T2

, (47)

where I have defined, following Loudon’s treatment26 the dimensionless parameter S,
S ≡ (fNe2)/(mV ε0Ω2

0). A good estimate of the size of S will be derived later, here it
suffizes to say that the answer is that S is approximately equal to the difference be-
tween the dielectric constant at a frequency much lower and the dielectric constant at a
frequency much higher than the eigenfrequency of the oscillators. The, somewhat artifi-
cial, introduction of the oscilator strength has the virtue that a number of our following
equations apply too many other situations, besides the case of vibrational degrees of
freedom coupled to an electromagnetic field, as well. Only when actual numbers have
to be computed differences will appear and the oscillator strength has to be evaluated
for each instance separately.

It is obvious that the susceptibility and the induced displacement have two resonances,
situated at z ≈ ±Ω0 + iε. Concentrating on the resonance at positive frequency (that
is neglecting the counter-rotating term) yields

χ1(z ≈ Ω0 + iε) =
(
SπΩ0

2

)(
1

π

1

Ω0 − z − i/T2

)
, (48)

≡ S
πΩ0

2
L(z; Ω0, T2), (49)

where I have defined the normalized “complex” Lorentzian L(z; Ω0, T2). The linear
susceptibility χ1 can be partitioned in a real and an imaginary part according to

χ1(z = Ω + iε) ≡ χ′1(Ω) + iχ′′1(Ω). (50)

In the following we will indicate Ω + iε by Ω+. (The use of the infinitesimal complex
number ε is just a mathematical trick to write the sine and cosine transform of a time-
dependent function in a convenient and compact way in one formula.) If we would
use as external drive for our system of harmonic oscillators a harmonic driving force,
F (t) ∝ E(t) = Re(E0eiΩt) → F (z) ∝ i/(z + Ω), the real and imaginary part would
give the in-phase and out-phase component, respectively. We notice that the out-phase
component χ′′1 is proportional to a normalized Lorentzian lineshape,

L′′(Ω; Ω0, T2) ≡
1

πT2

1

(Ω0 − Ω)2 + (1/T2)2
, (51)

and the in-phase component χ′1 is proportional to, what is sometimes called, a “disper-
sive Lorentzian”

L′(Ω; Ω0, T2) ≡
1

π

(Ω0 − Ω)

(Ω0 −Ω)2 + (1/T2)2
. (52)
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Standard arguments based on energy flow, show that the rate at which energy (per
volume and cycle-averaged) is absorbed from a time-varying electric field with frequency
Ω is30

∂U

∂t
=� E(t) ·

dP

dt
�∝ χ′′(Ω). (53)

This outcome is typically a fruit of one-way response theory, and in the next section I
will point out that it only holds under limiting conditions.

According to equation (53) the observation of absorption out of a harmonic field as a
function of the frequency of this field supplies us, experimentalists, with both Ω0 and
T2. In addition to these parameters we also would like to infer T1 from our investiga-
tions. T1 relates to population dynamics which are expected to become significant only
at higher light intensities. Up to now there is no nonlinear response to the external
field. A damped harmonic oscillator does not have any nonlinear response. Conse-
quently there is also no saturation, which seems rather unphysical. The only way to
encompass nonlinear response in a model for a classical oscillator is to introduce anhar-
monicities, but anharmonicities are notoriously difficult to deal with. Happily if we use
a quantum-mechanical picture the situation becomes simpler. In practice energy scales
and temperatures are such that in the study of vibrational dynamics it is hardly ever
allowed to envisage the dynamics from the standpoint of classical (statistical) mechan-
ics anyway. The simplest quantum-mechanical picture of an anharmonic oscillator is
to limit oneself to the two lowest levels of the oscillator. This means we are discussing
as a model for our oscillator a two-level system. A two-level system can be considered
the embody the “ultimate anharmonic oscillator”. The saturation behavior can now be
incorporated by explicitly discussing the population dynamics between the two levels.
This can be done in the following way. The proportionality factor N in the force on the
oscillator will be interpreted as the (dynamic) difference in population between excited
and ground state, ∆N(t). An additional equation for the population dynamics is then
easily established. We arrive at30

d2Q(t)

dt2
+

2

T2

dQ(t)

dt
+ Ω2

0Q(t) =
∆N(t)

m
E ·

(
∂µ

∂q

)
q=0

, (54)

d∆N(t)

dt
+

∆N(t)−∆N0

T1
=
−2

h̄Ω0
E(t) ·

dP(t)

dt
, (55)

in which ∆N0 is the Boltzmann equilibrium population difference. In the rhs. of
equation (55) the rate is presented at which energy (in units h̄Ω0) is absorbed from the
external electric field. Per transition the population difference changes by a factor of
two and the negative sign comes from the fact that an increasing field intensity will
lead to a decreasing population difference. The steady-state solution to both equations
can best be obtained by introducing as ansatz, Q(t) = Q0(t)eiΩ0t, and keeping only the
lowest-order time derivatives. In this way the effect of the counter-rotating field has
been eliminated. Requesting that d∆N(t)

dt
= dQ0(t)

dt
= 0 gives as solution of Eqs. (54) and

(55)

P(z) ≡ ε0χ(z)E(z), (56)

in which the full nonlinear susceptibility

χ(z ≈ Ω+
0 ) =

(
SΩ0

2

) 1

Ω0 − z − i/T2 + ∆2T1/(2T2)
Ω0−z+i/T2

 , (57)
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in which ∆ is the Rabi frequency, ∆ ≡ (∂µ/∂q)q=0E0

2h̄
. It is evident that our coupled

system shows nonlinear behavior and saturation for large Rabi frequencies. We notice
that from the saturation behavior we can determine both T2 and T1, and these were
the relaxation parameters we were after.

