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Resonantly induced dipole-dipole interactions in the difFusion of scalar waves
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The induced dipole-dipole interaction can be understood in terms of recurrent elastic scattering of
waves. We implement this notion into transport theory of scalar waves in inhomogeneous dielectric
media and calculate rigorously the pivotal cooperative effect of pairs of polarizable dipoles.

Multiple scattering of classical waves is a field of wide
interest. It manifests itself in various different areas of
physics. Many experiments have been performed on dif-
fusive transport in strongly scattering media. To describe
these studies conventional transport theory ignores any
form of recurrent scattering, being valid for weak scat-
tering only. The phenomenon of recurrent scattering is
equivalent to what is known as induced dipole-dipole cou-
pling in atomic physics.

In this paper we derive a transport theory using the ex-
act solution for two particles as a building block for multi-
ple scattering, thereby including all induced dipole-dipole
interactions (IDDI's). Apart from the dipole-dipole en-

ergy density we shall also calculate other transport prop-
erties related to diffusion. Our calculations were possi-
ble because we solved the highly nontrivial problem of
keeping track of energy conservation in transport the-
ory. Explicit energy conservation is essential to maintain
long-range diffusion.

In transport theory ' the building block for the ampli-
tude is the self-energy Zz(E); for the intensity it is the
irreducible vertex Uz&t(E). (p,p' indicate momentum

I

channels; E is the &equency). Energy conservation is
expressed by a relation between amplitude and intensity
according to (a "Ward" identity)

——Iteze(S) = ——f e ™Oe(E) U» (S) . (1)

The Green function Gz(E)—:E —y —Zp(E)
scribes the propagation of the (ensemble averaged) am-
plitude in momentum space. We set cp = 1.

All diagrams involving two particles in the self-energy
and vertex are shown in Fig. 1. For uncorrelated point
dipoles with number density n the self-energy follows

from nt + ZIt 1, where ZIg
1 is given by
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The vertex is given by the Boltzmann approximation
n~t~ plus the sum of all possible pairs of two-particle
corrections,
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In these formulas g(r) = —exp(iEr)/4vrr is the bare
Green function in real space. The t matrix of one indi-
vidual oscillating dielectric dipole with eigenfrequency Eo
and linewidth Eo21' is given by s t(E) = —4s Ee [4—i]

with b, = 2(E() —E)/I'E(); E ) 0 (( 0) signifies fre
quencies below (above) the resonance. The same expres-
sion describes the semiclassical interaction (polarizabil-
ity) of an atom with light in the dipole approximation. e'
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FIG. 1. All connected diagrams involving

two particles in the self-energy Z and the irre-
ducible vertex U. Only the simplest diagram
of every class has been displayed. Neither
high orders in recurrent scattering nor com-
plex conjugates are shown. Crosses denote
t(E), bold lines g(E, r), dashed lines connect
identical particles, dotted lines denote h(r)
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Prom the optical theorem for the T matrix of two point
dipoles, 4 conservation of energy in transport, that is,
Eq. (1), can be shown to be satisfied explicitly in first
and second order of the dipole density. All integrals in
Eqs. (2) —(7) are finite, indicating that the IDDI is short
range on the scale of the mean free path.

We will now present our main results. The diffusion
constant is given by D(E) =

avail

containing a dynainic
transport velocity vE and a stationary transport mean
&ee path E. We first focus on stationary properties. The
transport mean free path is given by / = 1/no„with
o„the radiative pressure cross section. It differs &om
the scattering mean free path E, = 1/no, (in terms of
the scattering cross section o, ) by a well-known cosine
weighting of the differential cross-section. The differen-
tial cross section is defined as do/dO = n Ui, i, /(4n)
(~k~ = ~k'~ = E) and is modified for the IDDI according
to

on the resonance (6 = 0) are ('R) = 0.3756 and
((1 —cos8)'8) = 0.8605 so that both cross sections are
increased by IDDI's. The increase continues beyond the
resonance (6 ( 0); below the resonance scattering is di-
minished. These results indicate that; the maximum in
the scattering cross section shifts towards the blue. For
g = 0.7 the maximum of the scattering cross section is
1.28 times the unitary limit 47r/Eo of a single dipole, and
occurs at 6 = —0.1.

