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Abstract

The local density of states is studied with the help of the local perturbation method for vector and scalar wave fields propagating
in finite size photonic structures. The local density of states is numerically calculated for one-, two-, and three-dimensional finite
size photonic structures considering them as made of small particles.
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1. Introduction

The interaction of light with a medium belongs to the
fundamental problems in physics. Recently it was found
that systems with a periodic distribution of the index of
refraction (photonic crystals) have many interesting
properties, not only for pure science but also for
practical applications (see for example book [1] and
references therein). The quest for photonic crystals with
prescribed properties has begun several years ago. The
first commercial applications are the photonic crystal
fibers with unusual dispersion and high numerical
aperture. The fibers can be used as effective sources
with broad spectrum and as high-power fiber lasers
[2,3]. According to Ref. [4] a cluster of products based
on photonic crystals will be available in near future,
among them: photonic integrated circuits, antennas, and
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lasers. To use photonic crystals as lasers, control over
enhancement and inhibition of light emission inside
them will be crucial to improve laser efficiency. Recent
experiments [5] show that the spectral distribution and
the decay of light emitted from excitons confined in the
quantum dots are controlled by the host photonic
crystal.

Since the late nineteen forties it is well known that
the spontaneous emission rate of an atom is not a
constant, but a function of the atom’s surrounding. [6]
Fermi’s golden rule states that the emission rate is
proportional to the local density of states (LDOS) in a
medium [7]. In addition, there can be a local field
correction [8]. When the LDOS sharply variates as a
function of frequency or position in the unit cell, the
Wigner—Weisskopf approximation [9] breaks down and
novel phenomena occur. Among which are non-
Markovian behavior and nonexponential spontaneous
emission accompanied by the change of the spectrum
from a single Lorentzian peak into a two-peaked
structure [10,11].
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The most dramatic variations in the LDOS (and
consequently in the spontaneous emission rate of an
atom) were theoretically found in infinite photonic
crystals having a full band gap [12-14]. In a band gap
the LDOS drops to zero. In real photonic structures
(which are always of finite size) there will be no
complete band gap. However, the LDOS can still be
small and strongly varying in space and frequency. The
LDOS is directly related to the Green’s function and
depends on the spatial distribution of obstacles in a
diffraction or scattering medium.

Due to the complex structure of photonic media, the
theoretical study of the Green’s functions is often
limited to simplistic model systems and the impact of
the local field effect has not even been considered up to
now. For realistic structures numerical calculations are
necessary. At first, the LDOS was studied in infinite
photonic crystals (see for example Refs. [15-17] and
references therein). These calculations, however, did
not relate to the realistic photonic structures having for
instance boundaries and defects. The study of the LDOS
in the finite photonic crystals started several years ago
and a number of interesting structures was considered.
The LDOS for one-dimensional crystals was treated in
Refs. [18,19]. In Refs. [20,21] the LDOS for the two-
dimensional structures, consisting of cylinders, were
calculated with the help of rigorous theory [22]. The
LDOS was computed for the three-dimensional case
with infinitely small plane scatterers [23] or cylinders
[24] as the building blocks. In Refs. [25,26] the LDOS
was studied in structures made out of particles (such as
opals or inverse opals, for example) by using the finite
difference (FD) methods. Such calculations however,
require a lot of programming efforts, from one side, and
sophisticated computers, from another side. In the FD
methods an extremely large number of the grid points
growing cubically with decreasing of mesh size, is
needed. Moreover, the grid points should cover a free
space between particles and voids inside a complex
structure. The FD methods works usually in time
domain and can not take directly dispersion into
account. The dispersion can be handled via specially
designed auxiliary differential equations [27,28]. Note
that nonlinear effects and resonances can be also taken
into account, however it will require even more
computer resources.

Theoretically, each finite-sized photonic crystal
can be treated as a structure made of a number of
small (compared to the incident wavelength) parti-
cles. In this view one can consider the problem as a
many particle scattering problem. As was shown in
Refs. [29,30], the scattering from many small

particles can be effectively treated in a pure
numerical way with the help of the coupled dipole
method. The modification of this method was used in
Ref. [31] for numerical calculations of the density of
states in arbitrary finite-size photonic structures. This
method works in frequency domain and unlike the FD
methods, requires field calculation only inside the
scatterer.

