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Amplification and diffusion of spontaneous emission in strongly
scattering medium
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We experimentally examined the threshold of the spectral collapse in dye embedded in a strongly
scattering medium as a function of the excitation beam diameter and the transport mean free path in
order to find a condition to minimize the threshold. We found a critical transport mean free path,
below which the threshold pulse energy is almost independent of the mean free path. Experimental
observations are well explained by a theoretical model based on the rate and diffusion equations,
which shows that the luminescence spectra are also dependent on the position in the medium.
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I. INTRODUCTION

Propagation of light in a random scattering medium h
been extensively studied. The effect of absorption for lig
propagation is now well understood. Absorption termina
the light propagation depending on the trajectory length. T
effect of absorption on the reflection and transmission co
ficients, the memory effect, and the coherent backscatte
peak have been studied.1–3 Recently, amplification of light in
random medium has been attracting much interest. Amp
cation in random scattering media exhibits a behavior tot
different from absorption. Light is amplified in a rando
medium depending on the trajectory length. The light trav
ing along a long trajectory is amplified more than light in
short trajectory. Wiersma and Lagendijk reported a narro
ing of the coherent backscattering peak in amplifying ra
dom media.4

Another interesting phenomenon in strongly scatter
media may be the random laser, which has been first s
gested by Letokhov as an analog of a nuclear reactor, w
strong feedback is provided by scattering.5 Lawandy et al.
reported the observation of a spectral collapse and a sho
ing in the lifetime in the luminescence from colloidal su
pensions containing rhodamine 640 perchlorate dye
methanol and TiO2 particles, which resembles multimode l
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ser behavior. This phenomenon is called random lasing.
ter Lawandyet al. reported the random laser, many expe
mental and theoretical studies have been reported.6–9 The
dependence of spectral and temporal characteristics of
random laser on dye concentration and density of scatte
particles have been studied.6,7 In a high dye concentration
sample, bichromatic emission has been observed.8,9 Powder
lasers display similar phenomena. Gouedardet al. reported
the multipulsing behavior in hydrated neodymium chlori
powder, which is similar to the relaxation oscillation in
conventional cavity laser.10 Noginov et al. reported the sec-
ond harmonic powder lasers and the color center pow
laser.11,12 From the application point of view, random o
powder lasers have the potential to be a unique, simple, c
pact, and low cost light source. It could be a new type
light source in a wide wavelength region. Random or pow
lasers could be used for testing the solid state laser mater
LaRochelleet al. suggested the possibility for using the
gain scattering media in the identification of friend and foe13

Wiersma and Lagendijk categorized amplifying rando
medium into three regimes depending on the strength
scattering.14 In the weak scattering regime, where the tran
port mean free pathl * is on the order of sample thicknes
the role of scattering is only to scramble the amplified sp
taneous emission. In the modest scattering regime, wherl *
is much smaller than the sample size but still larger than
wavelength, the scattering increases the residence tim
light in the gain region owing to the multiple scattering. A
well as the present experiment and calculation, most rep
so far reported on the random lasers are in this regime.
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could also consider the strong scattering regime, wherel *
becomes equal to or smaller than the wavelength. In su
condition, the recurrent scattering event becomes more
portant. Recently, Caoet al.has reported random laser actio
in semiconductor powder, where the mean free path is
than the emission wavelength.15 They observed discrete las
ing modes and argued that these modes arise from ring c
ties in the scattering medium formed by the recurrent s
tering.

The random laser in the modest scattering is based
two competing processes: amplification and diffusion.16 Am-
plification occurs in the gain region and scattering confin
the luminescence in a small spatial region. If the gain volu
of the luminescence light is smaller than its diffusion vo
ume, the amplification is not efficient as the light propaga
mostly through the gainless region. On the other hand, if
make the gain volume larger than the diffusion volume of
luminescence light, the excitation pulse energy is not u
efficiently. Therefore we could find an optimized conditio
under which the pulse energy is used most efficiently for
lasing process.

In this article we systematically investigated the las
threshold as a function of the excitation beam diameter
the transport mean free path from the spectral collap
These investigations are relevant when we consider the p
tical use of random or powder lasers. We found a criti
transport mean free path below which the laser threshol
almost independent of the mean free path. We explain
dependence of laser threshold on excitation beam diam
and transport mean free path by numerical calculation ba
on diffusion and rate equations.

