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Chapter 1

Introduction

1.1 Diffusion and physics

In language ‘diffuse’ means vague, featureless and without a clear direction. The meaning
of the word is almost the same in physics. Diffusion denotes the process of uniform
spreading caused by random movement, it is a general principle that has applications in
almost all fields of physics.

An everyday example of this principle is diffusion of odors. When a bottle of perfume
is left open, at first the fragrance is concentrated around the bottle, but slowly the scent
starts to fill the whole room. The mechanism behind this is a statistical one. Because
the molecules in the air move randomly, they will push the perfume molecules in random
directions. The more molecules there are in a certain volume, the more will be pushed out
of this volume. Therefore on average the molecules are pushed towards areas with a lower
concentration, which ultimately causes concentration differences to disappear. Exactly
the same thing happens when a drop of ink is put in a glass of water; eventually all water
will have the same color.

Diffusion of gasses and fluids is just the beginning. Electrons can diffuse in a con-
ductor, heat diffuses according to the laws of thermodynamics, a crowd diffuses after a
demonstration and even vegetation diffuses. The common denominator in these processes
is that a large number of seemingly random interactions cause a concentration difference
to decrease.

1.2 Diffusion of waves

Waves, like sound or light, can also experience diffusion. The random interaction is caused
by a disordered configuration of particles that disturb the propagation of the wave. Such
particles are called scatterers. The most important difference between waves and particles
is that waves can interfere; if two waves are added together, they can increase or diminish
each other, depending on their relative phase. Due to the random position of the scatterers,
a complicated spatial pattern called speckle arises. In dynamic diffusion experiments also
temporal interference effects (time speckle) can be seen.

Because of interference, diffusion of waves differs from diffusion of particles. Although
particle diffusion theory forms a good approximation for the diffusion of light, some very
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interesting phenomena are missed in this description.

The most far-reaching of these phenomena is Anderson localization of light. In 1953,
P.W. Anderson predicted that diffusion of electrons in a random lattice is stopped com-
pletely when the scattering is strong enough [1]. This effect was predicted to occur for
light as well when the scattering of light is extremely strong [2, 3]. Due to the result-
ing interference, the propagation of light is disturbed to such an extent that light travels
around in closed loops and is said to be localized.

1.3 History

So far several features unique to wave diffusion have been established experimentally
using stationary intensity measurements. One of these features is enhanced backscattering
[4, 5, 6, 7, 8]. Because of this effect more light is scattered back to the source than
what would be expected from particle diffusion theory. Other measurements confirmed
predictions about intensity correlations in strongly scattering materials [9].

Experimental prove of the ultimate interference effect, Anderson localization, has been
reported [10, 11]. These claims, however, have been questioned because absorption can pro-
duce similar effects [12]. Both static transmission measurements and enhanced backscat-
tering measurements provide us only with time averaged values. As a result, localization
cannot easily be distinguished from absorption and no information about the dynamics of
the process can be obtained.

For this reason, a dynamic measurement technique has been developed [13]. This
technique allows a dynamic measurement of the intensity of light that propagated through
a random medium. From this information the diffusion constant, which quantifies the rate
of diffusion in a random medium, can be found [14, 15]. Moreover, the setup can be used
to measure the phase of the light. Analysis of the phase information gives access to a
whole new dimension in the analysis of wave propagation and is able to uniquely identify
signs of Anderson localization [16, 17].

Recently a theory describing the statistical properties of the phase has been devel-
oped [18]. This theory is in good agreement with experiments using microwave radiation
[19, 20]. Similar promising experiments have been performed in the optical domain [21].
These experiments were performed on strongly scattering gallium phosphide samples and
confirmed the predictions for transmitted light. For reflected light, however, a deviation
from the predicted behavior was found.

A full understanding of the measurement technique and the theory of phase statistics
is required to be able to identify signs of localization in the phase information. For this
reason, measurements will have to be performed on less strongly scattering materials.
The propagation of light in these samples can be explained very well using the model
of particle diffusion or the more detailed radiative transfer approach [22]. This way the
limitations and possibilities of the method can be investigated without having to worry
about the complications of strong localization. Only after this technique has thoroughly
been characterized and all pitfalls have been tracked down it can be used to study strong
scattering and possibly localization.
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1.4 Project goals

The main goal of this project is to identify the possibilities and limitations of the time-
resolved measurement technique, paving the road for future experiments on samples that
may exhibit localization. For this purpose time-resolved measurements will be performed
on well characterized samples that are known to be relatively far away from Anderson
localization. Both the measurement setup and the data analysis will be scrutinized to
make sure neither the measurement setup nor the data processing introduce artefacts.

The second project goal is to study the application of existing multiple scattering
theory in the analysis of the dynamic measurements. Multiple scattering theory describes
the propagation of light in random media and can be used to predict the outcome of
the time-resolved measurements. If we want to be able to interpret the results of the
measurements, we have to understand how this theory works and what assumptions and
simplifications are behind it. Special attention will be given to predictions governing the
statistics of the phase of multiple scattered light [18]. The results from this new phase
analysis technique will be compared to the results from intensity measurements, both
theoretically and experimentally. Furthermore, as suggested in [21], effects of the surfaces
of the samples will be examined in detail.

1.5 Overview of the thesis

The thesis consists of two parts. The first part, consisting of the chapters 2 and 3,
forms a theoretical background for the experiment. Chapter 2 introduces a formalism to
handle multiple scattering statistically. Starting with a scalar wave-equation the theory is
simplified and abstracted until a simple graphical representation is the result. In Chapter
3 this formalism is used to derive the diffusion equation for light. The diffusion equation
is used to predict the dynamics of a pulse transmitted through a slab of random material.
Furthermore, the phase statistics that was introduced in [18] is examined in detail and the
theory is improved to include boundary effects.

In order to improve the readability of these two theoretical chapters some of the more
elaborate derivations are put in appendices. These derivations can be skipped without
problem, but are included for completeness.

The second part of the thesis focusses on the experiment. In this part the results of
the phase measurements and of the intensity measurements are presented and compared.
Chapter 4 describes the setup and the data analysis in detail. Data processing is an
important aspect of the experiment since distortions are introduced easily. Therefore the
procedure required to extract the right information from the measurement is clarified
using real data. Finally the results of measurements on a set of samples with different
thicknesses are presented in Chapter 5. The results are used to identify trends and to test
for deviations from diffusion theory.

In the final chapter conclusions are drawn concerning the applicability of the setup
and the trends that were found in the experiments. The time-resolved measurement setup
is found to be widely usable and several suggestions for future experiments will be made.
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Chapter 2

Multiple scattering of light

2.1 Introduction

In this chapter a theoretical framework for describing the propagation of light in random
media is presented. The theory in this chapter is not new but serves as an introduction to
the multiple scattering formalism and forms a basis for Chapter 3, where the theoretical
background of the experiments is laid out. More information on multiple scattering theory
can be found in [22, 9, 23].

A random medium is modeled as a collection of scattering particles between which light
bounces back and forth, very similar to the way a ball bounces in a pinball machine. Since
the distribution of these scatterers is random, a statistical analysis of the light propagation
is required.

First propagation of light through a homogeneous medium will be studied and the
Green function formalism will be introduced. In the next section, this formalism will be
adapted to describe propagation in inhomogeneous media.

Although in principle the propagation of light through any medium can be described
using this method, most of the times it is not possible to analytically solve the equations.
A huge simplification is required and is found in modeling the material as a collection of
points scattering light.

The statistical treatment of randomness is treated in Section 2.4. A method for aver-
aging over disorder in a random medium is laid out and a graphical representation of the
averaging process is introduced. This diagrammatic method will be used to calculate the
expectation value of the field in a random medium. In Chapter 3 the diagrams will prove
useful again.

In Section 2.5, it is shown how the propagation of light through a random medium can
be described by an effective refractive index and a mean free path. Finally, the limit of a
high number of weak scatterers is calculated to show that this gives a microscopic model
for the refractive index of a material.

2.2 Light propagation in homogeneous media

In this section unscattered propagation of light will be described using a wave equation
and a corresponding Green function will be derived. The Green function approach will be

9
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used throughout this thesis to describe propagation of light.

2.2.1 Wave equation

The electrical and magnetic fields are vector quantities. For practical purposes, however,
it is easier to find solutions for a scalar representation of the electromagnetic field. If
desired, vector solutions can be calculated from these scalar solutions [24]. Propagation of
light in a homogeneous medium can be described by the scalar Helmholtz wave equation,

—V2U(r) — K*¥(r) =0, (2.1)

where W is the complex amplitude of the electrical field and & = nw/c. In this equation
n is the refractive index of the material, w and c are the angular frequency and speed of
light in vacuum respectively.

Assumption: The medium is source free, linear, isotropic and homogeneous. This is
true for air or free space (n = 1) and a good approzimation for most materials if the the
intensity is not too high. With this assumption, Eq. (2.1) can be derived from the Mazwell
equations.

2.2.2 GGreen function

The Green function of the electrical field is the solution to the wave equation in the
presence of a point source at position r’. For a medium without scatterers we have the
bare Green function g,

~Vg(r,v') — Kg(r,r') = 6(r — /). (2.2)

The Green function is the spatial impulse response of the system. It describes prop-
agation of light and therefore sometimes is called a propagator. Once it is known, the
response to an arbitrary source W4(r) can be found by multiplying g(r,r’) with the source
term and integrating over the whole space.