Recently [32], resonance wave scattering by small
particles of arbitrary shape was treated with the help of
the local perturbation method [33-35]. The method is
generalization of the coupled dipole approximation: it
takes into account the shape of the particles and
accurately reproduces the first scattering resonance. In
contrast to the coupled dipole approximation, the local
perturbation method allows to calculate fields in three-
dimensional media with one- and two-dimensional
periodicity. Below we will apply this method to the
calculation of the LDOS in infinite and finite-size
periodic structures. The method provides an effective
and accurate way for numerical calculations of the
LDOS in finite one-, two-, and three-dimensional
photonic crystals and other structures made of small
particles.

2. The LDOS in media with particles: vector
waves

2.1. General considerations

The local density of states p in a dielectric medium is
proportional to the imaginary part of the trace of the
Green’s tensor in polarization space and defined by the
following expression (see, for example Ref. [23] and the
interesting discussions therein about the definition of
the LDOS)

2(080

p(r,w) = — Im [TrCA;(r7 r)], )

7c?
where w is the circular frequency, ¢ the velocity of light
in vacuum, & the permittivity of the host medium, and
G(r,r’) is the Green’s tensor at observation point r with
source placed at point r’. Im and Tr denote imaginary
part and trace, respectively. Note that formula (1) holds
in any dielectric medium without gain. In gain media
the Green’s tensor can be also calculated, however the
LDOS in this case is not well defined. Expression (1)
shows that the LDOS can be easily computed when the
Green’s tensor G(r,r') is known. In the following we
will calculate the Green’s tensor with the help of the
local perturbation method.
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The equation for the Green’s tensor in the medium
has the form

2

AG(r,Y') — VaVG(r,r) + w—zs(r)é(r, r')
c

=Is(r—1'), (2)

where ® defines tensor product, &(r) the permittivity of
the medium containing scatterers, I the 3 x 3 unitary
tensor in polarization space, and § is the Dirac delta
function. The permittivity of the medium with N par-
ticles can be represented in the following form

N

e(r) = e+ Z(&n — &) fo(r —ry,), (3)

n=1

where ¢, is the permittivity of the n th scatterer, and
fu(r — 1r,) is the unit step function describing the shape
of the n th particle, such that

| 1, inside particle
falr =) = { 0, outside particle @

Taking into account formula (3) we rewrite the Eq. (2)
for the Green’s tensor in the following form

AG(r,v)
?* Y R . R )
+ ?;(8" —&0) f(r —1,)G(r,¥') = I8(r — '),
(&)

where kg = %\/% =27 /A is the wave number in the
host medium.

An approximate solution of the Eq. (5) can be found
with the help of the local perturbation method [32]
when characteristic size (L) of the scatterer is small
compared to the incident wavelength, i.e. when
koL < 1. The method is applied when the function
fu(r — r,) has a sharp maximum at some point (say, r,)
and dies to zero in a finite (of a characteristic size L of
the scatterer) vicinity of this point. It is interesting to
note that there is no specific constraint on how fast the
function f,(r — r,) should decay with the distance. The
key hypothesis of the local perturbation method is the
assumption that the solution é(r, r’) is a relatively slow
function of coordinates in this vicinity, so that

fn(r_ ) ( ) fn( ) (I'n,l'). (6)

From the physical point of view this approximation
means that the perturbation, being of an arbitrary
strength, is concentrated in an area that is small compare
to the wavelength X in surrounding media. Applying

— VaVG(r,v) + kKG(r,v)
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the LPM (6) we obtain from Eq. (5) that

AG(r, 1Y) — VaVG(r, ) + kG(r, 1)

+3 Z en — 80) f(r —1,)G(r,,¥) = I8(r — ).