Eqs. (54) and (55) with solution (57) are well-known in magnetic resonance, where
they are called the Bloch equations. To make contact with the formalism of nonlinear
susceptibilities used in optics, we will apply a simple mathematical trick. The Rabi
frequency is located in the denominator of solution (57). The Bloch solution can be
expanded in a power series of the Rabi frequency. We will rewrite the expression for
the susceptibility as

χ(z ≈ Ω+
0 ) =

(
SΩ0

2

)(
1

Ω0 − z − i/T2

) 1

1 + ∆2T1/(2T2)
(Ω0−z)2+1/T 2

2 )

 . (58)

The last, dimensionless, factor on the rhs. of equation (58) is of the form 1/(1+α), and
can be expanded in powers of α when α is small. I hope that the reader recognizes that
this indeed generates an odd power series in E0 with the successive terms represent χ1,
χ3, and higher-order susceptibilities. This procedure makes immediately transparent
that for saturation we need all the nonlinear susceptibilities, up to infinite order. In
addition we come to the somewhat surprising conclusion from our expansion that if the
Rabi frequency is very large the series expansion of the polarization density in nonlinear
susceptibilities does not even converge.

I have stated that higher-order correlation functions of the operator Q could be decou-
pled in the weak-coupling scheme. The existence of decoupling within the weak-coupling
situation could already be concluded from the solution to the Bloch equations. We have
solved the Bloch equations for all powers of the electric field. When we expanded this
solution in powers of the electric field we found explicit answers for all the nonlinear
susceptibilities χn. A formalism calculating these susceptibilities from one-way linear
response theory demonstrates that the higher-order nonlinear susceptibilities are repre-
sented by higher-order correlation functions of the dipole-moment operator, and through
Taylor expansion (35), by higher-order correlation functions of the displacement opera-
tor Q. Apparently we have calculated all these higher-order correlation functions, and
this is only possible if somewhere the decoupling approximation has crept inside. The
answer is that the Bloch equations (54) already imply a decoupling of the dynamic
correlation functions, as first the averaging over the bath has been introduced and then
the influence of the electric field. A proper, but much more dificult, way would have
been to reverse the order of these two actions.

From the experimental observation of saturation behavior of the susceptibility of the
vibrational degrees of freedom the eigenfrequency and the relaxation parameters can
be obtained for infrared active oscillators. Such experiments could be realized in the
frequency as well as the time domain. Given the fact that high light intensities are
easier to come by with pulsed light sources, the experiments are commonly carried out
in the time domain. The simplest implementation is a one-color two-pulse infrared ex-
periment, in which the first, intense, infrared pump pulse saturates the transition and
the increased transmission of a delayed, possibly weak, probe pulse monitors the recov-
ery of the population difference. For this purpose one needs a tunable, and powerful,
pulsed infrared source. One possibility, and one of the most convenient realizations, is
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to use parametric down conversion in nonlinear optical crystals of the light beam at the
fundamental frequency of a Nd-Yag laser.31 Handicaps of this technique are the rather
small maximum wavelengths of about 4.5 µ and the rather long pulse widths of about
20 picoseconds.

As explained earlier vibrational dephasing times are under normal conditions (temper-
atures much larger than 4K) much shorter than inelastic times. When monitoring a
population difference on its characteristic T1 time scale all coherence has been lost and
the dynamics of the coherent amplitude Q(t) can be neglected. In such experiments
the rate processes to deal with are only the population and depopulation kinetics of the
various levels. Many types of experiments have been conceived to study the kinetics of
level occupation and it is absolutely impossible to mention even a fraction of them here,
leave alone review or explain them. I will make one exception and, as explained in the
introduction, work of our own group is involved. Bakker has performed an extensive
study of the dynamics C-H stretch vibrations in various liquids using infrared saturation
spectroscopy.32 An interesting feature has been discovered in these studies. In many
situations the return of a transferred population to the ground state was found to evolve
via an intermediate excited vibrational state of the same molecule. This mechanism
is referred to as IVR (Intra-molecular Vibrational Relaxation). Subsequently this ex-
cited low-energy mode (or modes) redistributes its energy among the many surrounding
liquid molecules. This decay mechanism is referred to as IET (Intermolecular Energy
Transfer). The time constants associated with IVR and IET could both often easily
be obtained when monitoring the transmission of the probe beam as a function of the
time delay because this intermediate vibrational state of the molecule has a transition
probability for the probe pulse differing from the transition probability of the molecule
in the ground state. This can most easily be interpreted in terms of a shift of the
absorption band induced by anharmonicities. Depending on the sign of the change in
spectral line position and on the frequency of the infrared light with respect to the
center of the absorption band, the probe beam can be pushed more into or more out of
resonance. If the mode is driven more into resonance one observes the amusing feature
that during the decay of the non-equilibrium population transmission of the probe can
temporarily be less than the long-time equilibrium situation. See Figure (2).