II. EXPERIMENT

Spectral experiments were performed on colloidal so
tions containing kiton red in methanol and polystyre
spheres. Dye concentration was 131023 M. The absorption
length was 98mm. The scatterers used were polystyre
spheres with a diameter of 0.45mm ~Sekisui Chemical Co.!.
The density of polystyrene spheres varied from 0.09% to 9
which corresponds to a transport mean free path of 2100
mm. The sample was pumped by linearly polarized 532
laser pulses from a frequency doubledQ-switched Nd31

YAG laser with a pulse width of 8 ns and a pulse repetiti
rate of 5 Hz. The excitation pulse energy varied from 0.00
to 8 mJ. The sample cell was cylindrical with a diameter
11 mm. Experiments were performed on three different
citation beam diameters of 100mm, 1 mm, and 2 mm. The
luminescence spectrum from the central point of excitat
beam on the incident surface was measured. The lumi
cence light from the sample was led to a 25 cm polychro
eter and detected by a charge coupled device camera.

The luminescence from the colloidal suspensions c
taining kiton red showed a spectrum peaked at 585 nm w
a linewidth of 30 nm upon weak excitation. The linewidth
the luminescence from the sample decreased when the
tation pulse energy was increased. Figure 1 shows the
width as a function of excitation pulse energy for five diffe
ent sphere densities for three different excitation be
a
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diameters: 100mm, 1 mm, and 2 mm. We can observe se
eral characteristic features in Fig. 1. In this figure, we s
two regions for the dependence of the laser threshold on
transport mean free path. One is the region where the l
threshold increases when the transport mean free path i
creased. This is seen in an all sphere density range for
mm beam diameter and in a low sphere density range fo
and 2 mm beam diameters. The other is the region where
laser threshold is almost independent of the transport m
free path. This is seen above 4.5% sphere density with 1
2 mm excitation beam diameters. We define the laser thre
old as the pulse energy at which the linewidth of the lum
nescence spectrum reduces to half of the initial width
served in the weak excitation limit. Figure 2 shows t
threshold as a function of transport mean free path for th
beam diameters. The arrows in Fig. 2 show the critical tra
port mean free path for each beam diameter below which
laser threshold is almost independent of the mean free p

In Fig. 1 we see that the slope of linewidth as a functi
of the excitation pulse energy depends on the volume fr
tion of spheres. A sharp spectral collapse is seen for
sample with 9% sphere density for the excitation beam o
mm. The normalized linewidth decreases from 0.8 to
when the excitation pulse energy is changed from 0.015
to the five times higher value of 0.08 mJ, as shown in F
1~b! with open circles. On the other hand, in the case of

FIG. 1. Normalized linewidth as a function of the excitation pulse ener
The excitation beam diameters are:~a! 100mm, ~b! 1 mm and~c! 2 mm. The
volume fractions of the polystyrene spheres are:~s! 9%, ~l! 4.5%, ~d!
0.9%, ~j! 0.45%, and~n! 0.09%.
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0.09% sphere density sample, the spectral collapse oc
slowly as a function of the excitation pulse energy. The n
malized linewidth decreases from 0.8 to 0.4 when the e
tation pulse energy is changed from 0.1 mJ to the 80 tim
higher value 8 mJ, as shown in Fig. 1~b! with open triangles.
When the pulse energy is increased, we see that the linew
slightly increases before the spectral collapse. This phen
enon could be well explained when we consider satura
absorption in the excitation process and the reabsorptio
the luminescence process.16 This tendency is most clear i
the experiments with the excitation beam of 2 mm and
high sphere density sample, since much light comes aro
from the brim region into the central region from where t
luminescence spectra are observed.

III. THEORY

To explain our experimental results, we performed a
merical calculation. In this calculation, light propagation
the medium and the excitation and emission processes
analyzed on the basis of the coupling of diffusion and r
equations. The energy states for dyes are the ground staS0

and the excited stateS1 which consist of many vibrationa
and rotational sublevels. The excitation light pumps the d
molecules fromS0 to S1 . Since the nonradiative decay rat
within S0 andS1 manifolds are very fast, we assume that t
population ofS0 andS1 are in their lowest sublevels. Then
the excited molecules emit light through spontaneous em
sion, which is the transition from the lowest sublevel ofS1

into vibrational sublevels ofS0 . When the emitted light trav-
els through the medium, amplification occurs owing to t
stimulated emission fromS1 to S0 depending on the loca
excited state population. Considering the dye molecular d
sity is N and the populations of dye molecule inS0 andS1

states areN0 andN1 , respectively, we may express the ra
equation for the dye molecules as

FIG. 2. The laser threshold as a function of transport mean free path.
excitation beam diameters are:~l! 2 mm, ~s! 1 mm, and~d! 100 mm.
Solid lines are a guide to the reader’s eye.
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]t
5sa~le!N0~r ,t !I e~r ,t !