(N

Eq. (7) can better be solved by using spatial Fourier
transformation on the coordinate r. The Fourier trans-
form G(q,r’) of the Green’s tensor takes the form

. . q®q e—iq-r’
Glq,r)=(I—-
(@r) ( B >{8n3<k3—q2>

o’ ¢ fa(g)e o™ }

Tl

®)

where

(17 . 3/ / / (r,r')e " dr,
=g [ [ [ pir-meran

)

are the Fourier transforms of G(r,r') and f,(r — r,),
respectively. Fourier transforming of (8) back to the real

space gives
w’? f+V®V
c? K3
X Z — £0)G(ry, 1)

INN T

where Gy(r,r') = ( —|—V®V> R ten-

sor of free space and R = |r —r/| is the distance
between the observation point and the source.

Formula (10) is the main result of this section. It
explicitly shows that the total Green’s tensor is a sum of
the free space term Gy and term due to the scattering by
particles. The last one is proportional to the contrast of
the particles ¢, — & and depends on the particle’s shape
f,- The interaction between the scatterers and their
resonance properties are taken into account by terms
G(r,, 1) that should be found.

For spherically symmetric scatterers (f,(q) =
f.(lq])), the second integral in (10) can be explicitly
calculated with the help of the of method of residues.

G(r7 r') = éo(r7 r')
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We obtain

2
A N A / 2@ ; VeV
G(r,r)—Go(r,r)+2n 6'2(1+/€8

N eikoRy

X Do 0) £ (ko) G )

n=1

1)

where R, = |r — r,| is the distance between the observa-
tion point and n th scatterer. Note that f, (ko) ~V, /873,
where V,, is volume of the n th scatterer. Formula (11)
gives the Green’s tensor of a medium filled with N small
spherically symmetric particles within local perturbation
method. The formulas (10) and (11) contain unknown
tensors {G(r,,r')} which can be calculated by solving
system of 9 x 9N linear equations obtained by substitut-
ing r by r, into (10). More detailed calculation of the
tensors {G(r,, ')} is presented in Appendix A. Remark-
ably, result (11) can also be obtained also with the help of
the theory of point scatterers involving momentum cut-
off procedure and proper regularization of the Green’s
tensor [36].

In accordance with formula (1), the LDOS of the
medium filled by spherically symmetric particles is

w3ey ul Vi
,O(r, a)) = ,0()((1)) - 2724 — (Cn - 80) an
A ikORn
x Im {TrG(rn, re } , (12)

3/2
where py(w) = % is the LDOS of the homogeneous
host medium with permittivity &. Formula (12) expli-
citly shows that additional contribution in the LDOS is
proportional to volume of the scatterer V,, and decreases
with the distance R, between n th particle and observer.

Scatterers can be placed randomly or periodically as
in a photonic crystal. In the latter case formula (12)
describes the LDOS in a photonic crystal formed by
small particles. A defect in such structure is simply the
presence or absence of one or more scatterers. Such a
defect can be easily incorporated in our formalism.

It should be noted that, when the scatterer is not
sufficiently small (koL > 0.2, for example), it should be
subdivided into smaller particles with size Lg,, such that
koLsup < 0.1. Subdivision procedure and its properties
will be discussed in detail in the following.

2.2. Numerical examples

2.2.1. The LDOS of the small sphere

It is worth to consider the Green’s function and the
LDOS when only one, for example, spherical particle is
placed in the medium at point r;. In this case formula

(11) for the Green’s tensor (11) takes the following form

A A CUZV] a V®V
G(I', r/) = G()(I', I',) +m <I+k—(2)>

X (&1 — £0)G(ry, 1) (13)

R’
where G(r|,r') is the Green’s tensor at point r; where
the particle is placed. The unknown tensor G(r,r’)
better be calculated with the help of formula (10) when
r = r; (more details one can find in Appendix A). The
expression for the tensor G(ry,r’) looks like

A 380@0(1’1,1”)

Gy, ) = 22200 b 0 14
(1'1,1') D(w,L) 5 (14)

where

L
D(w,L) = 2ey + & — (&1 — e0)kgL>(1 + 2iko g)- (15)

Here L is the characteristic size (radius) of the scatterer.
It is interesting to note that formula (14) shows that
there is scattering resonance at some wavelength. Our
calculations show that this wavelength is predicted
correctly, while the criterion kgL < 1 is not satisfied
in this spectral region. In accordance with formulas (1),
(13), and (14) the LDOS for the small sphere is