Many more sophisticated nonlinear optical techniques, besides simple saturation spec-
troscopy, have been devised in order to extract the same relaxation parameters. I have
not treated the complication of inhomogeneous broadening. Some of the nonlinear
techniques, like photon-echo spectroscopy, allow one to get rid of the complications
of inhomogeneous broadening, and admit a determination of the pure relaxation pa-
rameters. The coupling of light to an infrared active oscillator is usually strong. This
explains why many nonlinear techniques can be and have been applied with great suc-
cess. Sometimes the coupling to the light field is so strong that the propagation of the
light is seriously influenced, an effect not taken into account yet.

9.1 Polaritons

The coupling of light to a collection of oscillators can have a profound effect on the
propagation of light. We call this polariton behavior. Polariton action is connected
to the fact that infrared active oscillators radiate light back into the system. Such a
phenomenon will never be included in a one-way response theory and indeed this back
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Figure 2. Relative transmission, ln(T/T0), of an infrared probe pulse as
a function of the delay between probe and pump pulse for the 3065 cm−1

asymmetric CH2 stretch vibration of CH2I2 dissolved in CCl4. Pump and
probe have the same frequency spectrum and are tuned below the maximum of
the absorption band. Clearly two kinetic recovery proceses can be identified.
After Reference (32).

reaction to the field was neglected when deriving the one-way response formula (53).
The complication of the presence of polaritons has to be fully appreciated by the experi-
mentalist as an ill-understood propagation behavior would lead to erroneous conclusions
about the susceptibility of the oscillators, and would lead to wrong deductions about
the relaxation time T2. There is quite some confusion about what a polariton essentially
is. Any resonance structure in the index of refraction should be called polariton behav-
ior, in my opinion. Any coupling to an infrared active oscillator will lead to polariton
behavior. Sometimes this coupling is described as resulting in a hybridized mode in
which a photon is coupled to another quantized field, for instance a phonon, and the
new mixed modes are called polaritons. This representation gives the impression that
the concept of a polariton finds its origin in quantum mechanics. However, the classical
Maxwell equations condone polariton behavior. If one is only interested in the trans-
mission of light and not in the propagation of the material excitation (which is often
the case when the dipole approximation is valid) one can integrate out the dynamic ma-
terial degrees of freedom, and their behavior is lumped into parameters like the index
of refraction and the mean free path for light. At this level the microscopic origin of
these parameters, either of classical or of quantum-mechanical nature, is of no concern
any longer and maybe the term polarization wave would be more appropriate. A very
intimate connection exists between polariton behavior and scattering theory, that is
very important but hardly ever emphasized, so I will do it here. The close relationship
with scattering theory is usually overlooked, as one apparently does not realize that,
from the view point of the amplitude of light, there is no distinction between elastic
scatterers and real absorbers. Only the sum of these two effects, elastic scattering and
real absorption, counts, and this combined effect is called extinction.
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The key feature of polariton theory is the fact that the presence of infrared active de-
grees of freedom influence the dielectric constant of the medium. The best method to
incorporate this effect is along the lines of scattering theory, but it is not necessary.
We could deduce the change in index of refraction directly from our equation-of-motion
approach. A major disadvantage is that in this scheme all the implicit assumptions
remain hidden, whereas they have to be made manifest in the scattering approach in
a very elegant manner. In addition the partitioning of extinction in elastic scattering
and real absorption follows most naturally and harmoniously from a full scattering ap-
proach. We will review some multiple-scattering theory as all polariton effects can be
classified as multiple-scattering phenomena. Nowadays, there is a tremendous revival
of in interest in multiple-scattering events and the realization of these analogies will be
beneficial to all of us.33 For simplicity we will treat the electromagnetic waves in the
following as scalar waves with amplitude Ψ.

An important aspect of wave dynamics and propagation is Huygens’ principle. The
mathematical expression for this principle is couched in a function called a Green’s
function, which in free space is essentially a spherical wave. The free (unperturbed by
scatterers) Green’s function in real space only depends, besides on the frequency of the
wave, on the difference of two spatial variables,

G0(r1, r2; Ω+) = −
eik

+
0 |r1−r2|

4π | r1 − r2 |
, (59)

where k0 = Ω/c. Free space is homogeneous and momentum is conserved, which can
be fully exploited by going to wavevector space,

G0(p; Ω+) = −
1

p2 − (Ω+/c)2
. (60)

Let us first look at what one scatterer does. As always we partition the wavefunction
in a scattering geometry in an incoming and a scattered wave

Ψ = Ψinc + Ψsca. (61)