2E ss~l l !N1~r ,t !h~l l ,r ,t !dl l 2
N1~r ,t !

t
, ~1!

where the populations in dye molecules are related toN
5N0(r )1N1(r ). Here,I e(r ,t) is the light intensity for exci-
tation light,h(l l ,r ,t) is the light intensity emitted from dye
molecules per unit wavelength at a wavelengthl l ,sa(le) is
the absorption cross section at the excitation wavelen
le ,ss(l l) is the stimulated emission cross section at lum
nescence wavelengthl l , andt is the lifetime of the excited
stateS1 . The width of the luminescence spectrum from t
sample of 9% sphere density with 100mm beam diameter a
1 mJ is 4 nm with its peak wavelength at 590 nm. T
absorption cross section at 590 nm is small enough comp
with that at 532 nm, so we can neglect the reabsorption p
cess for simplicity. Propagation of excitation and lumine
cence light is calculated on the basis of the stationary di
sion equation with absorption and amplificatio
respectively. Wiersma and Lagendijk reported on a simu
tion of temporal characteristics of the luminescence lig
from a powdered Ti:sapphire sample with a thickness of s
eral tens of transport mean free path.14 In the beginning of
the pump pulse, the amplification competes with the lo
though the boundary. This competition and the large ene
deexcitation due to amplified spontaneous emission lea
an oscillatory output of the luminescence light. In our expe
ment, the luminescence light was observed in the time in
grated spectrum and there is a relation among the pulse
ration tp;10 ns, lifetime of the excited state of dyet;3 ns
and the lifetime of photon in the medium,td,;1 ns, that
tp*t, td , and the analyses of steady state condition co
be good. Diffusion equations for excitation and lumine
cence light can be written as

05
cl*

3
¹2I e~r !2sa~le!N0~r !cle~r !, ~2!

05
cl*

3
¹2h~l l ,r !1ss~l l !N1~r !ch~l l ,r !

1
N1~r !

t
L~l l !, ~3!

wherec is the velocity of light,l * is the transport mean fre
path, andL(l l) is the normalized profile of the luminescenc
spectrum. We used a Gaussian shaped function forss(l l)
and L(l l) in our calculation. We assume thatl * is not de-
pendent on the wavelength of light for simplicity. For th
steady state condition, one can solve Eq.~1!. The ground
state population is

N0~r !5N
1

11
I e~r !

I s1*h~l l ,r !ss~l l !/sa~le!dl l

, ~4!

whereI s51/@sa(le)t# is the saturation intensity. As show
in Fig. 3, we consider that the regionz.0 is filled with
scattering medium with dye. The incident excitation lig
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coming from the region,z,0 excites the dye molecules i
the sample. The luminescence light emitted by spontane
emission undergoes multiple scattering with amplificat
due to the stimulated emission. The scattering only increa
the residence time of luminescence light in the gain reg
and the recurrent scattering event is not taken into acco
We calculated the luminescence light going out from
center of the excitation beam on the plane,z50. As
the boundary condition, we set the absorption wall
z520.7l * .

IV. DISCUSSION

Now we compare the experimental results with t
theory. We calculated excitation and luminescence proce
by using Eqs.~2!, ~3!, and ~4!. The parameters used in th
simulation are as follows. Thel * for the sample with 9% of
polystyrene spheres 0.45mm in diameter was 21mm. The
absorption cross sectionsa(le) for 532 nm excitation light

FIG. 3. Schematic illustration of the random laser.

FIG. 4. Normalized linewidth as a function of the excitation pulse ener
The excitation beam diameters are:~a! 100 mm and~b! 2 mm. The volume
fractions of the polystyrene spheres are:~s! 9% and~d! 0.9%. The solid
and dashed lines are theoretically calculated curves for the transport
free path of 21 and 210mm, respectively.
us
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nt.
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was 1.7310220m2. The excited state lifetimet was 3.6 ns.
The stimulated emission cross sectionss(l l) was 0.3
310220m2.

The luminescence spectrum outgoing from the incid
surface is calculated. Figures 4~a! and 4~b! show the calcu-
lated and experimentally obtained linewidth as a function
excitation pulse energy for two different beam diameters.
shown in Fig. 4, calculated results recapture the experime
results. With the excitation beam of 100mm, the laser
threshold changes considerably, when the transport m
free path was changed from 21 to 2100mm as shown in Fig.
4~a!. On the other hand, with the excitation beam of 2 m
the laser threshold is almost independent of the trans
mean free path as shown in Fig. 4~b!.