3KV
plr, @) = pol®) + 5 2o (e = @)
. VoV Go(r,r) 4 r
Im|Tr(/ ———~efot |, 1
X m[ r<+ 12 ) D(w,L)e (16)

It is interesting to compare our results with results
predicted by the exact theory for the LDOS of a single
sphere. For the calculation we choose the following
realistic parameters: radius of the sphere is L = 0.3 pm,
its permittivity is & =9, and permittivity of the host
medium is &y = 1. Fig. 1 shows the LDOS calculated by
using the exact Green’s function for a sphere [37] and
the LDOS given by formula (16) versus size parameter
koL for different observation points outside of the
particle. Fig. 1 explicitly shows that the results obtained
by using our approximation agree extremely well with
exact results for size parameters koL < 0.2. The
agreement becomes even better with increasing of the
distance between the particle and observation point.

2.2.2. The LDOS of a small cube

Another interesting example (having no exact
solution as well) is the calculation of the LDOS for a
small cube. By using the LPM the LDOS at the presence
of the small cube can be studied analogically as it was
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p(r,0)ipy(r.00)

0.1 0.2 0.3 0.4 0.5 0.6

Fig. 1. The normalized LDOS of small sphere versus size parameter
koL for different observation points. The parameters of the sphere are
L=03pum, ¢ =9, ¢ = 1, and the observation points are |r| =L
(two upper curves), 1.1L (two middle curves), and 1.5L (two lowest
curves). The solid curves show exact results and the dashed ones
represent our results.

done for the small sphere. The expression for the LDOS
is the same as the expression (16) while the denominator
D is changed to

L
D(w, L) =2y + & — 1.32(g; — eo)k2L> <1 + 3ik0;).
a7

Fig. 2 shows the LDOS calculated for the cube with size
(half width) L = 0.3 pm and permittivity &; = 9 placed
in the host medium with permittivity &y = 1. It should be
noted that at this approximation the influence of edges
or corners of a cube are not taken into account. Effec-
tively, cube is treated as a sphere with slightly different
radius. In order to see the influence of the features of the
cube (even small one) one should subdivide the particle
further on.

2.2.3. The LDOS of the cube and sphere

The LDOS of arbitrary structure made of N small
spheres is given by formula (12). The LDOS of the array
of particles (or single one) that are not small compare to

12

p(r,0)/py(r,0)

Fig. 2. The normalized LDOS of small cube versus size parameter koL
for different observation points. The parameters of the cube are:
L=03pum, g =9, & = 1, and observation points are x = L (solid
curve), 1.1L (dashed curve), 1.5L (dash-dotted curve), and y = z = 0.
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Fig. 3. The normalized LDOS of the cube versus size parameter koL
for different subdivisions by cubes at the point x = 1.1L, y =z = 0.
The parameters of the cube are L = 0.3 um, & =9, and &y = 1. The
upper and the lower solid curves were calculated with 1 and 9
subdivisions along each spatial axis, the dash-dotted and the dashed
curves were calculated with 5 and 7 subdivisions, respectively.

the incident wavelength can be found by using
subdivision preserving complete volume filling. Cubes
are most suitable for such purpose: they have relatively
simple shape and they can fill sphere, cube, or any other
particle without voids. In this case general formula (10)
should be applied. The only drawback in this case is that
subdivision by cubes is not suitable very well for curved
surfaces, and as result one should use a lot of subdivisions
(i.e. cubes) substantially increasing by this the amount of
computer’s memory. Figs. 3 and 4 show for example the
LDOS calculated for the cube and sphere, respectively
for different number of subdivisions. The figures clearly
show resonances and good convergence.

It should be noted here that all calculations were
performed with the help of the 1.6 GHz personal
computer on Matlab, running in Windows XP. The
internal memory was sufficient only for 11 subdivisions
(along each axis) of a sphere, that is 739 small cubes. For
150 frequency slots time of calculation was around 13 h.