The simplest possible scatterer is an isotropic point scatterer. The concept of an
isotropic point scatterer in a wave equation is not without mathematical difficulties,34

but we will not be sidetracked here by requesting too much mathematical rigor. Part
of an incoming plane wave, with direction given by the unit vector k̂, will be scattered
by the jth point scatterer located at rj into a spherical wave and the result is that

Ψ(r; Ω+) = eik
+
0 k̂·r +

fj(Ω+)eik0|r−rj |

| r− rj |
, (62)

in which the, complex-valued, single-particle scattering length or scattering amplitude
f has been specified. The cross-section for scattering is given by

σsca = 4π |f(Ω+) |2 (63)

The calculation of the flux or the intensity of a wave involves the product of two wave
amplitudes. We will only do this in a symbolic way

|Ψ |2 − | Ψinc |
2=| Ψsca |

2 +(ΨscaΨ
∗
inc + c.c.). (64)

The first term on the rhs. of this equation containing a product of two scattering
amplitudes describes the scattered intensity. The left side contains the total outcoming
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intensity minus all the incoming intensity, and a nonvanishing negative number would
indicate that the scatterer has absorbed part of the radiation. Apparently (minus)
the second term on the rhs. of equation (64), characterizing the interference between
scattered wave and incoming wave, accounts for all the intensity being taken away from
the incoming beam. This describes the extinction. If there is no real absorption and
all the extinguished intensity reappears as scattering intensity the lhs. of equation (64)
vanishes. This puts a constraint on the scattering amplitudes

Imf(Ω+) = k0 |f(Ω+) |2, (65)

which is known as the optical theorem,35 taking this simple form because of the assumed
isotropic character of the scattering.

Formally we would like to describe the scattering process as scattering of the incoming
wave from r′ to r′′ and then propagation from r′′ to r. Integration over all the primed
coordinates would generate the scattered light at r. We arrive at this by defining a
single-particle transition matrix t(r, r′) through

Ψ(r; Ω+) = Ψinc(r; Ω+) +
∫
· · ·
∫
G0(r, r′′; Ω+)tj(r

′′, r′; Ω+)Ψinc(r
′)dr′dr′′. (66)

It is evident that our original result (62) can be recovered by using

tj(r
′, r; Ω+) = −4πfj(Ω

+)δ(r− rj)δ(r
′ − rj), (67)

and by using as the incoming wave the plane wave defined in equation (62). The two
delta functions in equation (67) illustrate convincingly the zero-range of the scattering
potential. From now on we will use only a matrix notation in real space as the number
of convolution integrals would be to large. This matrix notation implies integration
over all dummy spatial variables. The rewriting in symbolic, or matrix, notation of
equation (66)

Ψ = (1 + G0tj)Ψinc, (68)

has a much simpler look indeed. A similar equation was alread presented in Section (7),
compare equation (30), where we were dealing with the interaction between light and
matter.

What happens when we have many scattering centers? All waves can be scattered
once, twice up to an infinite number of times. All these events will be contained in the
many-particle T -matrix. In the same symbolic notation we define

Ψ = (1 + G0T)Ψinc. (69)

All we have to do is to find the full T -matrix, which is unfortunately a horrendous
undertaking. In order to make progress some dramatic assumption has to be advanced.
All single-scattering events can symbolically be represented by

∑
j tj, and the double

events by
∑
j

∑
k tjG0tk etc. The total T -matrix is given by

T =
∑
j

tj +
∑
j

∑
k

tjG0tk +
∑
j

∑
k

∑
l

tjG0tkG0tl + · · · . (70)

The scattering centers are located at random positions and we have to average over all
positions (indicated by 〈· · ·〉). This was discussed in Section (6). To take the mean
over all particle positions becomes very cumbersome because of the existence of strong
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correlations when in the products a particular particle appears more than once. The
simplest possible hypothesis is to request that we retain only those contributions in
the averaging of the terms in summation (70) of the total T -matrix where no specific
particle occurs more than once. With this sledgehammer approach we find

〈T〉 ≈ 〈
∑
j

tj〉+ 〈
∑
j

tj〉G0〈
∑
k

tk〉+ 〈
∑
j

tj〉G0〈
∑
k

tk〉G0〈
∑
l

tl〉+ · · · . (71)

All recurrent scattering events are ignored, and we have called this assumption the
“independent scattering approximation”. It seems that with this supposition this series
can easily be summed as it has the looks of a geometric series with 〈

∑
j tj〉 as the first

term and 〈
∑
j tj〉G0 as the multiplicative factor. Now our symbolic notation has tricked

us because, if we would restore the spatial coordinates we would still find a number of
convolution integrals. Happily, this cluttering can easily be entangled by proceeding to
wavevector space, where due to translational symmetry, all convolution integrals will
become simple products. The averaged Green’s function will then be

G(p; Ω+) =

−1
p2−(Ω+/c)2

1 + (N/V )t(Ω+)
p2−(Ω+/c)2

, (72)

=
−1

p2 − (Ω/c)2 + (N/V )t(Ω+)
. (73)

where the first, awkwardly looking, equation has been presented for educational reasons,
because it demonstrates lucidly that we are really dealing with summing a geometric
series. The t-matrix element in this equation is factually t(p,p; Ω+) but the momen-
tum variables have been been dropped as for a point scatterer there is no momentum
dependence. The optical theorem can now be rephrased in terms of the t-matrix,