U(r) = /dr'g(r, )W, (r') (2.3)

Since the medium is homogeneous, g(r,r’) = g(r —r’) which will sometimes be written
g(r). The Green function can be found by spatially Fourier transforming equation (2.2),
introducing the wave-vector coordinate p as the transform parameter,

(* = K)g(p) = 1, (2.4)
9(p) = pQ_,iZH.E- (2.5)

The ie term is an infinitesimally small offset that is added to fix the divergence at p = k.
This offset allows transforming this equation back to real space, which is described in
detail in Appendix A.1,

g(r) =———. (2.6)
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The real-space Green function corresponds to a spherical wave emitted from the origin,
oscillating with a spatial frequency k. The amplitude of the electrical field falls of with
1/r.

2.3 Light propagation in inhomogeneous media

2.3.1 The scattering potential

Scattering is the process where a contrast in refractive index causes light to be reflected
in different directions. The difference in refractive index can be expressed as a poten-
tial V(r) = [n?(r) — n3Jw?/c®. With help of this potential, the wave equation for an
inhomogeneous medium can be written,

—V2U(r) — k*¥(r) = V(r)¥(r), (2.7)

where k = now/c. For this wave equation again a Green function can be defined. This
is the full Green function G,

—V2G(r,r) — K*G(r,r') = V(r)G(r,r') + 6(r — /). (2.8)

The full Green function has a relation with the bare Green function. A recursive definition
can be found by treating the right hand side of (2.8) as a source term and applying (2.3).
This yields,

G(r,r') =g(r— r') + /drlg(r — rl)V(rl)G(rl,r'), (2.9)

which is called the Dyson-Schwinger equation. It relates the propagation, GG, to unscat-
tered propagation, g, and scattering potential V' in a recursive way.

2.3.2 Point scattering

The point scattering model is a simplification to the exact Dyson-Schwinger equation.
(2.9). It assumes that the effect of a finite size scatterer with a finite refractive index
can be modeled as a point with an infinite refractive index (a delta function). The point
scatterers are assumed to be isotropic, meaning they scatterer light equally in all directions.

Assumption: Scattering is isotropic and the scattering medium can be modeled by discrete
scatterers.

The point scattering model allows discretization of Eq. (2.9). The strength of scatterer
1 is represented by V;,

N
G(r,v') =g(r—1') + Zg(r — 1)) V;G(r;,1'). (2.10)

i=1
This discrete Dyson-Schwinger equation can be seen as a summation of different prop-
agation paths. The first part describes unscattered propagation. The summed terms
describe paths that have scatterer 7 as the last scattering event. Light first propagates
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through the scattering medium from the source r’ to the last scatterer r; as described
by the full Green function G(r;,r'). Then it is scattered with strength V; and travels
undisturbed to point r.

2.3.3 The T-matrix

As can be seen from Eq. (2.10), the full Green function G is defined as a sum of terms
containing the same function G. The T-matrix formalism is a method of breaking this
recursion.

Recognizing that the Green function G(r;,r’) represents the sum of all paths from r’
to r;, a decomposition can be made to isolate the effect of scatterer i. If G;(r,r’) is defined
as the sum of all paths that do not include scattering on 4, the full Green function can be
expanded as an infinite sum,

G(r,t’) = Gi(r,r') + Gi(r,1;)V;Gi(r;, v') + Gi(v, v, ) ViGi (v, 1)) ViGi(ri, ¥') + ... (2.11)

The interpretation of this expansion is that light can propagate without scattering on ¢,
it can scatter there once, it can scatter once and return to scatter a second time and so
on. The term V;G(r;,r’) in Eq. (2.10) can be rewritten,

Vi

ViGlri,r') = 1 — ViGi(r;,ry)

Gi(r;,v') = T,G;(r;, 1), (2.12)

where T; is called the T-matrix* for scatterer i. The significance of this method is that
once T; is known, the full Green function for a medium with N scatterers can be written
in terms of the Green function for a medium without this scatterer, thus containing N — 1
scatterers. The T-matrix describes scattering from a particle taking into account all other
scatterers in the medium.

In a system where the scatterers are not very close to each other, the T-matrix of a
scatterer is not influenced much by the presence of other scatterers. Therefore the Green
function of the environment can be approximated by the bare Green function and the
T-matrix is replaced by ¢, the T-matrix for a single scatterer in free space.

Approximation: The matriz T corresponding to scattering in a disordered environment
1s replaced by t, the matrix for a single scatterer in free space. This is called the independent
scattering approximation.

Vi

ti =
1 - Vig(0)

(2.13)

Since g(r) diverges at r = 0, this definition of the ¢-matrix poses a problem. To fix this
problem, a regularized Green function is introduced. This function has a finite value at
r = 0 and models resonances that would occur in a finite size scatterer. The regularization

*In the continuous case, T is a function of two coordinates and represents scattering from one point in
the scatterer to another. Because there are two coordinates in 7' it is called a (continuous) matrix. The
continuous representation of a single point-scatterer is T'(r,r") = T;6(r; — r)d(r; — r’), which is a diagonal
matrix.
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procedure is described in detail in Appendix A.2. Since the regularized Green function is a
function of w, the t-matrix will be frequency dependent. Now Eq.(2.10) can be rewritten,

N
G(r,r') =gr — ') + > g(r — r)ti(w)Gi(rs, ). (2.14)
1=1

Although the differences between equations (2.10) and (2.14) appear minimal, in the
latter resonances of a finite scatterer are taken into account and the effect of a single scat-
terer is separated from the effect of the surrounding scatterers. This will be of particular
use in the next section where the randomness of a material is treated statistically.

2.4 Disorder

Equation (2.14) describes scattering on one or more scatterers at known positions. For
random media, however, the distribution of scatterers is not known. In principle every
configuration is possible. The probability to have a particular configuration is defined
P(ri,...,ry), where 7, is the position of the n'! scatterer. We introduce the ensemble
average operator for averaging over realizations of the random medium,

()= /dr1 ...dry P(ry,...,rN) [], (2.15)

where [-] represents a quantity that depends on the realization of the medium. The av-
eraging operator can be applied to the full Green function to determine the expectation
value of GG. This quantity is called the amplitude or average Green function,

N
(G(r,x")) =g(r—r') + Zti(w)/drl...dr]\; P(ry,...,rn)g(r — r;)Gi(r;,r'), (2.16)

=1

where g(r—r') and ¢;(w) were taken out of the averaging operator since they do not depend
on the position of the scatterers. Since g(r — r;) only depends on r;, it can be taken out
of all integrations except the integration over r;,

N
(G(r,r')) =g(r—1r') + Z ti(w) / dr; P(r;)g(r — ;) (Gi(rs,x')|r;), (2.17)
i=1

where operator (-|r;) stands for averaging over all scatterer positions except that of scat-
terer ¢, which is given. If the scatterer positions are independent, the Green function
G, of the environment of ¢ does not depend on r; and therefore (G;|r;) = (G;). This is
the average Green function for a medium with one scatterer less than the medium that
is under investigation. The higher the number of scatterers, the closer (G;) will be to
(G). Assuming there are many scatterers, (G;) can be approximated by (G). All this can
be represented by a very simple diagram, shown in figure 2.1. Because diagrams are far
easier to read than the corresponding equations, they are an insightful way to manipulate
equations. In Chapter 3 the same diagrammatic technique will be used to describe the
more complex intensity propagator.
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G = + %

Figure 2.1: Diagrammatic representation of the averaging process described in Eq.(2.17). Thin
lines corresponds to the bare propagators, g. The cross represents the t-matriz of the last scatterer
(t; in the equation) and the thick line corresponds to the full Green function of the scatterer’s
environment, (G;|r;), which will be approzimated by (G). In the equation it can be seen that the
second term of the diagram should be averaged over the position of the scatterer and summed over
all scatterers. It is customary not to show this in the diagram explicitly.

Assumption: The positions of the scatterer are statistically independent and have a
uniform distribution in an infinite medium. The number of scatterers is high enough to
approximate G; by G.

For an infinite medium with a uniform density of scatterers n, the absolute space
dependence in the average Green function disappears. Defining t = Zf\i 1 ti/N the average
Green function can be written,

(G(r—1')) = g(r — 1) + nt(w) /dri g(r —r;) (G(r; — ")), (2.18)

which can be solved by Fourier transforming with respect to r — r’,

(G(p)) = g9(p) + nt(w)g(p) (G(p)) (2.19)

1 1
(G(p)) = g 1(p) — nt(w) T k2 nt(w)

This result can be written in the same form as the bare Green function with K(w)? =
k% + nt(w) and transformed to real space.

(2.20)

6iK(w)r
(Glr,w) = -

2.21
47y ( )

The average Green function is again a spherical wave emitted from the origin. The ef-
fect of multiple scattering is incorporated in the effective wavevector K, which is frequency
dependent because the t-matrix for a scatterer is.

2.5 Coherent propagation

Transport of light through a material can be expressed in terms of the wavevector k.
The real part of the wavevector describes propagation, the imaginary part corresponds to
extinction. In homogeneous materials extinction is caused by absorption.

Likewise, the ensemble averaged propagation of the field, which is named coherent
propagation, can be expressed in terms of the effective wavevector K. An important prop-
erty of coherent propagation is that its direction is the same as for unscattered propagation,
the only differences being the propagation velocity and the extinction, both accounted for
by the effective wavevector.
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As opposed to propagation in a uniform medium, the extinction of the coherently
propagating field is not only caused by absorption but also by scattering. Even if the
scattering process is energy conserving it causes the direction and phase of the light to
become randomized, thus decreasing the average amplitude of the field.

It is useful to define an effective refractive index neg and an extinction mean free path
fox that can be calculated from the effective wavevector.

K = VE? +nt = koneg + i, (2.22)
ex
where kg = w/c. Without absorption, /ey equals the scattering mean free path fg.
This is the length-scale over which light is scattered out of an incoming beam. In the case
of isotropic scattering, this length equals the transport mean free path ¢. The transport
mean free path corresponds to the distance that light can travel before the direction is
randomized.