10
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2L —mr T
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Fig. 4. The normalized LDOS of sphere versus size parameter koL for
different subdivisions by cubes at the point x = 1.1L, y = z = 0. The
parameters of the sphere are L = 0.3 wm, & =9, and ¢, = 1. The
upper solid curve was calculated with 1 subdivision and the lower
solid curve is the exact result, the dash-dotted and the dashed curves
were calculated with 9 and 11 subdivisions, respectively.
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p(r®)/p,(r,0)

Fig. 5. The normalized LDOS of the cluster of spheres versus size
parameter koL for different numbers of shells of the cluster at the point
x=L,y=1z=0. The parameters of the spheres are L = 0.3 um,
e =9, and ¢y = 1. The spheres are arranged into fcc lattice with
filling fraction 8 = 0.7. The number of the shells of the cluster are 2, 4
and 5 (lower solid, dash-doted, and upper solid curves, respectively).
The dashed line corresponds to the LDOS of free space.

2.2.4. The LDOS of cluster of small spheres

Fig. 5 shows the normalized LDOS calculated inside
the cluster of small spheres (radius L = 0.3 wm and
permittivity ¢, = 9) placed in the host medium with
gy = 1. Figure explicitly shows oscillations in the
LDOS due to the finite size of the cluster. With
increasing the number of shells, the frequency of
oscillations will grow.

3. The LDOS in media with particles: scalar
waves

The scalar case is much easier compared to the
vector one and it is less general. However, it still has
some applications. Namely, wave phenomena asso-
ciated with vector waves can be considered with the
help of scalar technique for one-dimensional (1D) and
two-dimensional (2D) structures when polarization of
electric field is parallel to the direction where refractive
index is constant.

Formally, the Green’s tensor and the LDOS in scalar
case are described by the same formulas as for vector one,
excluding the depolarization term V%V. As the result, the
Green’s tensor is replaced by the Gteen’s function and
expression for the LDOS in scalar case takes the form

2(1)380 N
p(l‘, w) = IOO(a)) + et T (87! - 80)
00 00 00 f”" (q)eiq-(rfr,,)
xImGr,r’/ / / S dq|,
|: ( ! ) —00 J —00 J —00 (k(z) _q2)

(18)

5 3/2
where py(w) = % is the scalar the LDOS of the
homogeneous host medium.

3.1. The LDOS in 3D media with 1D and 2D
scatterers

We consider the LDOS in the 3D media with 1D and
2D scatterers, i.e. infinite layers and cylinders,
respectively. There are some peculiarities complicating
the solution of the 1D-2D problem. We suppose that the
layers are perpendicular to the x axis and the cylinders
are oriented along the z axis. The general scheme for
calculating the LDOS is the following: (1) obtain the
expression for the Fourier transform of the Green’s
function G(q,r’) in the form similar to expression (8)
taking into account that for 1D and 2D scatterers we will
need f,(x)and f,(r (x,y)), respectively; (2) integrate
G(q,r’) over g, or q, and obtain the expression for
G(x,q,,r') or G(r.,q,r') for the 1D and 2D
scatterers, respectively; (3) calculate the Green’s
functions G(x,q ,,r’) and G(r,,q.,r') at points x,
and r | ,, i.e. inside layers and cylinders, respectively;
(4) integrate expressions for G(x,q,,r') and
G(r.,q,,r') over q, and g,, respectively.

3.1.1. 3D media with layers

Consider the LDOS in a 3D medium containing N
scattering layers of thickness L. Following the scheme
we obtain expression for the Green’s function G(q, r’)

(compare to formula (8))
efiqr’

G N ——

S

e - iqxxﬂ

2 N
- %;(Sn - 80)fn(Qx)G(xn7qL7r/)Wv

19)

where f,(q,) is the 1D Fourier transform of the func-
tion f,(x) and q, = {q,,q,}. Note that the unknown
functions G(x,,q , ,r’) are involved in formula (19). In
order to find them we integrate expression (19) over g,
and obtain

(_ ~)efiq 1Y) Fikoyx—x|

/
Glxa..r)= 872k,
Y ikox | x—xp]|
LW e
TS 0) ko) Gl 4 )
(20)

where ko = \/k3 — g% . The unknown functions
G(x,,q  ,r') are to be found from the set of equations
obtained from formula (20) by substituting x by {x,}.
The last step is to integrate (20) over q; that can be
done only if explicit form of G(x,,q  ,r’') is known.
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The problem, however, can be solved in general by
taking into account that solutions G(x,,q , ,r’) can be
presented in the following form