Im t(Ω+) = −
k0

4π
| t(Ω+) |2 . (74)

If not all the scattering is elastic this relation does not hold. The ratio of these two
quantities (rhs. over lhs.) is called the albedo a , and is a number between one and zero.
When the albedo equals one the scattering cross-section equals the total cross-section.
A vanishing albedo implies a total cross-section equal to the cross-section for absorption
and a vanishing cross-section for scattering. To give an example, for white paint the
albedo is about 0.9999 for visible light, whereas I will show that for our oscillators it is
much smaller for infrared light. Equation (73) shows immediately that one can define
an effective, complex valued, dielectric constant ε(Ω+) ,

G(p; Ω+) =
−1

p2 − ε(Ω+)(Ω/c)2
, (75)

where

ε(Ω+) ≡ 1− (N/V )(c/Ω)2t(Ω+). (76)

This equation should be compared with empty-space equation (59), that can also be
obtained from equation (75) by setting in equation (76) the density of scatterers, N/V ,
equal to zero. The implications of a complex valued dielectric constant become clear
when we go back to real space. To facilitate the process of spatial Fourier transforming
we define the effective, complex valued, index of refraction n,

n2(Ω+) ≡ ε(Ω+) ≡ ε′(Ω) + iε′′(Ω), (77)

n(Ω+) ≡ η(Ω) + iκ(Ω). (78)
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To avoid too many formulas that look clumsy and complex the frequency arguments
will often be dropped from the real and imaginary parts of the dielectric constant ε and
from the index of refraction n. Definitions (77) and (78) imply

ε′ = η2 − κ2, (79)

ε′′ = 2ηκ. (80)

The propagation of light in real space is represented by the real-space Fourier transform
of equation (75)

G0(r1, r2; Ω+) = −
eiηk

+
0 |r1−r2|e−κk

+
0 |r1−r2|

4π | r1 − r2 |
. (81)

This very sensible outcome represents a damped wave with a renormalized wavevector

k ≡ k′ + ik′′ ≡ k0(η + iκ). (82)

The imaginary part κ of the index of refraction reflects the exponential decay in length
and its effect is usually described in terms of a mean free path `ext ≡ 2/(κk0), where
we have added the subscript to emphasize that we are monitoring the extinction rather
than the scattering.

Let us explicitly find the expressions for η and κ in terms of ε′ and ε′′. Using

η =
1
√

2

√
η2 − κ2 +

√
(η2 − κ2)2 + 4ηκ) , (83)

we find that

η =
1
√

2

√
ε′ +
√
ε′2 + ε′′2 , (84)

κ = ε′′/(2η). (85)

Given the complex index of refraction allows us to define the phase velovity vp as

ck′/k0 ≡ vp = c/η. (86)

For pulse propagation the group velocity is relevant,

vg =
∂Ω

∂k′
= 1/(∂k′/∂Ω), (87)

vg =
1

η + Ω(∂η/∂Ω)
. (88)

Infrared active oscillators scatter and possibly absorb light, so each of them can be
described by a single-particle t-matrix. We have not treated our oscillators within the
framework of t-matrices, but we have used an approach based on an explicit equation
of motion of the vibrators. We should by now have become very curious about what t-
matrix applies actually to our oscillator. This is a crucial step in making the connection
between standard polariton theory and scattering theory. The relationship can be found
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easily though the use of the well-known link between the dielectric constant and the
linear susceptibility,

ε(z) = 1 + χ1(z), (89)

= 1 + S

(
Ω2

0

Ω2
0 − z2 − iz2/T2

)
, (90)

= 1 + S

(
(Ω2

0)(Ω2
0 − z

2)

(Ω2
0 − z2)2 + z24/T 2

2

)
+ iS

(
(Ω2

0)z2/T2

(Ω2
0 − z2)2 + z24/T 2

2

)
, (91)

= ε′∞ + (ε′0 − ε
′
∞)

(
Ω2

0

Ω2
0 − z2 − iz2/T2

)
, (92)

where the last equation has been presented to make contact with a convention that is
popular in the solid state physics community, and corroborates our earlier identification
of S with dielectric constants. From relations (76) and (89) we conclude that the t-
matrix of an infrared active oscillator

t(Ω+) = −(V/N)χ1(Ω+)(Ω/c)2, (93)

= −

(
fe2

mε0c2

)(
Ω2

Ω2
0 − Ω2 − i2Ω/T2

)
, (94)

≡ −4πro

(
Ω2

Ω2
0 − Ω2 − i2Ω/T2

)
, (95)

t(Ω+ ≈ Ω+
0 ) = −2πro

(
Ω

Ω0 − Ω− i/T2

)
, (96)

in which the length ro has been introduced. Our search path for an expression for the
t-matrix really has been a round about. I have preferred this approach over the one in
which I would have solved the scattering of light of one oscilator directly. Of course our
“derivation” of the t-matrix does not depend on whether or not relation (93) holds for
any density since the identification may be made for arbitrarily small density.