Assumption: Scattering is isotropic and there is no absorption, hence oy = Ly = £

Even more important than the coherent phase velocity vy = w/Re {K} = c¢/neg is the
group velocity vg,. This velocity is defined,

1

Vgr = Re {dK/dw}” (2.23)

The group velocity is the velocity at which the envelope of a pulse of light propagates
through the scattering material. The separate frequency components travel at the phase
velocity.

2.5.1 Small scatterer limit

The point scattering model is applicable when the scatterers are small with respect to the
wavelength of the light, there is no lower limit to the scatterer size. In fact, the point
scattering model describes scattering by atoms very well and can be used to model a
homogeneous dielectric. To do so, the limit of a very high density of very weak scatterers
is taken. The product nt is given by Eq.(2.13),

nV

T 1-VG(0) 224

nt

here V' is the optical potential integrated over the volume of the scatterer and is propor-
tional to a®, where a is the radius of the scatterer. The density of scatterers, n, is inversely
proportional to a® and G(0) scales with a~! as is shown in Appendix A.2. In the limit of
very small scatterers, a goes to zero, VG(0) < 1 and nt = nV. In absence of absorption
this is a real, positive value and therefore K is real. A real valued wavevector describes
propagation without extinction, so this means that multiple scattering between randomly
ordered atoms composing a dielectric material effectively amounts having a single refrac-
tive index for the material.
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2.6 Summary

In this chapter the propagation of light through a random multiply scattering medium
was studied. First, the material was modeled as a collection of points scattering light.
The t-matrix was introduced to describe scattering on a single scatterer. This discretized
description of the material was used to handle randomness.

In random materials the propagation of the electrical field could be calculated only in
an average sense, where the average is over all possible scatterer configurations. Making use
of the t-matrix formalism, the averaging process was described by a simple diagram. This
method can be extended to the more complicated case of propagation of light intensity,
which will be done in the following chapter.

It was seen that the expectation value of the propagating electrical field inside a ran-
dom material, the so called coherent propagation, can be described the same way as the
propagating field in a homogeneous lossy medium. This was achieved by replacing the
wavevector in vacuum by an effective wavevector, describing both propagation and ex-
tinction by scattering. Measurements showing the coherent beam will be presented in
Chapter 5. Finally, the point scatterer formalism was shown to describe regular propaga-
tion through a homogeneous dielectric when the scatterers are small enough.



Chapter 3

Field fluctuations

3.1 Introduction

In the previous chapter the average propagator for the electrical field in a random medium
was calculated. One could think that this propagator is sufficient to fully describe light
propagation in a random medium. However, in this description there is no information
about how the field in an actual sample deviates from the average field. The field in the
medium varies depending on the exact configuration of scatterers. These variations as a
function of random realization are called fluctuations. Fluctuations have a spatial pattern
and a temporal pattern; these patterns are referred to as speckle. Concretely the term
speckle means that the field deviates from the expectation value in a random way and the
speckle pattern is different for every sample.

In this chapter two different statistical approaches to describing fluctuations are pre-
sented. The first approach uses correlation functions to quantify the fluctuations in the
field amplitude and leads to a description of the average propagation of light intensity. In
this description important effects like diffusion of light, localization and enhanced backscat-
tering can be recognized. This theory is not new and is included as a theoretical back-
ground.

The second approach uses a probability density function to describe phase character-
istics of the optical field. This leads to the notion of the weighted diffuse delay time, a
quantity important for calculating the amount of energy stored in a slab of random ma-
terial. This quantity also has a direct relation to the quantum mechanically interesting
density of states. The statistical analysis of phase information is relatively new and a
small correction to the existing theory [18] is suggested.

3.2 Correlation functions describing fluctuations

The first step in describing the fluctuations is to quantify the magnitude of the fluctuations.
The average squared magnitude of the fluctuations at a certain point r and time ¢ is called
the variance,

17
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var U(r,t) = (

= (I(r,1)) = ([¥(r,0)]), (3.1)

where the averaging operator (-) denotes averaging over random realizations of the
medium, as was explained in Chapter 2. This equation shows that the fluctuations have
a direct relation to the physical concept of intensity. The second part of Eq.(3.1) was
calculated in Chapter 2 and equals the absolute square of Eq. (2.21). In the following
sections we will calculate the first part of Eq.3.1, which is the average intensity (I).

The time dependance of the average intensity will be studied in the frequency domain.
According to the Wiener-Khinchin theorem the time dependent intensity can be written
as a correlation function of the electrical field [25],

(I(r,Q2)) = /dw <\I/(r,w_)\11*(r,w+)>, (3.2)

where wt = w £ Q/2. wt and w™ are the frequency components of the source. A
stationary source only has a single frequency contribution, but a pulsed source has a certain
bandwidth. Every pair of frequencies gives rise to a term U (r,w™)e™ 10*(r, w)e 't =
U(r,w™)U*(r,wh)e’® in the intensity. In general, this bandwidth will be much smaller
than the central frequency and therefore ) < w.

Eq. (2.3) is applied on both ¥(r,w™) and ¥(r,w™) in Eq. (3.2) in order to describe
the fields as a function of the source field ¥y,

(I(r,Q)) = /// dwdr;drgR(r,riZ,r,rg,w,Q)\Ifs(rﬁl,w*)\lfz(rg,wﬂ, (3.3)

where R is defined as the ensemble average of the product of the two field propagators,

R(ra,rp, v, 1), w, Q) = (G(re, v, w )G (rp, 1y, w™)) . (3.4)

R is recognized as a field-field correlation function. Since Eq. (3.3) is general and exact,
it can be concluded that the correlation function, R, contains all information about the
average intensity transport in a random medium. In the following section the correlation
function will be analyzed and terms responsible for enhanced backscattering, localization
and diffusion are identified.

It is possible to define higher order correlation functions, for example to describe
fluctuations of the intensity (See [26] for a review on intensity correlations). In this thesis,
higher order correlations will not be studied.

3.3 Diagrammatic representation of field correlations

In the previous section it was seen that the correlation function R has a direct relation
to intensity propagation. R contains the sum of all possible paths between r/, and r,
multiplied with all possible paths from rj to ry. Symbolically:
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Figure 3.1: Diagrammatic expansion of correlation function R = (GG*). Thick lines describe
propagation without common scattering events. The crosses are the t-matrices of scatterers and
the dotted lines indicate that the same scatterer occurs in both paths. Because of the independent
scattering approximation, each scatterer appears only once in every path. The diagrams in the first
row are the coherent propagation term (G) (G*) and the so called ladder terms. On second row the
family of mazximally crossed diagrams is shown and some of the many remaining diagrams are on
the last line. The terms can be cascaded to create a new term in the diagram.

R= <Z Gan G;;m>
= (Ga1Gp) + (Ga1Ga) + (Ga2Gpy) + (Ga2Gia) + - - - (3.5)

R contains paths that have no scattering events in common and therefore are sta-
tistically independent, but there are also combinations of paths that do have common
scatterers. These terms need special care in the averaging process. Figure 3.1 shows a
diagrammatic expansion of R order by different types of diagrams. The upper lines cor-
respond to the paths from r/ to r,, the lower lines correspond to the paths from rj to
rp. Crosses represent scatterers that need special treatment in the averaging process since
they are present in both paths. Propagation is from the right to the left of the diagram
and the common scatterers are connected by dotted lines so that is becomes clear in what
order the scatterers occur in both paths.

The diagrams represent a two step averaging process, just as was used in Section 2.4.
For every combination of paths the common scattering events are separated from the rest
of the scattering and propagation. First a propagator for the average environment, not
including the common scattering events, is calculated. This propagator is represented by
the lines in the figure and is approximated by the average Green function (G). Secondly
the contribution of the diagram to R is calculated for a given position of the common
scatterers. Finally this contribution is averaged over all possible positions of the common
scatterers.

Contributions to R can be divided in different classes of diagrams, including the co-
herent contribution, ladder diagrams, maximally crossed diagrams and a variety of other
diagrams.
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Coherent intensity propagation

The first term in Figure 3.1 belongs to paths that have no scatterers in common. Since
the two paths are statistically independent, this term can be approximated by (G) (G*).
As was seen in Chapter 2, the direction of coherent propagation is not affected by the
medium. Therefore the direction of the corresponding coherent intensity propagation is
determined by the source only.

The coherent contribution drops off very quickly with an extinction length ¢. However,
since the propagation direction is maintained, coherent intensity from a plane wave source
can be dominant in this direction even after propagating over a few mean free paths. This
is clearly seen from the experimental results that will be presented in Chapter 5.

Ladder diagrams

The ladder diagrams describe two paths visiting a series of common scatterers in the same
order. The full Green functions that connect the common scattering events are equal for
both paths, regardless of random realization. Consequently, if both paths have the same
origin and the same destination (r}, = rj and r, = r3), the ladder terms always describe
constructive interference and survive the ensemble averaging process.

In the ladder diagram description of light propagation, light intensity moves from
one scatterer to another without being affected by interference. This is very similar to
particles performing a random walk, which is the mechanism behind particle diffusion.
One can therefore expect that the ladder terms are responsible for diffusion of light and
on average describe light moving from areas with a high intensity towards areas with a
low intensity. In the next section this is shown to be the case and a diffusion equation for
light is formulated.

Maximally crossed diagrams

The maximally crossed diagrams are very similar to the ladder diagrams. They too de-
scribe two paths propagating along the same scatterers, but the direction of the paths is
opposite. If both paths start and end at the same point, they have the same length and
there will be constructive interference. These diagrams will survive ensemble averaging
and on average describe light moving back to the origin.