OQ

gn(kor) e LTy (21)

G(xmql?r,) (k() )

where g, (ko,) are functions depending on position x,
and ko,, D(ko,) is the determinant of the system of
equations for G(x,,q,r’). Substituting expression
(21) into formula (20) and setting r = r/, and integrat-
ing over q ; , we obtain for the LDOS

0)38) N
p(r,0) = po(@) ~ 2223 (e, — o)
n=1
. 00 oo gn(kOX) eikox\xfx,,|
I ko C  dq, |,
X Irl|:l/oo/C>C fn( O)D(kox) k()x qL

(22)

The integral in (22) is evaluated with the help of the
residue theorem resulting in

a)380 NM
p(r,m) = py() + 87— > (e — £0)
ct nm=1
ko) g et

x Im fn(k()x)

(dD( k0x))/ (dg ) kox
(23)

Here (dD(ko,))/(dg | ) is the derivative of the determi-
nant D with respect to ¢ | , and q | ,, is the m th root of
the equation D(kq,) = 0. It is interesting to note here
that D(ko,) = 0 is the dispersion equation for all modes
(propagating and evanescent) in the structure. Thus,
formula (23) explicitly shows that the LDOS is affected
by all modes existing in the structure.

3.1.2. 3D media with cylinders

The LDOS in the 3D media with cylinders can be
treated in a similar manner as it was done for layers. The
final expressions for the Green’s function G(r | ,q,,r’)
and the LDOS are

G(rL ) 6117 I'/)
(=9 w’

() —i
:8 (k0l|rL—rJ_\) qz—'—ﬂl?

N

Z —8() I (koL)G(erqza )

x HV (ko [r1 —r 1)), (24)

lh‘huz:|
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N.M

e
o(r,w) = py(w) + 4nzc—40 Z (&n — €0)

LOJ
(dD(ko 1))/ (dq,)

x H" (ko [t . — 1 14])

x Im [fn(kw)

(25)

9:=49zm

Here H(()1> is the Hankel function of the first kind and

zeroth order, ko, = \/k —q2, fu(ko.) is the 2D

Fourier transform of the function f,(r ), and ¢, is
the m th root of the dispersion equation D(ko, ) = 0.

3.2. The LDOS in 1D and 2D media

Notwithstanding the fact that real photonic crystals
are 3D structures and the LDOS in 3D media in general
is not related to the LDOS in lower dimensional media,
there are several benefits for considering 1-2D media.
Firstly, one can relatively easy calculate and compare
the LDOS obtained with different methods. Secondly,
the Green’s function obtained for the LDOS can be used
for calculation of transmission coefficient for structures
in 1D media.

The LDOS in 1D and 2D media can be calculated in
the same manner as it was done for the 3D media. We
present only the final results. The Green’s function in
the 1D case is given by

G(x, x’) = Go(x,x')

0) LG (x,, x')eo—l (26)

8 —
20\/_ Z "
lk x—x'
where Go(x,x') = glk 1is the Green’s function in a
1D medium without scatterers and L, is the width of
the scattering layer. The Green’s function in the 2D
case is

G(rL,r'L):Go(rhr'L)
422 G Lar,)
x SuHY (kolr . — v 1)), (27)
where GO(rL,r’L)—lH k0|rl—rL|) is the

Green’s function in a 2D medium without scatterers,
r, = {x,y} is 2D radius vector, and S, is the area
of the scatterer. In accordance with formulas (1),
(26) and (27) the LDOS in 1D and 2D cases, respec-
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tively are
?
Veéo Voo &
pls) = L2 LY o)L
x Im[iG (x,, x)e oh—ul], (28)
: 3, N
,O(I'L,a)) = %0 @0 (811 - 80)Sn

2nc? 2mcet —

Hél)(koh‘l — T,
(29)

x Im[iG(r | ,,1 )

The first terms in formulas (28) and (29) represent the
LDOS in the host media and the second terms are
contributions due to the presence of scatterers. For
identical scatterers formulas (18), (28), and (29) give