The cross-section for scattering of the oscillator is given by

σsca = (1/4π) | t(Ω+) |2= 4πr2
o

(
Ω4

(Ω2
0 − Ω2)2 + 4Ω2/T 2

2

)
(97)

With these results we can find out what the albedo is of our oscillator.

a ≡
− k0

4π
| t(Ω+) |2

Imt(Ω+)
≈
rok0ΩT2

2
, (98)

in the neighborhood of the resonance. Before we will estimate this number we will ask
ourselves when is the albedo equal to one and are we talking about elastic scattering.
The answer is of course that in that case the only dephasing comes from the radiation
field and T2 will be the radiation time Trad,

Trad = 2/(rok0Ω). (99)

Knowing that radiation times in the visible are varying roughly from nano to mi-
croseconds, and realizing that the scaling is with Ω3 (from the Einstein coefficient),
we estimate these times in the infrared to vay between micro and milliseconds. Given
dephasing times of the order of picoseconds we find that the albedo roughly varying
between 10−6 and 10−9 . Consequently all scattering by our oscillators is absorption
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and the elastic scattering can safely be neglected.

The relation between effective dielectric constant and effective dielectric index of re-
fraction has some important complications. This can best be seen when there is no
dephasing (infinite T2). Under this (unphysical) condition ε′′ = 0 and

η =

[
1 + S

(
Ω2

0

Ω2
0 − Ω2

)]1/2

, if ε′′ = 0. (100)

When we look at a frequency slightly larger than the resonance frequency we will find
that we cannot take the square root as the argument will be negative. There is a large
counteracting polarization as all the oscillators lag the optical force and they interfere
destructively with the incoming field. There will be total reflection described by an
evanescent wave. The decay length of this evanescent wave is related to fully imaginary
root of equation (100). For very large frequency the argument of the square root will
be positive again. There will be a “stopband” that is located at Ω0 < Ω < Ω0(ε′0/ε

′
∞).

If the damping is not zero, the situation becomes more intricate. We now define the
dimensionless “polariton parameter”, P ,

P ≡ 8SΩ0T2 . (101)

The factor of eight is for cosmetic reasons. The smaller P the lesser the polariton
behavior. An expansion in small P gives.

η ≈ 1 +
S

4

Ω0(Ω0 − Ω)

(Ω0 − Ω)2 + 1/T 2
2

, (102)

κ ≈
S

4

Ω0/T2

(Ω0 −Ω)2 + 1/T 2
2

, (103)

1/`ext = 2κk0 ≈
S

2

Ω2
0/(cT2)

(Ω0 −Ω)2 + 1/T 2
2

(104)

The smaller the damping or the higher the density of scatterers the more pronounced
the polariton behavior is. Our previous example of the stopband for a dampingless
system corresponds to P =∞. In contrast to the case of P =∞ we will always have a
solution for both η and κ when P is finite and no real stopband seems to occur, as there
is always some propagation going on, characterized by a real η. However we should still
define the stopband to occur when ε′ < 0, implying η to become smaller that κ. In this
situation the wave is overdamped (the damping length is shorter than the wavelength
divided by 2π), and indeed no substantial propagation is going on. We have defined P
in such a way that ε′ < 0 corresponds to P > 2.

When P is not small the dispersion relation of light has a funny look as it displays an
S-curve. Figure (3). Here the frequency has been plotted as a function η.

I will now show that the expansion parameter P is equivalent too the much more famous
expansion parameter (k′`ext)

−1 in multiple scattering. A stopband exists for P > 2, but
in terms of η and κ it occurs when η < κ or when η/(2κ) ≡ k′`ext < 0.5. Indeed
P and (k′`ext)−1 are equivalent and this identification makes an interesting connection
with multiple-scattering theory. In localization of waves one says that it occurs when
k′`sca < 1, where `sca ≡ (1/a)`ext There are several points to be made here. Local-
ization is concerned with transport properties rather than amplitude properties like
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Figure 3. Dispersion relation for polariton. The following parameters have
been used: Ω0 = 1, S = 0.075, (1/T2) = 0.01. The wavevectors are given in
units of Ω0/c.

dielectric constants. Localization only occurs when real absorption is very small, and
consequently it is not relevant for the present case of polaritons where all interaction
is absorption rather than scattering, and the scattering mean free path is much longer
than the extinction mean free path .

How good is our bulldozer approach (71), the independent scattering approximation,
to the total T -matrix. It can be shown that here again (k′`ext)−1 is the expansion pa-
rameter. So for strong polariton behavior we should improve our basic assumption and
come up with a much better treatment of the T -matrix than our bulldozer ansatz. We
call these effects dependent-scattering effects: the scattering properties of one center
depend on the presence of other scatterers, an effect which is difficult to deal with. In
principle it is not even possible anymore to define an effective dielectric constant as the
T -matrix is going to be momentum dependent. We have performed some dependent-
scattering corrections36 for elastic scattering and large corrections at k′`sca ∼ 1 have
been found. We also see the large advantage in relating polariton behavior to multi-
ple scattering. In our equation of motion approach we never realized that there was
a serious assumption being made. Where did we make our equivalent sledgehammer
assumption in the equation of motion? This happened of course when we assumed the
force to be proportional to the number of particles. Here the independent-scattering
approximation has sneaked in. It is obvious that improving on our equation of motion
is very difficult, whereas the t-matrix formalism is ideally suited for this.