The contribution of the maximally crossed diagrams to R(r,r,r,r) is equal to the
contribution of the returning ladder diagrams. Therefore the amount of light intensity
scattered back to a source is twice the amount that would be scattered back if only diffusion
was occurring. This effect is called enhanced backscattering and has been experimentally
demonstrated [4, 5, 7, 8].

The amount of light returning to the same scatterer by diffusive propagation is small
if the mean free path is long. The returning maximally crossed diagrams have an equal
contribution and can therefore be neglected in the limit of weak scattering. Alternatively,
they can be expressed as a renormalization of the mean free path or the diffusion constant.
This effect has been observed in samples with extremely strong scattering [15].

Maximally crossed diagrams that describe paths with a different start and end point
do not always describe constructive interference. Their average contribution depends on
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the mean free path and therefore these diagrams fall in the category of scale dependent
diagrams which are treated below.

Scale dependent diagrams

Most diagrams do not always cause constructive or destructive interference. The upper
path can be longer or shorter than the lower path, depending on the position of the
common scatterers. The absolute value of the difference in travel time will determine
wether the interference is constructive or destructive. We will call these diagrams ‘scale
dependent’.

The time it takes light to propagate along a certain path depends on the mean free
path. Therefore, a longer mean free path means the distribution of travel times is wider.

If the spread in path length difference is much larger than the wavelength, the cor-
responding phase difference will have an almost uniform distribution between 0 and =
and after ensemble averaging there will be no contribution to R. If the mean free path
is very short, however, the path length difference will have a narrow distribution and
certain phase differences will occur more often than others. It was predicted that for
k¢ = 2m¢/X =~ 1 phase shifts around 7 are dominant [27], effectively canceling the ladder
terms and inhibiting transport of intensity. This effect is called Anderson localization of
light [1].

3.4 Diffusion

In the previous section it was explained that in weak scattering limit the ladder terms in
the expansion of R are dominant. In this section, R will be approximated using only ladder
terms and coherent propagation. It is shown that the intensity propagation described by
the ladder terms corresponds to diffusion of light.

Approximation: All diagrammatic contributions except ladder diagrams and coherent
propagation will be neglected. This is a valid approximation if k€ > 1

3.4.1 The ladder equation

To calculate R with only ladder terms, a recursive approach is used. First R is separated
in the sum of ladder terms L and the incoming and outgoing Green functions, as shown
in Figure 3.2. L(r,ry,x’',r}) = L(r —r')(r —1p)d(r’ — r}) is called the ladder propagator
and is the sum of all ladder terms starting at a scatterer in r’ and ending at a scatterer in
r in a uniform medium. A recursive definition of L(r —r’) is found from the last diagram
in Figure 3.2.

In words, this diagram means that intensity propagation from a scatterer in r’ to a
scatterer in r is composed of two parts. The first part is just scattering at a single scatterer
when r equals r’. The second part corresponds to propagating from the starting scatterer r’/
to a second last scatterer r; (this propagation is described by L), then propagating without
common scattering events (the two lines) and finally scattering on the last scatterer. After
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Figure 3.2: Correlation function R is approzimated by the coherent contribution and the ladder
propagator L. This propagator is a summation of all ladder terms and can be defined in a recursive
way. The approximation is valid for kf > 1

averaging over the position of scatterer ri, just as was done in Chapter 2, the recursive
ladder equation can be written,

Lir—1v',w,Q) = nt(w‘)t*(wﬂé(r—r’)+nt(w‘)t*(w+)/drlF(r—rl,w, Q) L(r;—r',w,Q),

(3.6)

where F(r,w,Q) = (G(r,w™)) (G*(r,w™)). This equation can be solved in wavevector
space,

L(P,w,Q) = nt(w™)t*(w") [L + F(P,w, Q) L(P,w, Q)]
1
— . 3.7
[nt(w™)t* (wh)] ! — F(P,w, Q) (3.1)

F(P,w, ) can be found using the result found in Chapter 2, (G(r,w)) = K@) /(47r)
where K = kneg + i/(2¢), and performing a Fourier transform,

FP,w,Q) = — 1(AK+P>, (3.8)

8P AK - P

where AK = K*(w')—K(w™). Although this result yields an expression for the ladder
propagator, it is hard to conclude anything from this form. To simplify things, we focus at
the slow, long distance behavior of L. Slow means we look at frequencies much lower than
the optical frequency, 2 < w. Long distance means the distances are long compared to the
mean free path, 1/P > ¢ ~ |1/AK|. A direct Taylor expansion of L is not possible, since
the expansion in P diverges as {2 becomes small and vice versa. Therefore the reciprocal
of L is expanded. First F' is expanded to second order P,

FPw,0)= [ln(l + Py ma - P)] (3.9)
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From the definition of AK it follows that dAK/dQ) = Re {dK/dw} = 1/vg, where vg, is
the group velocity in the random medium. Expanding to first order in € gives,

i 1 1/vgr p?
FP,w,Q) ~ — - 3 11
(Bow, )~ o [AK(O) AK2(0) T 3AK3(0)] (3:11)
1 ¢ P2
= — |1-iQ— — 12
4m [ ! Vgy 3 ] ’ (3.12)

where terms of order P2Q and higher were neglected and AK(0) = i/¢ was used in the
last step. All needs to be expanded now is the first part of the denominator in Eq.(3.7),

1 IR TN 7 e 14
nt(w )t (W) T nt)t (W) 20 [Hw)tt ()]
= é [1 + iQIm {%H , (3.13)

where it was used that in absence of absorption, nt(w)t*(w) = 4n/¢. This is called the
optical theorem, which is a condition on the ¢-matrix to enforce energy conservation.
Substituting Eqgs. (3.12) and (3.13) into (3.7), we finally find

L(P,w, Q) = 7

. 2,271
47T|:ZQ£+P€:| , (3.14)

Ve 3
where the energy velocity v, is defined ¢/ve = £/vg +Im {dInt/dw}*. We now have found
a simple expression for the ladder propagator, describing propagation of intensity from
one scatterer to another. The correlation function R(r,r,7/,7’) can be found easily in the

wavevector domain by reconnecting incoming and outgoing Green functions and adding
the coherent contribution,

R(P,w,Q) = F(P,w,Q) + F(P,w,Q)L(P,w, Q) F(P,w,) (3.15)
1

_ WL(P,M, Q), (3.16)

where equation (3.7) was used in the last step. Now the dynamics of the intensity coming
from a point source can be found,

s

(I(P,Q)) :/dwR(P,w,Q)\I/S(w_)\I/*(w+) (3.17)
~ R(P,wo, V) I(Q), (3.18)

*The first term on the right hand side is the time it takes for a coherent pulse to travel a mean free
path and could therefore be called travel time. The second part represents a time completely depending
on the t-matrix and corresponds to dwelling at the scatterer. In literature [22], however, the term travel
time is defined £/c and the coherent scattering delay is part of the dwell time.
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R acts as the propagator of the intensity. If the source has a limited bandwidth around
wp, R can be assumed to be independent of w and the second line of Eq. (3.18) can be
used. In the time domain we find:

I(P,t) = /dTR(P, T)Is(t —7), (3.19)
with
272 2
R(P,t) = 72De—P Pto(t), (3.20)

where D = vgl/3 is the diffusion constant and O(¢) is the Heaviside step function.
This equation describes diffusive propagation of light. Any inhomogeneous distribution
of the intensity (components with P # 0) will decay to zero. This process is faster for
high frequency components, corresponding to short distances, and faster if the diffusion
constant is larger. Eventually the intensity will be spread uniformly.

In real space the intensity propagator reads,

_ VE —r2/(4Dt)
R(r,t) = (D1 e (3.21)

Finally, a well known form of the diffusion equation is found from (3.20) by taking the
derivatives,

OR(r,t)
— = DV?R(r,t). (3.22)

3.4.2 Diffusion in a slab geometry

In an experiment we will never have an infinite medium and surface effects have to be taken
into account. To calculate how the light intensity is distributed in a slab of disordered
material, boundary conditions have to be imposed. The derivation of these boundary
conditions and an analysis of the propagation of light through a finite slab of material can
be found in Appendix 3.4.2.

The model of diffusion through a slab with simplified boundary conditions is shown in
Figure 3.3. The boundary conditions take the form of extrapolation lengths z.; and zes.
The diffuse intensity inside the slab is described in terms of sinusoidal eigenmodes that
are zero at —z.1 and at L + zeo. This is a mathematical construction and of course does
not give meaningful results outside the slab of diffuse material (z < 0 or z > L). Since
the eigenmodes are sinusoidal, Eq. (3.20) can be used to calculate the dynamic behavior
of these modes.

A different complication is that light entering the sample is not immediately diffuse;
on average it takes one mean free path for the incoming light to become diffuse, so the
external source of coherent light is modeled as an internal source of diffuse light at z = ¢.
Finally, in some models [23, 28, 9] the outgoing flux is evaluated at a distance z from
the surface to compensate for the diffusion equation not being valid close to the surface.
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Figure 3.3: Model of diffusion in a slab. The simplified boundary conditions are I(—z.1) = 0,
I(L+ ze2) = 0. The source is approzimated by a plane source at depth £ (figure above). The steady
state intensity is given in the figure below.