We analyzed the spatial distribution of the excited st
population, the luminescence intensity, and the luminesce
spectrum on the basis of the numerical calculation. Figu
5~a!, 5~c!, and 6~a!, 6~c! show the normalized spatial distr
bution of the excited state population for the excitation be
diameter of 100mm and 2 mm, respectively. Four solid con
tour lines in each figure represent the normalized inten
distribution and is drawn every 0.2 unit. The excitation pu
energies were 0.1 mJ in Fig. 5~a! and 1 mJ in Figs. 5~c!, 6~a!,
and 6~c!. Figures 5~b!, 5~d! and 6~b!, 6~d! show the normal-
ized spatial distribution of the luminescence light intens
for the beam diameter 100mm and 2 mm, respectively. Th
excitation pulse energies were the same as that for the fig

.

an

FIG. 5. ~a! and ~c! are calculated curves of the normalized spatial distrib
tion of the excited state population for the excitation beam diameter of
mm. The transport mean free paths are: in~a! 21 mm and~c! 210mm. Dotted
lines represent the normalized spatial distribution of trajectories. Three
ted contour lines represent the intensities, 0.5, 0.1, and 0.05, toward
outside of the medium. The excitation pulse energy for~a! and ~c! are 0.1
and 1 mJ, respectively.~b! and ~d! are calculated curves of the normalize
spatial distribution of luminescence light. Parameters are the same as~a!
and ~c!. The horizontal axis is the distance from the incident surface. T
vertical axis is the distance from the center point of the excitation beam
the incident surface. Horizontal and vertical axes are normalized by
transport mean free path at the sphere density 9%.
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on the left hand side. With 100mm beam diameter, the spa
tial distribution of excitation light intensity decays as th
diffusion from a point light source. This is because the be
diameter is not large compared with the transport mean
path. With 2 mm beam diameter, the excitation light inte
sity decays as the diffusion from a disk light source. This
because the beam diameter is sufficiently large compa
with the transport mean free path.

With increasing excitation pulse energy, the influence
the saturation absorption appears. When the saturation
curs in the excitation process, the local absorption coeffic
in the vicinity of the incident surface decreases, leading
beaching in the sample. This bleaching penetrates int
deeper region with increasing excitation pulse energy.17–19

This effect is strong with the small excitation beam since
pumping energy is concentrated in a small spatial region.
shown in Fig. 5, the spatial distribution of the excited st
population also goes into the deeper region. Figures 6~c! and
6~d! show that in ther 50 region, the luminescence intensi
is strongest, while the excited state population shows a sl
dip along the central region,r;0. This suggests stron
stimulated emission in the central region.

The dotted lines in Figs. 5~a!, 5~c!, and 6~a!, 6~c! repre-
sent typical spatial spreading of the trajectory for the lum
nescence light. These trajectories were calculated as a
tion of the steady state diffusion equation with a launch
point on thez axis, where the excited state population is h
of its maximum. In these figures, we see how the two p
cesses of amplification and diffusion are competing ins
the scattering medium. The luminescence light is confin
typically in the spatial region as shown with the dotted lin
in Figs. 5~a!, 5~c! and 6~a!, 6~c!. Amplification occurs in the
gain regions shown in Figs. 5~a!, 5~c! and 6~a!, 6~c! with
solid lines. If we make the gain volume larger than the d

FIG. 6. All the parameters used in Fig. 6 are same as for Fig. 5 excep
beam diameter and the excitation pulse energy. The excitation beam d
eter and the excitation pulse energy are 2 mm and 1 mJ, respectively, f
the curves in Fig. 6.
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fusion volume of the luminescence light, excitation pul
energy is not used efficiently. This is the situation in Fig
6~a! and 6~b!. Most of the experiments and theoretical ana
ses so far reported on the random and powder lasers
performed in this condition; that is the beam diameter
larger than the transport mean free path. Let us consid
typical length for trajectories. Seed light starts to diffu
from the positionLa5( l * l a/3)1/2, whereLa is the diffusive
absorption length andl a is the absorption length of the nea
dye. The typical path length for this light to travel befo
going out from the interface surface isLa

2/ l * 5 l a/3, which is
independent of the transport mean free path.20 This simple
discussion, which neglects the effects of the saturation
sorption, excitation volume, and the reflectivity of the ex
tation light, explains the experimental dependence of la
threshold on the transport mean free path below the crit
transport mean free path. In Fig. 2, the transport mean
path below 200mm for the 2 mm excitation beam and th
transport mean free path below 100mm for the 1 mm exci-
tation beam are in this condition. Figures 5~a! and 5~b! cor-
respond to the condition that the excitation beam diamete
smaller than the diffusion volume of the luminescence lig
In this case, the matching between the gain volume and
diffusion volume of luminescence light becomes worse wh
the transport mean free path is increased. The laser thres
increases with the transport mean free path, which is c
from Fig. 2 for a transport mean free path above 1mm and
an excitation beam of 100mm in diameter.