VB _ o Rl

p(xa CL)) = . Tc3 (‘C] - 80)
N .
X Y ImiG (xy, x)e o], (30)
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a)zsg/z w3eyVy
Al ©) = 2723 272t (&1 — )
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Im[G(r,, r)e™ "]
_— 32
X ; R (32)

The formulas (30)—(32) explicitly show that the LDOS
depends on: frequency, number of scatterers and on
contrast ¢; — &g and size L. Amplitude variations of the
LDOS are proportional to the contrast and size of
scatterers, and the LDOS decreases when distances
between the particles grow. This shows that the influ-
ence of many closely spaced small particles on the
LDOS can be essential even if their scattering para-
meters (contrast and size) are ‘“‘weak’’.

3.3. Numerical examples

When the medium contains more than two
particles, analytical calculation of the LDOS (and
the Green’s functions as well) becomes a tedious task
and the problem should be treated numerically. Below
we calculate the LDOS for typical 1-2D structures
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and compare them to results presented in the
literature.

3.3.1. 1D medium

It will be instructive to calculate the transmission in
1D medium with layers by using LPM and compare it
with the exact result obtained with the help of the
transfer matrix theory [38]. The transmission 7 can be
expressed in terms of the Green’s function as (see
Appendix B)
G(x,x) |?

Go(x,x) )

T(x) = ’

where G(x,x’) and Gy(x,x’) are the Green’s functions of
the medium with and without the layers. Note that the
point source (placed at x’) is placed before the structure
and measurement point x is placed after the structure.
We consider the structure consisting of eight cells
formed by alternating layers with high (g, = 2.56)
and low (g9 = 1) permittivity. The period of the struc-
ture is d = 1 wm, and the width of the layer with high
permittivity (scattering layer) is L = 0.25 um. Fig. 6 a
shows the transmission 7 calculated with the help of
LPM formulas (26) and (33) and by using the exact
transfer matrix theory. The dashed curve shows trans-
mission for the structure with L = 0.25 pm and the solid
curve (coincided with marked one) shows transmission
for the structure when each scattering layer was
subdivided into five identical layers with Lg, =
L/5 = 0.05 um. In the latter case the number of scat-
terers increased by 5, however the accuracy increased
dramatically (see Fig. 6a). Fig. 6a shows that for layers
with L = 0.25 pm there is an extremely good agreement
between exact and calculated results until values
wd/2mc = koL/1.6 ~0.2, which is an upper limit of
the theory. Decreasing the width of the layers increases
the accuracy for higher values wd/27wc. Fig. 6b presents
the difference between exact and calculated transmis-
sions versus wd/2mc, for L =0.25pm and Ly =
0.05 pwm. Fig. 6b shows that in general discrepancies
increase with wd/2wc¢ and especially toward the band
edges, where T changes rapidly. Taking layers with
Lgp = 0.05 pm we increase accuracy of the calculation
in 10 times.

Finally, we compare the LDOS presented in Ref.
[19](Fig. 7a) and one calculated with the help of LPM
(Fig. 7b) for the 1D stack. The structure consists of
eight identical cells with alternating dielectric
(L =0.25 pm, &, = 2.56) and vacuum (g = 1) layers.
The period of the stack is d = 1 wm. The LDOS was
calculated by using Ly, = L/5 at the central vacuum
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Fig. 6. (a) The exact and calculated with the help of our method (LPM) transmission T for 1D stack versus wd /27wc. The structure consists of eight
cells with period d = 1 wm. Each cell is formed by dielectric layer with L = 0.25 um, ¢, = 2.56 and vacuum layer with &y = 1. The curve marked
with dots shows exact transmission for the structure. The dashed curve shows transmission calculated for L = 0.25 pm. The solid curve (coinciding
with marked one) shows transmission calculated when dielectric layer was subdivided into five layers with Lgp = 0.05 wm. (b) Modulus of