This model gives an equation for the intensity flux transmitted through a sample, Jr, for
a source Js = §(t),

D & —m?n?Dt L — 2e5 — 0+ 2
Jr(t) = % Znexp (%) cos <7rnZL‘],zeQ> sin <7m +le 2)®(t), (3.23)
1

The long time behavior of the transmitted intensity is found by taking only the n =1
term and is seen to be an exponential decay with a factor 72D/L"?. This value is of par-
ticular interest, since it can be derived easily from measurements and yields the diffusion
constant. The steady state solution can be found more easily by solving the diffusion
equation (3.22) with the corresponding boundary conditions directly. The solution for the
simplified boundary conditions is a triangle (see Figure 3.3).

An important value that can be calculated using equation (3.23) is the static trans-
mission coefficient, T, expressing what part of the incoming light is transmitted (in any
direction),

l+ ze1
L
A second parameter of importance is the diffuse travel time 74 = ( [ dtJpt) / ([ dtJr).
This value expresses the average time it takes light to travel through the disordered slab,

T —

(3.24)

L/2

@ — Te, (325)

Td =

Te is the correction for edge effects,

12 2 2
_ L7z 32

Te = D D (3.26)
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where zp1 = 2e1 +/ and zp1 = 2e1 + 2ej. This means that the diffuse traversal time depends
on the ejection depth ze. It is not certain if this value should be zero or a fraction of the
mean free path; a sensitive measurement of 7. can solve this question.

3.5 Probability distributions describing fluctuations

In the previous section the fluctuations in the amplitude of the electrical field were de-
scribed using a correlation function. A different technique to describe fluctuations is to
use a joint probability function. A probability function does not only describe the average
value and the variance, but it gives a full mapping of possible values and their correspond-
ing probabilities. In this section an approximate probability distribution of the electrical
field will be used to calculate probability distributions of intensity, travel time, and density
of states. This technique is very powerful since it can describe both phase fluctuations
and intensity fluctuations and yields a probability function instead of just a mean value.

A joint probability function describes what the chance is to find certain values of
electrical field complex amplitudes, ¥y, ..., ¥y, when measuring the fields at N different
positions and/or frequencies.

It is only possible to construct the probability function from correlation functions if
the correlation functions are known up to infinite order. This corresponds to knowing all
moments of the fluctuations. The first moment (W) is zero. The second moment (§UIU*)
is the variance and was calculated in the previous section. The third moment is zero for
symmetry reasons. Calculating the fourth moment is possible, but this will not be done
here (for calculations of the intensity-intensity correlation see for example [26, 29]).

If the fourth and higher moments of the fluctuations in the electrical field are neglected,
all correlation functions can be constructed from the first order correlation function R and
the field average. This approximation is called the C; approximation and allows the joint
probability function to be written. The notation ¥ = (U — (Uy), Wy — (Vo) ,..., ¥y —
(¥n)) is introduced, defining a vector of length N, containing the fluctuations measured
for N different combinations of position and frequency.

P(®) exp (-0 TC1) (3.27)

" 7N detC
Here ¥7 denotes the transposed vector and C' is the first order correlation matrix,
Cij = <\111\Il;> For N =1, Eq. (3.27) describes a single Gaussian distribution. For higher

values of N it describes N Gaussian distributions that are cross correlated as quantified

by C.

Approximation: Higher order correlations are neglected; a Gaussian distribution of the
field amplitudes is assumed. This choice for a Gaussian distribution corresponds to the
assumption that a large number of propagation paths contribute to the field. According
to the law of large numbers the corresponding probability distribution is Gaussian if these
paths are independent [30)].

Approximation: The coherent contribution (V) is neglected, therefore the complex am-
plitudes of the fields have a Gaussian distribution with zero mean. This approximation is
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valid for samples thicker than a few mean free paths.

In a finite system, light entering or exiting a random material can be decomposed in a
finite number of orthogonal modes. A combination of an incoming and an outgoing mode
is called a channel. In the following sections statistics of single channel transmission is
investigated. This means that the amplitudes ®1,..., Py of outgoing light belong to the
same mode, but correspond to different frequencies.

3.5.1 Speckle intensity distribution

The simplest form of the probability density function (3.27) is for a single channel and a
single frequency. Substituting N = 1 and using the average intensity, (VU*) = (I), gives,

1 —U*y
P(V) = 0 exp ( D ) (3.28)

We change variables from the complex ¥ to polar coordinates (A, ¢), where ¥ = Ae®,
Since P is a probability density function a change of variables introduces a factor equal to
the Jacobian of the coordinate transform [30]. In this case a factor A is introduced. Since
the resulting expression does not depend on ¢, the phase can be integrated out,

A2
P(A) = ?;; exp <<g> (3.29)

Finally substituting I = A? introduces the Jacobian 0A/0I = 1/(2v/I) = 1/(2A) and
yields,

P(I) = L exp (<_1§> (3.30)

which is the well known Rayleigh distribution.

3.5.2 Diffuse delay time

In Section A.3 an expression for the diffuse traversal time, i.e. the average time it takes
an incoherent pulse to travel through a slab of random material, was found. In this
section a single channel delay time will be defined, which describes how long light travels
through a single channel in a random medium before it is transmitted or reflected. Using
the assumption of Gaussian statistics, a probability distribution for this delay time is
calculated. We will find that the average delay time in transmission equals the diffuse
traversal time that was found before. Furthermore is is shown that the single channel
delay time has the possibility of being negative.

The single channel delay time ¢’ is defined as the derivative of the phase of the trans-
mitted light with respect to the angular frequency. To evaluate this derivative, the joint
probability function for two fields at two frequencies close to each other is calculated. The
probability of finding a certain phase difference can be calculated from this function. In
the limit of zero frequency difference, this function gives the delay time distribution.
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- darg V(w) _ o M8 U(w;y) — arg ¥(wa)

dw (w1—w2)—0 w1 — w2

¢

(3.31)

The joint probability function (3.27) is written for two fields. The indices will be used
to indicate different frequencies, so W12 = ¥(wi2). In the correlation matrix (¥;¥3) is
written C(Q2), where Q = w; — we. The intensities are normalized to have: (¥;UF) =1
for all . From the definition, C'(—) = C*(£2), which is used to complete the correlation
matrix,

(1 o L1 1 —oQ
¢= (C*(Q) ) ’ S <C @ 1 ) : (3.32)
2 2 ¥ p* *

Some substitutions are made to introduce the phase of ¥ explicitly. Wy 9 = A1726i¢1,2
and C(Q) = A.ei®c. The first two substitutions affect the parameters of the probability
function and introduce extra factors of A; and As.

AlA A? + A2 — 241 A5A, cos(p1 — pa — @
P(Ay, Ay, ¢1,¢9) = =5 <— 12 172 (¢1 = ¢2 — dc)

—_ . .34
72detC P det C > (3:34)

Substituting ¢; — ¢o = ¢'Q, one of the phases can be integrated out. Two further
substitutions are made I = A? and R = (A3/A; — 1)/Q. R and ¢ are the only two
statistical parameters that depend on €). In the limit £ — 0, the latter will be the phase
derivative that we are interested in.

PUR.§) = LA EY (_ 1+ (14 R)? — 2(1 + RQ) A, cos(d/'Q — .

m(det C) det C
(3.35)

Since we are interested in the probability distribution belonging to an infinitely small
Q, it is permitted to expand Eq. (3.35) in §2. For the expansion of the correlation function
the property C(—) = C*(Q) is used. Together with C'(0) = 1, this implies that the
expansion of the correlation function is C'(Q) = 1 + iaQ + bQ? + O(03). Because |C| has
to be lower than or equal to one, b must be negative. In Appendix 3.4.2 this expansion is
calculated for light transmitted through a slab of random material. From this derivation
it can be learned that a is a time and in transmission equals the diffuse traversal time
T4 = <f dtJTt> / <f dtJT>. Instead of b, a dimensionless parameter Q = —2b/a® —1 is used
to simplify the notation.

All variables in Eq. (3.35) that depend on the correlation function can now be written
in terms of a and Q.
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b = a2+ O(2?), (3.36a)

det C' = Qa*Q* 4+ O(93), (3.36b)
1

A=1- 5@2&92 +0(2?), (3.36¢)

The parameters Q and a can be calculated for transmission and reflection of a slab geom-
etry. For transmission we find (See Appendix 3.4.2):

2 2 2
B L _ Z@l + 32[2

== TR (3.37)
Or — 2 zp + 1225 4327 25 — (25 + 325) ()? (3.38)
5 45D72 ’ '

where zp1 = 2ze1 + ¢ and 2y = 2ze1 + 2ej. For very thick slabs (L > £, z1, ze2) edge effects
can be neglected and we find ap = L?/(6D) and Q7 = 2, which correspond to the values
in [18]. For this case absorption was calculated to have no effect on a and cause Qr to
become smaller [18],

X2 —2sinh X + %XsinhQX
(X cosh X —sinh X)2 ~
where X equals the sample thickness L divided by the absorption length L,. In

reflection different values for @@ and a are found and the energy velocity can be extracted
from the measurements [21],

Qr =

(3.39)

_2L+261+262

3.40
@r 5 44 za ( )
4L+ 2ze1 + 2e2
== = 3.41
aR 3 3up ) ( )

Using expansions (3.36a-3.36¢) in Eq. (3.35), the probability function can be written
in terms of these parameters. After expanding the cosine to second order in €2, we find an
expression for P in the limit Q — 0,

I192%2(1 + RQ R20)? 20)2 ! — a)202
P(I,R,¢') = 7T22a—;92) exp (—f i QGQGQ;QW ) - 0(93)>
T R? + (¢ —a)?
= 7022 P <_[W

The integration over R can be performed now,

/_a 2
P(I,¢') = HWC;aQGXp <I(¢Qa2) I>. (3.43)

- 1) +0(9). (3.42)
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Figure 8.4: Probability distribution of the diffuse delay time. The delay time is normalized to the
average delay time. It can be seen that negative delay times are possible but not very likely.