If a transition is infrared active either through scattering or absorption one must be
careful as the coupling is always strong and the propagation is always perturbed. Much
of the misery will occur at the surface as the light propagation is seriously hampered.
One way to circumvent this suffering is to try to get P as small as possible by using a
low concentration of infrared active material in an otherwise inactive solvent or host. In
that case equation (104) can be used. This still amounts to an exponentially attenuated

lagendijk
Placed Image
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beam (Lambert-Beer law) I ∝ e−L/`ext, L being the length of the sample. The only way
to recover the one-way response result (53) is to request in addition that L << `ext.
I hope that the reader by now has appreciated the limited value of one-way response
theory.

It is quite clear that when the polariton parameter is large it is quite involved to obtain
the relaxation parameters from experiment as the full polariton behavior has to be ac-
counted for.

10 RAMAN-ACTIVE OSCILLATORS

Up to now we have assumed that we could indeed excite our oscillators directly with
a single time-varying electric field. Our oscillator was infrared active. This has ad-
vantages and disadvantages. The drawback is that the transition must be allowed and
secondly you must have light at the right frequency. For the majority of oscillators this
means light in the infrared region. Fields in the visible are much easier to come by than
in the infrared.

Many oscillators are not infrared active, but they are polarizable. That is they can
scatter light (Raman and Rayleigh). The theory of spontaneous Raman scattering
belongs to quantum scattering theory proper. If the scattering is dealt with in the, for
this case of a weak scattering potential excellent, first Born approximation it is found
that the scattered intensity S(p, E) is described by the polarizability-polarizability
correlation function

S(p,Ω)δ(p1 + p2) =
∫

eiΩt �α(p1, t1)α(p2, t1 + t)� dt , (105)

The polarizability, which is a second-rank tensor, is assumed to be a function of the
coordinate qj of the jth oscillator,

αj = α(qj = 0) +

(
∂αj

∂qj

)
qj=0

qj + · · · . (106)

From this Taylor expansion the contribution of the oscillators to the polarizability
correlation function can be evaluated. Apparently the polarizability-polarizability cor-
relation function can be related to 〈Q(0)Q(t)〉. If for the oscillators the relaxation-time
approximation is valid, equation of motion (14), that is the equation of motion with-
out external force, can be used to evaluate this correlation function. One finds two
Lorentzian lines, one at the Stokes and one at the Anti-Stokes frequency, their fre-
quency shift given by the eigenfrequency Ω0 of the oscillator and their width by 1/T2.
The temperature can be deduced from the Boltzmann factor determining the ratio of the
two intensities. This property can be deduced from time-symmetry properties of the
polarizability-polarizability correlation function.5 The relaxation time and frequency
can be obtained. I will discuss later the difference between the information obtained
from this technique of spontaneous Raman scattering and the socalled “coherent Ra-
man techniques”.

In nonlinear Raman experiments the oscillators are driven by the Raman effect and
that effect can be described classically. In this case the oscillator can be excited by two
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frequencies. Let us look how this works.

The interaction of this oscillator with an external field E is given by

U = −
1

2
E · α · E . (107)

Using expansion (106) in the above equation we find a term proportional to qj. Com-
pletely analogous to the case of the infrared active oscillator this gives rise to the
following equation of motion for a Raman-active oscillator

d2Q(t)

dt2
+

2

T2

dQ(t)

dt
+ Ω2

0Q(t) =
(
N

m

)
E ·

(
∂α

∂q

)
q=0

· E . (108)

So you now see this oscillator is not driven by one field, but by two fields. This makes
many more effects possible. Suppose now that our incoming field has two frequency
components: Ω1 and Ω2, Ω1 > Ω2. The field looks like

E = Re(AeiΩ1t + BeiΩ2t). (109)

The bilinear driving field in the equation of motion (108) is now a combination of two
optical fields. This field has four possible frequencies, ±Ω1 ± Ω2. This indicates that
the induced coordinate q has also these four contributions,

q(t) ∝ Re
(
e(±Ω1±Ω2)t

)
. (110)

From equation (106) we perceive that this implies that the polarizability has the same
time components

α(t) ∝ Re
(
e(±Ω1±Ω2)t

)
. (111)

The polarization is the polarizability times the electric field and has therefore the fol-
lowing components