The area underneath the line profile of the scattering
cross section turns out not to be changed by IDDI's. This
is a manifestation of a Kramers-Kronig sum rule for the

4'
@20
4'

P
0

, +n (&(8 &))
1

1
+ rl ((1 —cos8)'R(8, b,))+2+ 1

(10)

In Fig. 2 we display the line profiles of both cross sec-
tions for a typical experimental value of q. Exactly

(8) =, + g'R(8, A)
dO E0 6 +1

The second term is the IDDI correction and constitutes
the sum of Eqs. (3) —(7). The modification introduces an
angular anisotropy and is seen to be proportional to the
"number of particles per optical volume, "

g = 4mn/Eo.
The erst term is the conventional cross section for sin-

gle scattering. If (. . .) denotes the angular average, the
scattering and pressure cross section become

FIG. 2. In6uence of scalar recurrent scattering from
two polarizable dipoles on typical transport quantities
near the eigenfrequency (resonance) Eo, for a density

4mn/Eo ——0.7. o„scattering cross section (in units
of the unitary limit 4s'/Eo), inversely proportional to scatter-
ing mean free path; or, pressure cross section (in same units),
inversely proportional to transport mean free path; 8/g, rela-
tive "stored" energy per dipole (in units of the inverse dimen-
sionless linewidth 1/EOI'), inversely proportional to transport
velocity. The dashed line is the Lorentzian pro6le to which all
three quantities would coincide without recurrent scattering.
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dielectric function (related to the self-energy). s s Thus,
the IDDI narrows the line profile of the scattering cross
section with conservation of the area underneath.

The dynamics in wave diffusion is described by the
transport velocity v@. It can be written as ' v~vp ——

1/[1+ h(E)] where xi~ is the phase velocity (co = 1). The
parameter h(E) is associated with "stored energy, "ii'i2
and will be changed by the dipole-dipole binding energy.
It can be calculated in two independent ways. Both cal-
culations were found to coincide within applied numerical
accuracy, showing that all diagrams have been included
in our approach. One method uses the fact that stored
energy is obtained &om derivatives of the conservation
law (1) with respect to small imaginary part of the po-
tential and was successfully applied to find the Boltz-
mann result for b(E).xx The second methodis i4 is more
convenient for the present purposes. In that case,
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b(E)Im Gp (E) Ed p

= —Ixn Gp(E) Zp(E) . (11)
d p

In evaluating the right-hand side of Eq. (11) one UV
singularity must be regularized precisely as has been done
in Ref. 5 in order to be consistent with the t matrix used
here. In lowest order of the dipole density we obtain
bx(b) = —(n/EOI') Imt, corresponding to the internal
energy of independent dipoles. In second order we find

g3g2 ~2 g2
b2(A) = —

s Im d r — Im —. (12)

Except for the second term, this surprising and extremely
simple form for 82 is indeed recognized as an induced
dipole-dipole-type contribution to the total potential en-
ergy in the medium. i (The second term arises because
b describes the potential energy relative to the radiative
energy outside which is also modified by the presence of
dipoles. ) This important notion demonstrates that the
IDDI is still correctly described by scalar waves, and is
not intrinsically a vector effect. The quantity b = bi+ b2
is shown in Fig. 2, for a density g = 0.7. It is seen that
the amount of scattering o', rexnains roughly proportional
to the relative amount of stored energy b, as in the Boltz-
mann approximation. Like the sum rule for the scattering
cross section, the integral of b'2(b, ) can also be shown to
vanish by analycity. The non-Lorentzian line shape of b
in the frequency domain corresponds to a nonexponential
decay of the excited oscillator in the time domain. This
may be of interest to atomic physicists.

Our calculations can and have been generalized for pair
correlation of the scatterers. This is relevant in dielec-
tric scattering, but is negligible in light-atom scatter-
ing. A pair-correlation function h(r) is introduced as
f~ l(1, 2) = f~ l(1) f~ l(2) [1+h(ri2)], where f~ l de-
notes the N-particle distribution function. Seven extra
two-particle diagrams show up that are connected by cor-
relation only (Fig. 1), one in the self-energy and six in the
irreducible vertex. 2 The diagrams that were already con-
nected by recurrent scattering must be given a weight-
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FIG. 3. As in Fig. 2 but now for difFerent excluded volumes
with radius a, Boa = 1.0, 2.0, and a value g = 0.5.

ing factor 1+ h(r). Explicit energy balance can again
be shown to be established. Not unexpectedly, the dia-
grammatic analysis reveals that only one simple weight-
ing factor 1+ h(r) enters into the integral of Eq. (12).
In Fig. 3 we display some calculations for "hard spheres"
h(r) = —O(a —~r~). We infer that the shape of the scat-
tering cross section is hardly affected. On the other hand,
the binding energy is more sensitive to the exact value
of Eoa. The pressure cross section increases considerably
with increasing excluded volume. This is mainly due to
the structure factor of the two-particle system, which be-
cornes less than 1 at forward scattering due to excluded
volume, and therefore lowers the transport mean free
path, 5 hence enhances the pressure cross section.

Our method has been presented using the language of
classical scalar waves and should be directly applicable
to acoustic waves. % ith a minor modification our find-
ings are immediately applicable to low-energy electron-
impurity scattering in the solid state. The presence of
longitudinal waves makes the treatment of vector waves
considerably more complicated. Given the importance of
light propagation, this generalization should be pursued.
Hopefully this work can serve as a guide.
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