Using [ dIVTexp(—al) = \/7/20%/% with a = (¢' — a)?/Qa® + 1, we finally find the
desired probability distribution,

_ Qa’
2[(¢/ — a)? + Qa2
Since this probability function is symmetrical around ¢’ = a, this will be the expecta-

tion value of phase derivative. The normalized phase derivative ¢' = ¢'/ (¢/) is introduced
to obtain a probability function that only depends on the dimensionless parameter @ [18].

P(¢) = — © }(3/2). (3.45)

21(¢ =1 +Q

A plot of this probability distribution is given in Figure 3.4. In Section 5.2 measure-
ments of the probability function will be presented. In transmission without absorption
and edge effects, (Q = 0.4, but in reflection the mean free path, the extrapolation length
and the sample thickness influence this parameter. In reflection the energy velocity can
be found from the average value of ¢'.

From Egs. (3.44) and (3.45) it can be seen that the delay time can be negative. The
probability for the delay time to be lower than zero can be used as a calibration point for
measurements. Integration gives P(¢' < 0) = P(¢/ < 0) = 1/2 — 1/(2y/1 + @), which for
transmission without absorption is approximately 7.7%

P(¢) (3.44)

3.5.3 Density of states and weighted delay time

Another interesting parameter is the weighted delay time W, = Ipp¢),. This quantity
consists of an intensity and a time and it is proportional to the amount of electromagnetic
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energy in channel ab. An important property of W is that the sum of W over all channels
gives the number of states per frequency interval dw.

1 2M )
N(w)=—> Tt (3.46)
a,b

This density of states (DOS) is an important quantity in quantum mechanics and
determines the radiative decay rates of exited atoms or molecules. In this section the
probability distribution of W will be calculated using the same technique as was used to
calculate P(¢’) in the previous section.

Equation (3.43) is taken as a starting point and W = ¢’ is substituted for ¢'.

P(W,I) = \/E exp (-W - I> (3.47)

Integrating over I gives:

o o]
PW) = /isa o <(SgnW+ mm) (3.48)

Where sgn W = —1 for W < 0 and sgn W = 1 for W > 0. The expectation value of W
can be found by calculating the integral [ dW P(W)W and evaluates to (W) =a =14. A
different derivation of this relation can be found in [19]. Now the probability function can
be written in terms of the normalized weighted delay time W = W/ (W),

. 1 —2|W|
PW) = X = 4
W) mep<5gnw+m) (349)

This probability function is plotted in Figure 3.5. From this equation it can be con-
cluded that negative weighted delay times are possible, but less likely than positive values.
The normalized probability function is only a function of the dimensionless () and thus
gives a different way of measuring this parameter. Measurements of P(WW') are presented
in Section 5.2.

3.6 Summary

It was shown that the field correlation function in a random medium describes intensity
propagation. The correlation function was expanded diagrammatically in coherent prop-
agation, diffusion, enhanced backscattering and various interference terms. The terms
contributing to coherent propagation and diffusion were calculated and the diffusion equa-
tion for light was found.

The diffusion equation was applied to a slab geometry and the diffuse traversal time was
calculated. This value was seen to depend on the ejection depth, a parameter describing
from what depth light leaves the sample. Different values for the ejection depth are used

fThe equation used in [18] erroneously contains the Heaviside step function instead of the signum
function.
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Figure 3.5: Probability distribution of the weighted delay time. This value is normalized to the
average delay time. It can be seen that negative weighted delay times are very unlikely.

in literature and an accurate measurement of the diffuse traversal time should be able to
tell what is the right value.

A complementary approach used joint probability functions to describe the fluctuations
of the field and takes into account the phase of the field. This method was used to calculate
the probability distributions of the delay time and the weighted delay time.

The result of the theoretical elaborations is a number of predictions that can be tested
experimentally. Especially the diffuse traversal time is interesting, since it can be extracted
from intensity measurements (Eq. 3.25) and from the phase statistics (Eqs. 3.44 and 3.48).
In the following chapter the setup used to perform these experiments will be described.
The measured time resolved diffusion, the diffuse delay time distribution and the weighted
delay time distribution will be presented in Chapter 5.



Chapter 4

Time resolved pulse
interferometry

4.1 Introduction

In the previous two chapters a theoretical model for the propagation of light in random
media was presented. To test this theory experimentally we would like to be able to
extract as much information from the sample as possible. The ideal situation is where
an arbitrary field pattern can be launched into the medium at any desired frequency and
where the whole field distribution can be measured.

In practice we are limited to certain modes and frequencies for inserting the light
and we can only measure light leaving the sample. A different problem is that optical
detectors measure light intensity and cannot measure the phase of the field directly. Even
the relatively slow dynamics of diffusion is hard to measure since for the samples that are
used time scales are in the picosecond range.

To exceed the limitations of standard detection techniques, a method was developed
that allows an extremely high resolution time resolved measurement [13]. This method
uses interfering pulses to measure the complex transfer function of a sample for a whole
frequency range simultaneously and can resolve the oscillations of the electrical field.
Because of this, it provides far more information than stationary intensity measurements
give. The setup that was used in the experiments is based on the one described in [13]
but has been improved to facilitate alignment and allow reflection measurements.

4.2 Working principle

Time resolved pulse interferometry makes use of two base principles. The first principle is
that although the oscillation period of the electrical field is extremely short, it is relatively
easy to generate a delay that is a fraction of this time. This can be done by changing the
length of the propagation path. A length difference of a single wavelength corresponds
to a time delay of a single period. In this experiment a wavelength of 775 nm was used
and it is possible to regulate the length of the propagation path to within fractions of this
distance.

33
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delay line

Figure 4.1: Schematic representation of the pulse interferometry method. A pulse of light prop-
agates through the sample and interferes with an undisturbed reference pulse that has a variable
delay time 7. By scanning this delay and making a reference measurement without a sample, the
transfer function of the sample can be reconstructed.

The second principle of interferometry measurements is that an optical detector de-
tects the intensity of the light, which is the square of the field amplitude. When two
superimposed electrical fields reach a detector the measured intensity contains cross terms
of both fields,

I(t) = |E1(t) + Ea (1) (4.1)
= |BL(t)]” + | B2 ()] + E1 () B3 (1) + B () Ba(t) (4.2)

In time resolved pulse interferometry, one of the pulses is a reference pulse E, and
the other pulse has traveled through the sample and is called the signal pulse E,;. The
reference pulse is delayed for a certain amount 7. A simple setup for doing this is shown
in Figure 4.1. In this setup the pulses are repeated with a certain period Ty and the
measured intensity is integrated over many of such periods 75, > Tuise- As a result, the
detector signal now only depends on the pulse shapes and the delay 7,

I(r) = — /Tm/2 A\ E (1) + |E (D2 + [Es(OE (t +7) + cc). (4.3)
T J -1y, )2

The part that does not depend on 7 is denoted by I, the average intensity. Substituting
the Fourier representations of the signal and reference pulse-shapes gives an important
result in the limit 7, — oo

1 Tm/2 . .
I(T) =Iy+ — / dt /dwldw2 [Es(wl)ewltE:(wz)efzwz(tJrT) + e
T J-1,,/2
= Iy + /dw [Es(w)E;f(w)efim + c.c.] (4.4)

The function I(7) is called the interferogram. By removing offset Iy and performing a
Fourier transform, information about the signal pulse can be extracted from the interfe-
rogram,
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1) = [dr [ do[E@)E @) + Ei@)E, @) e "
E* (UJ,)ET

(W) W' >0
={o W =0 (4.5)
Ey(—WEf(—-w') W' <0,

where it was used that the pulses only contain positive (i.e. forwardly propagating) fre-
quencies. As can be seen from this equation, the signal pulse can be reconstructed from
the negative frequencies in the interferogram if the reference signal is known.

Most of the time we are more interested in the transfer function of the sample than in
the response to a certain input. The transfer function equals the field propagator from one
side of the sample to the other side, H(w) = G(rous, r'in,w), taking into account boundary
effects. This transfer function can be found by comparing the situation without sample
(Es = HairEso) to the situation with sample (Es = HgampleE'so) for positive frequencies®,

o) = S Sy = S A o

Since the transfer function of a slab of air with thickness L is known to be Hyi(w) =
ewl/c the transfer function of the sample can be calculated now. From this function the
intensity transfer and the diffuse delay time can be calculated, allowing an experimental
test of the theory developed in the previous chapters.

4.3 Setup

The most difficult part of the pulse interferometry technique is scanning the delay time.
Scanning the mirror or retroreflector of the delay line has to be done with a sub-wavelength
precision while keeping the bundles of both paths aligned. Most importantly this has to
be done without causing vibrations that would destroy the interference pattern. This
vibration-free scanning is performed in a commercially available Michelson-Morley inter-
ferometer with dynamic alignment (BioRad FTIR). Scanning, alignment and data acqui-
sition are all performed by this device. The operation of this interferometer is depicted
schematically in Figure 4.2.

Unfortunately it is not possible to put a sample in one of the arms of the interferometer
since the same optical path is traversed twice. Besides this, there is no room inside the
BioRad to mount a sample and a set of lenses. For this reason two interferometers are
used instead of one. The first interferometer is a Mach-Zehnder interferometer similar to
the one shown in Figure 4.1 but with a fixed delay. The sample is located in one of the
arms of this interferometer. The second interferometer is the BioRad which performs the
scanning.