The luminescence light propagates through regions w
and without gain. The gain coefficient is position depend
inside the medium. The luminescence spectrum, theref
also depends on the position in the medium. Figure 7 sh
calculated curves of the normalized spectra inside the
dium at positions shown in Fig. 5~d! on the z axis. At a
position where the luminescence intensity is strong, the li
width is narrow as shown in Fig. 7 with the solid line. On th
other hand at a position where the luminescence intensit
weak, the linewidth is relatively broad as shown in Fig.

he
m-
all

FIG. 7. Solid, dotted, and dashed lines are calculated curves of the nor
ized spectra inside the medium at positions (A)520 l * , (B)560 l * , and
(C)5120l * on thez axis in Fig. 5~d!. Dot-dashed line represents the orig
nal luminescence spectrum. Spectra are calculated at the excitation
energy of 1 mJ.
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with the dotted and dashed lines. Still a considerable spe
collapse is seen by the dashed line in Fig. 7 and the linew
is narrow compared with that expected from the local ex
tation population. The diffusion of the luminescence lig
well explains this situation.

Wiersma and Langendijk suggested that there is a c
cal sample thicknessLcr5p l amp above which the random
amplifying medium is unstable.14 When the sample size i
larger than this critical size the amplification overcomes
loss due to boundary. Caoet al.examined the dependence
the luminescence output on the excitation beam diamete
order to compare the experimental critical beam size with
theoretical critical volume.15 Our intention of the present ex
periment is to find a suitable condition to use a pulse ene
most efficiently to the random laser. Still, we may descr
our experimental results shown in Fig. 1 in terms of t
critical volume. Let us consider the excitation condition
the basis of excitation intensity per area. An excitation c
dition of 0.07 mJ/mm2 corresponds to pulse energies
0.0007, 0.07, and 0.28 mJ for 100mm, 1 mm, and 2 mm
diameter, respectively. Let us see the luminescence from
sample of 9% of polystyrene spheres shown with op
circles in Fig. 1. For the beam diameter of 100mm, the
spectrum is still broad under this excitation condition. F
the beam diameter of 1 mm, the spectral width is about h
of its initial value and the spectrum is collapsing. For t
beam diameter of 2 mm, the width has collapsed into
final value. These results mean that the critical beam di
eter which corresponds to the critical volume is 1 mm
this excitation condition.

Our present simulation shows that the threshold depe
on the transport mean free path above the critical mean
path @Fig. 4~a!#, while it is less dependent below the critic
mean free path@Fig. 4~b!#. In Fig. 4, one may, however
notice a slight discrepancy between the simulation and
experiment in the final spectral width after the collapse. T
origin of this discrepancy is not certain but it may origina
in the simplicity of our model, which ignores the reabsor
tion effect of the luminescence light and the triplet state, e
The reabsorption effect would obviously be important wh
we consider the normalized spectral linewidth since the
minescence from dye in scattering medium is narrower co
pared with the neat dye solution under weak excitation c
dition owing to the reabsorption effect. Zhanget al. reported
that the final width depends on many parameters, such a
concentration of dye and the concentration of scattere21

They argued that the laser heating and the surface are
scatterer could also influence the final width. Simulatio
with these parameters taken into account could figure
how these factors influence the final width. The slight sp
tral broadening before the spectral collapse is not seen in
calculation because we ignore the reabsorption process.
ral
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V. CONCLUSION

We observed the spectral collapse as a function of e
tation pulse energy for three different excitation beam dia
eters in the modest scattering regime. In the modest sca
ing regime, the scattering increases the residence tim
light in the gain region. We find that the random laser ha
critical transport mean free path for each beam diameter
low which the laser threshold is almost independent of
mean free path. Theoretical calculations based on the
and diffusion equations well explain the dependence of
laser threshold on the excitation beam size and the trans
mean free path. This theoretical analysis also shows tha
spectrum of the luminescence light is position dependent
side the medium as the result of amplification and diffus
of the luminescence light. The critical transport mean fr
path would be important in a practical use of this amplifyi
and scattering material in applications.
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