difference |AT| (on logarithmic scale) between exact transmission and calculated one for structure with L =0.25um (solid curve) and
Ly, = 0.05 pm (dashed curve).
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Fig.7. (a) The LDOS presented in Ref. [19] for 1D stack versus wd/2mc and position x/d. The structure consists of eight cells with periodd = 1 um.
Each cell is formed by alternating dielectric layer with L = 0.25 pum, ¢, = 2.56 and vacuum layer (&9 = 1). The LDOS was calculated at the center of
the stack, in vacuum layer. (b) Our results for the LDOS at the same stack versus wd/2mc and position x/d inside the central vacuum layer.
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Fig. 8. (a) Configuration of cylinders. (b) The LDOS versus position y at x = 0 for array of dielectric cylinders. The solid line shows rigorous results

calculated in Ref. [20], the dashed line shows our results for L = 0.3d, and the dash-dotted line represents our results for Ly, = 0.3d/ V7. The
parameters of the system are: A/d =3.5,¢, =9, and & = 1.
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layer. One can see extremely good agreement between
the results. Note that the number of frequency and
coordinate points is 120 and 25, respectively. Time of
calculation is 1.5 min.

3.3.2. 2D medium

For the 2D case we calculate the LDOS in array of
dielectric cylinders (Fig. 8a) and compare our results
with results obtained with the help of rigorous theory.
Fig. 8b shows LDOS of the system calculated in Ref.
[20] and our results. The array consists of 21 cylinders
arranged in a square lattice formed by adding shells
around the central cylinder. The parameters of the
system are: period d, radius of the cylinders L = 0.3d,
A/d=35, ¢ =9, and ¢ =1. The LDOS is
calculated as a function of y at x = 0. Fig. 8b shows
that the LDOS calculated for L = 0.3d (dashed line)
reasonable agree with rigorous results despite the
large value koL = 0.54 which is far from the validity
limit (koL ~ 0.1) of the theory. Fig. 8b also shows the
LDOS calculated for the case when each circle was
subdivided into seven identical ones with radius
Loy = 0.3d/\/7. One can see that in this case the
accuracy of our results is increased. We used 250
coordinate points and calculation time was 12 s
without subdivision and 13 min with subdivision. In
order to obtain more accurate results we need to
further increase subdivision, that would essentially
increase the time of calculation.

4. Conclusions

In this paper we have studied numerically the local
density of states (LDOS) in one-, two-, and three-
dimensional finite size photonic structures. The
LDOS has been calculated for vector and scalar
fields with the help of the local perturbation method.
It has been shown that the method provides
accurate numerical tool for calculation of the
LDOS in various photonic structures. The accuracy
of calculation grows with increasing of computer
memory.

Acknowledgments

We would like to thank W. Vos for assistance and
critical comments, B. Husken and B. Kaas for helpful
discussions. This work is part of the research program of
the Stichting voor Fundamenteel Onderzoek der
Materie, which is financially supported by the
Nederlandse Organisatie voor Wetenschappelijk Onder-
zoek.

Appendix A. The calculation of the tensors

{G(ra, 1)}

Making first the differentiation in (10) and sub-
stituting after this r by r,, we obtain the following
system of equations

2 N
. . 1) A
G(r,,r') = Go(r,,r') — c_zg(s" —&0)G(r,, 1)
o *© *© 7 ®q fn(q)
e B TIS VR Y
X/m/w/m< ks )(k%—qz) a

(A.1)

The system of Eq. (A.1) is linear with respect to G(r,, ')
and can be easily solved. The integrals in (A.1) can be
calculated analytically or numerically for different par-
ticles (at least for sphere and cube). Note that dimensions
of the particles implicitly present in the functions f,(q).
Additional information about such calculations one can
find also in the appendix of work [30].

Appendix B. The transmission of one-
dimensional structure in one-dimensional case

Consider transmission of one-dimensional structure
in one-dimensional case. Suppose that source of the
incident field Ey is a point source placed at point x’
before the structure. The field E is the field after the
structure. In this case the transmission 7 of the structure
at point x is

r_ | E® 2 G s — ) x|
I E(x) | |7 Gol(x,x")8(x' — ) dx”
|G P
B GO(xvx/) ’

(B.1)

where G(x,x') is the Green’s function of the medium
with the structure and Gy(x, x’) is the free-space Green’s
function.
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