*The pulse entering the sample Eso does not necessarily have the same shape as the reference pulse, even
if the setup shown in Figure 4.1 is used, because the beam splitters can be (slightly) frequency dependent.
Also the dispersion in both arms of the interferometer can be different, causing Fso to differ from E,.
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Figure 4.2: For practical reasons two interferometers are used instead of one. A beam containing
the reference pulse and the signal pulse with a fixed time delay is constructed in the first interfer-
ometer. This interferometer is the same as was shown in Figure 4.1, only with a fixed delay. The
second interferometer is responsible for scanning the delay.

If the time delay in the second interferometer equals the delay of the reference pulse in
the first interferometer, the signal and reference pulses overlap and create a cross-correlate
just as was explained in Section 4.2. When the time delay in the second interferometer is
zero, both pulses interfere with themselves, yielding the sum of two autocorrelates, which
is less interesting in this perspective.

The detailed realization of the first interferometer is shown in Figure 4.3. In addition
to transmission measurements, this interferometer can also be used for reflection measure-
ments if flipping mirror M4 is removed.

For an optimal signal to noise ratio, it is desirable to have a strong cross-correlate and
a small offset Iy. This is the case when the amplitudes of signal and reference pulse are
equal. If the detector is not saturated, however, a stronger reference signal can be used.
This will act as an amplification of the signal, since the detector measures the product
of the signal and reference pulse as described by Eq.(4.2), but it also increases the offset
quadratically.

Since light leaving the sample is diffuse, only a small part is directed towards the
detector (which is behind the BioRad). In this setup glass plates are used as beam splitters.
These reflect approximately 4% of the light, causing the intensity in the reference path to
be 625 times weaker than in the intensity in the reference path. This way it is compensated
for that the amount of light leaving the sample in the direction of the detector is much
smaller than the amount of incoming light.

The complete experimental setup, including the pulsed laser source, alignment laser
and the two interferometers, is shown in Figure 4.4.
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Figure 4.3: Detailed schematic of the Mach-Zehnder interferometer that was introduced in Figure
4.1. The reference path is formed by mirror M1 and the retroreflector. Mirrors M2, M3, M4 and
M7 form the signal path for transmission measurements. In addition, this setup can be used for
measuring the reflected light by removing M4. In this configuration M5, M6 and M7 form the signal
path. By translating the retroreflector, both paths can be made approrimately the same length so
that the path length difference falls within the scanning range of the BioRad. The lenses are used to
focus the light on the sample so that only a small area is probed and the speckle pattern is large. The
diaphragms are used to select a single speckle spot (D2, D3) and to block undesired reflections from
the back of the beam splitters (D1, D3). Finally, a polarizer selects vertical polarization because
horizontally polarized light coming from the sample does not interfere with the reference and would
only increase the bias.
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Figure 4.4: Complete setup used for the time-resolved measurements. A 10W crystal laser pumps
a Titanium-Sapphire laser emitting 150 fs pulses at a wavelength of 775 nm and a repetition rate
of 82MHz. Of the total power of 2W, only 4% is used in the setup, the rest is blocked by a beam
dump. A Helium-Neon laser provides a beam of visible light that is used for alignment. Two
apertures at a large distance make sure that both laser beams overlap and always enter the setup in
the same way. After the first interferometer, a flipping mirror was placed. If this mirror is flipped
in, the beam leaving the interferometer is projected on a screen after propagating over four meters.
The projection is used to align the signal and reference paths in the Mach-Zehnder interferometer.
Finally, after passing through the second interferometer, the light reaches the detector which is in
the same box as the first interferometer.

4.4 Data processing

The BioRad has a computer interface that allows storing of the interferogram. Each file
contains measurements on several positions of the sample, as well as a reference measure-
ment made without sample in the signal arm. Before the time resolved intensity or the
diffuse delay time can be calculated, the raw data needs several processing steps. These
steps will be illustrated using data from a 10.1 gm thick sample. The reference measure-
ment is shown in Figure 4.5 and the data for five different sample positions is shown in
Figure 4.6. Typically 25 scans were made for the thinner samples up to 40 scans for the
thicker samples. The BioRad scans with a resolution of approximately 4 cm™'f corre-
sponding to a scan range from —7.5ps to 7.5 ps. The distance between two sample points
is 80 nm, or 0.26 fs. This means that every scan has 56884 points of data.

4.4.1 Time domain filtering

The first step in processing the data is filtering in the time domain. This step isolates the
desired cross correlate and removes the autocorrelate and undesired extra cross correlates.
The cause of the extra cross-correlate was identified to be a thin coating on the detector.
Pulses directly transmitted through this coating interfere with pulses that reflect internally
twice before reaching the detector. Simply replacing all data outside the region of interest

TFor the two thickest samples of 17.2 um and 18.0 um an asymmetrical scan with a resolution of 2cm™*

was used, giving a time range from 0 ps to 15 ps
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Figure 4.5: Interferogram belonging to a reference measurement without sample. The whole dataset
1s visible in the upper picture, showing an autocorrelate and two cross-correlates. The lower picture
shows a zoom of the right cross-correlate. A small extra bump is present at 6 ps, probably due to an
undesired reflection from a thin coating. Furthermore, it can be observed that the cross-correlate
looks somewhat dented, an effect that seems to be related to a slight misalignment of the setup.
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Figure 4.6: Interferograms belonging to a transmission measurement made at different positions
of @ 10.1 um thick TiOy sample. Between measurements the sample is translated further than this
thickness of the sample (approzimately 30 um ). Therefore the measurements can be interpreted as
had they been performed on different realizations of a random material.
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by zero causes artefacts in the frequency domain. Therefore a smoother, trapezium shaped
filter with a transition time of 0.5 ps is used.

The second step is to fix the time offset of the measurements. This is necessary since
the samples that were used were on a substrate. The time delay in this substrate is not
present in the reference measurement and therefore needs to be accounted for separately.
Unfortunately it is not possible to make a reference measurement with an empty substrate
since most samples completely cover the substrates. Also a reference measurement using a
different, empty substrate will not work because this substrate cannot be placed at exactly
the same angle as the real sample, causing a difference in substrate delay time.

To overcome these problems, the reflection part of the setup is used. Once the sample
is in place, the light reflected from the front and back of substrate propagate through
the reflection arm of the interferometer. At the BioRad they are cross-correlated, causing
a peak in the interferogram at exactly the optical path difference d. Using the known
refractive index of fused silica (n=1.454 at 775 nm [31]), the thickness of the substrate is
found, Ly = d/(2n). Therefore the extra delay time with respect to the situation without
sample is At = Lg(n — 1)/c, with ¢ the speed of light in vacuum.

The accuracy of this process is determined by the error in the refractive index (£
1e-3), together with the substrate flatness and reproducibility of the measurements (found
a scatter in d of £0.5 um). Together this yields an accuracy of +3 fs.

4.4.2 Calculating the transfer function

In Section 4.2 it was seen that to calculate the transfer function we have to deconvolve the
measured signal with the reference measurement. Since a deconvolution is a division in the
frequency domain, we have to transform the measured cross correlates to the frequency
domain first. We use the full set of measurement data of 56884 points (everything except
the cross correlate is zero because of the time filtering), perform a fast fourier transform?,
and do the division.

Since in practice the source pulse only covers a limited frequency range, the signal is
divided by almost zero outside the bandwidth of the source pulse, causing very strong
noise outside this bandwidth. This effect can be seen in Figure 4.7. If we are interested
in measurements in the frequency domain, such as the delay time ¢’(w), only a portion of
the measured transfer function can be used and the rest has to be discarded.

4.4.3 Frequency domain filtering

For measurements in the time domain such as measuring the intensity propagator R(t), the
transfer function has to be filtered before transforming it to the time domain; otherwise
the noise outside the usable bandwidth would dominate the signal. The filter has to isolate
the usable part of the transfer function and at the same time have a minimal impact on the
shape of the signal in the time domain. Unfortunately there always is a tradeoff between
sharp filtering in the frequency domain and a high resolution in the time domain.

We will use a filter of the Chebyshev family. These filters have the property that the
side-lobes are constant and below a specified value, in this case -100dB. The filter function

For this the program Matlab 6.1 was used. The fast Fourier transform algorithm in this program can
transform sets of data of an arbitrary length.
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Figure 4.7: Amplitude of the reference measurement (top) and of the transfer function, H, at
five different sample positions (bottom). Between approximately 12830 cm~! and 13000 cm~! the
reference measurement is large enough to calculate the transfer function. Outside this bandwidth,
the reference signal goes to zero or has side-lobes caused by small misalignment. To calculate H,
the sample signal is divided by the reference signal. Since outside the usable bandwidth both signals
will have a very low amplitude, the noise will be dominant. This effect can be seen in the lower
picture. The sidelobes in the upper picture are approzimately 222cm™" away from the center. This
will cause a modulation of the signal with a period of approzimately 150 fs (the time it takes light
to travel 1/222c¢m) as was seen earlier in figures 4.5 and 4.6. Since the side-lobes will be filtered
out this ripple has no effect on the final results.
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Figure 4.8: Amplitude spectrum of the reference measurement. The bandwidth of the Chebyshev
filter (dotted line) is chosen in such a way that the sidelobes are filtered out and the central peak is

preserved as much as possible.

and the reference measurement are shown in Figure 4.8 (frequency domain) and Figure

4.9 (time domain).

4.4.4 Fitting the intensity

After filtering with the Chebyshev filter, the transfer function can be transformed to the
time domain. Only the positive frequencies are taken into account here. Finally the time
resolved intensity is obtained by squaring the amplitude of this function. Averaging the
intensity over many sample positions yields the average intensity transfer. For a 10.1 um
thick sample this function is plotted in Figure 4.9.