P(t) ∝ Re
(
e(±Ω1±Ω2±Ω1,2)t

)
, (112)

which should be considered a χ3 effect as the product of three electric fields, albeit not
all at the same frequencies, is involved. In experiments with the two frequencies in the
visible one always picks the sign combination that causes the polarizability to be forced
to oscillate at the frequency ± | Ω1 − Ω2 |. This combination allows for a resonant
driving of the oscillator when this frequency difference fits the transition frequency.
Two final possible sign combinations are very popular for the study of oscillators. One
option for the signs implies that the frequency 2Ω1−Ω2 arises in the polarization. This
is a polarization at a new frequency, and consequently gives rise to radiation at a new
frequency. One could say that the experimentalist supplies the laser field and the Stokes
field and the system returns the Anti-Stokes field. For this reason this techniques is
called CARS, Coherent Anti Stokes Raman Scattering. This method requires phase
matching as the wavevector and the frequency of the polarization are determined by
the two incoming fields. This polarization field can generate propagating light only if
wavevector and frequency are matched. This can be fulfilled for instance by choosing a
particular angle between the two incoming beams. The other useful sign combination,
besides the combination relevant for CARS, for the induced polarization density, re-
turns an induced polarization at either Ω1 or Ω2. At those frequencies we already have
our incoming lasers and consequently they are then amplified or attenuated due to the
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driven nonlinear polarization. This is called stimulated Raman scattering and in the
form when using two laser beams it is called Raman gain (and loss). Raman gain is
self-phasematched. All these experiments can both be performed in the time domain
and the frequency domain. In the frequency domain one of the two incoming laser
beams will have its frequency scanned such that the difference fits the eigenfrequency
of the oscillator. In the time-resolved version pump and probe pulses have to be applied.
The probe pulse can have two pulsed incoming laser beams and the probe pulse one
(CARS) or two (Raman Gain). If the bandwidth of one pulse is large enough to find
the necessary combination Ω1 − Ω2 within the frequency content of one pulse, a single
pump and a single probe pulse will be enough (impulsive Raman scattering37). The
time-resolved CARS experiments will be discussed in detail in the lectures by Professor
Bron.

What information can be obtained from these forced Raman spectroscopies? In as
much as our equation of motion of the oscillator is valid, irrespective of the type of Ra-
man technique or force being used force (like CARS, Raman Gain, Impulsive Scattering
or else) we can measure both the frequency Ω0 and the dephasing time T2. Different
techniques measure the same parameters in different ways. Analogously to the infrared
active oscillators we could define a susceptibility associated with our driving polariza-
tion. This will be a χ3 susceptibility. The fact that this is a fourth-rank tensor implies
that its definition and tracing will request a lot of bookkeeping. The various techniques
will measure different parts (real part, imaginary part or absolute value squared) of this
nonlinear suceptibility, but their result pertains basically to the same information.

Analogously to the situation of infrared active oscillators there is no saturation and
T1 cannot be obtained. Of course I could again introduce the equation for the popu-
lation dynamics and find the higher-order Raman susceptibilities. It is clear that the
observation of forced Raman polarization beyond the lowest-order χ3 would in principle
give information on T1. I will not discuss the extension with the population dynamics
because the “Raman force” is quite weak and in practice in condensed matter it is
very difficult to saturate transitions in this way. One practical reason is that there will
always be some other degree of freedom present (possibly due to impurities) that will
be excited directly by the light. This usually means a damage threshold that low that
no sizeable Rabi frequencies can be induced through the Raman effect.

11 NEW INFORMATION FROM NONLINEAR

OPTICS

Is there any advantage by going to a nonlinear technique rather than using a linear
technique? To answer this problem we will have to make a distinction whether or not
the expansion of the polarizability in terms of the normal coordinate is allowed (See
for instance Eq. (106). Implicitly an adiabatic approximation is introduced when using
this expansion. I will not discuss the situation when this adiabatic approach fails, as
this condition is much more relevant for electronic degrees of freedom than for vibra-
tional degrees of freedom. So we assume the expansion in the normal coordinate of the
polarizability to be valid. The situation is then quite clear with respect to the difference
between spontaneous and driven Raman techniques. CARS and other coherent Raman
are techniques where an oscillator is driven by a combination of electric fields. In such a
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technique one measures the balance between gain and loss and that is why the suscep-
tibility describing this effect is a commutator of correlation functions. In spontaneous
Raman experiments, which is a quantum-mechanical scattering technique, one measures
gain and loss separately: in Raman language they are called Anti-Stokes and Stokes.
So in the latter case one measures the two correlation functions corresponding to loss
and gain separately. This makes it for instance possible to measure the temperature
of one mode by comparing the intensity of the Stokes and Anti-Stokes signal. Conse-
quently there is more information in the spontaneous-Raman experiments. As these
experiments are often more easier to perform than the nonlinear Raman experiments
it is quite clear what experiments have to be performed first, even if they are not so
fancy as the nonlinear Raman experiments.

When linewidths become extremely narrow in the frequency domain it can become
quite cumbersome to measure them accurately due to the limitations imposed by the
instrumental resolving power. In that case experiments in the time domain become
much simpler. Only the driven coherent Raman techniques can be performed in the
time domain. This can be an important reason to opt for a nonlinear Raman technique.

As I indicated in the previous section the situation becomes different when the driving
Raman fields are so strong that the response can be saturated. In that case the suscep-
tibilities beyond third order have to be taken into account, and much more information
can be obtained. There is no anologue of saturation in spontaneous Raman scattering.
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