The diffuse traversal time can be extracted from this data by calculating [ dtI(¢)t.
This method gives 74 = 0.73 ps. According to equation (3.23), for large ¢, the transmitted
intensity should decay as exp (—w2D/L'?). Fitting the graph from ¢ = 0.5 ps to t = 6.2 ps
the value L'?/(6D) = 0.85ps is found. The diffuse traversal time can be found by correcting
for surface effects (see Eq. (A.30)). For these samples, the correction equals 0.12 ps and

therefore we find 75 = 0.73 ps.

4.4.5 Analyzing the field statistics

Examination of the intensity transmission gives much information about the diffusion
process. This measurement method, however, enables us to analyze the phase information
as well. In Section 3.5 the statistical properties of the phase were derived. The base of this
derivation is that the measured complex transmission coefficient, H(w), obeys Gaussian

statistics.



4.4. Data processing 43

T T T
or N Average diffuse intensity
[ B ~=== Chebychev -100dB
f B — Reference measurement

| ) =

In normalized amplitude

AARD
(I
It
)
il

i
|

A
A
11111

|

i

i
i)

-12

Figure 4.9: Comparison of the time dependent intensity of the incoming pulse (reference mea-
surement), the transmitted intensity and the Chebychev filter. After deconvolution and filtering,
the Chebyshev filter will act as the new input pulse. It can be seen that the sidelobes of the filter
are constant and small enough not to distort the signal. The full width at half mazimum of the
reference pulse is 310 fs. For the filter this width is 250 fs.

For a Gaussian distribution, three conditions have to be met; the phase has to have a
uniform distribution and the intensity has to have a Rayleigh distribution (Eq. (3.30)).
Furthermore, the phase and intensity have to be uncorrelated variables.

In the analysis of the measurements, we assume the statistics to be equal for the
whole bandwidth of the measurement. Data is collected in the frequency range between
12821 cm ™! and 13300 cm™!. This leads to 80 points of data per sample position.

The probability distributions of ¢ and I are plotted in Figure 4.10 and Figure 4.11. The
correlation coefficient of the real and the imaginary part of the transfer function Cry =
(Re{H}Im{H})/((Re{H}) (Im{H})) was found to be smaller than 0.05%, suggesting
that the amplitude and phase are not correlated. From this we find it justified to apply
the theory from Section 3.5, which it assumes Gaussian statistics.

4.4.6 Calculating the delay time statistics

In Section 3.5.2 the probability distribution of the diffuse delay time, ¢’, was predicted.
To find the diffuse delay time first the phase of the transfer function is calculated. The
derivative, ¢', could now be found by calculating [¢(wp+1) — ¢(wp)]/Aw. This method,
however, poses a problem since the phase is ‘wrapped around’ on the interval (—m, 7]. A
phase difference A between ¢; = 7 and ¢ = m + A would be interpreted as a difference
of A — 2.

To correct this problem, phase differences between consecutive data points are raised
or lowered by 27 to get the lowest absolute value of the phase derivative,
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Figure 4.10: Probability density of the phase. The phase of the transmitted light is distributed
uniformly over (—m..w|. If a coherent beam were present, this would cause a deviation from this
distribution. The uniform distribution is a necessary condition for the zero mean Gaussian model
that was used in Section 3.5.
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Figure 4.11: Probability distribution of the transmitted intensity. The distribution matches the
Rayleigh distribution (solid line) that was found from the assumption of Gaussian statistics of the

field (see Eq. (3.30)).
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Figure 4.12: Probability distribution of the delay time ¢' for a 10.1 pm thick sample, measurements
are connected by a solid line to guide the eye. The dotted line is the theoretical curve for QQ =
0.4. The measured distribution clearly corresponds to a higher value of @ (which causes a wider
distribution). This agrees with the prediction in Eq. (A.34) and is an indication that edge effects
play a role in the transmission through this sample.

T - ¢(wn+1i; P(wn) (4.7)

/

¢,(wn) = (z)gumps(wn) — 2mround <¢Jum;;(('d”)> (4.8)

This procedure limits the possible values of ¢’ to (—7/Aw,7/Aw]. In the unlikely
case that the phase derivative lies outside this interval, the wrong value is measured. The
probability for this to happen can be calculated from Eq. 3.44 and the scanning range of
the BioRad. For the 10.1 um sample this happens in only 0.55% of the cases and therefore
this limitation will not be corrected.

A further limitation of this method is found in asymmetrical scans. In these scans only
positive time values are recorded. The largest delay time that can be found corresponds
to the width of the time window (¢pyax). Unfortunately with this method of calculating
the phase derivative, delay times larger than half this value will be interpreted as negative
times. This problem is avoided by doubling the width of the time window by appending
zeros for ¢ < 0.

The measured ¢'(w) can be used to calculate W = |H (w)|?¢’(w). From the average val-
ues of ¢ and W, delay times of respectively 0.71 ps and 0.72 ps are found. The normalized
probability density functions are shown in Figure 4.12 and Figure 4.13.
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Figure 4.13: Probability distribution of the delay time W for a 10.1 um thick sample. The solid
line is the theoretical curve for @Q = 0.4. The top of the distribution is at W = 0, indicating there
is no time offset. Again the Q@ = 0.4 does not fit, but a higher value gives a better fit. It appears
that the curve is not completely straight for W > 0. This effect will be investigated in the following
chapter.

4.4.7 Analyzing the delay time statistics

Finally the parameter a and @) can be extracted from the data. Table 4.2 shows several
important statistical properties of the functions P(¢') and P(W). They are derived from
equations (3.44) and (3.48) by performing the appropriate integrations.

The parameter a equals the diffuse delay time 7; and is obtained from the distributions
easily since it is the average of ¢’ and of W. Because P(¢’) is symmetrical around ¢’ = (¢'),
the median of ¢’ should also give a. The difference between the median and the mean
of ¢’ is a measure of the asymmetry of the distribution. We can calculate an asymmetry
factor s = ((¢') — ¢L .q)/ (¢), where ¢!, is the median of ¢, meaning that the number of
values measured above this number equals the number of values below. For this sample we
find an asymmetry smaller than 0.5%, indicating no deviation from Gaussian statistics.
Mechanisms that break the symmetry of this distribution will be discussed in Chapter 5.

Parameter @ can be extracted from the distributions of ¢’ and W in many ways. In
principle every equality in Table 4.2 containing ) can be used. If the measurements obey
Gaussian statistics (as was assumed in Section 3.5) all methods give the same value for Q.
A time offset, tg, in the measurements could, however, affect the probability distributions.
This will cause P(¢') and P(W) to shift over ¢y3. In the probability distribution of ¢’
this has the same effect as renormalizing the parameters a — o’ = a + 1ty and Q — Q' =
Qa?/(a + tg)? (see Eq.(3.44)).

As opposed to P(¢'), the weighted delay time distribution P(W) is affected in a unique
way. The time offset can be found by looking at the top of P(WW). Without time offset,
this top is at W = 0. Since an offset shifts the distribution, the top is shifted to W = t.

Using different equations from Table 4.2, different values of @) are found. The results



4.5. Specifications 47

method | P(¢ > 0) | (@ > 0) | (& > (&)} | (W > 0) | (W > (W) | var(W)
equation | 4.10 4.12 4.13 4.17 4.18 4.19
Q 0.448 0.480 0.487 0.460 1.122 0.839

Table 4.1: Siz different methods to extract @ from the delay time distributions. The last two
methods give significantly different values for Q. These values depend on high values of W only and
are more sensitive to measurement errors, statistical spread and possible non-Gaussian statistics.

are summarized in Table 4.1. As can be seen, all methods except the last two give results
around ) = 0.47. The last two methods are highly influenced by large values of W. Since
there are relatively few of those values spread over a large range, a large statistical error
can be expected. The value of P(W > (W)) that was extracted from the measurement
was lower than expected. For this value, Eq. (4.16) did not have a solution.

Large values of W are mainly caused by a high intensity. This can be seen by comparing
¢’ and |H|? for measurements corresponding to high values of W (W > (W)) to their
average value. We find ¢’ to be 20% higher than average, whereas the intensity for high
values of W is 100% higher than average. Since an error in determining the amplitude
affects high intensities more than low intensities, this is an extra reason not to rely on
large values of W for fitting the curve.

4.5 Specifications

Apart from the noise and uncertainties introduced by the measurements, there also is a
scatter in all measured parameters since the sample is a random material. The magnitude
of this scatter is far larger than the other errors (except for very thin samples where the
blurring effect of the Chebychev filter is more important). The effect of this scatter scales
inversely with the square root of the number of measurements. The errorbars on the data
(as presented in Chapter 5) are obtained by calculating the standard deviation of the
spread and dividing by the root of the number of measurements.

4.6 Summary

An interferometric setup was used to measure intensity and phase of light that propagated
through a slab of disordered material. The setup uses two separate interferometers, the
first creates a beam containing a reference pulse and a pulse that propagated through the
sample. The second interferometer performs stabilized scanning creating a cross-correlate
of the signal and reference pulses. With the proper data-processing techniques, it is
possible to extract the transfer function of the disordered sample from these measurements.

Using the data from a 10.1 um thick slab as an example, the data processing required
to find the time resolved intensity and the delay time statistics was explained. Special
attention is required to compensate for the effect of the substrate and to optimize frequency
domain filtering.

The measurements showed that the phase and intensity distributions of the transmit-
ted light agree with Gaussian statistics. The theoretical predictions made in Section 3.5
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average ¢’ (=median ¢) (@) =a (4.9)
probability ¢’ positive P(¢' >0) =1+ 2\/11+7Q (4.10)
probability ¢’ above average | P(¢' > (¢)) =3 (4.11)
mean of ¢ above 0 (¢ > 0) =ay1+Q (4.12)
mean of ¢’ above average (¢ > (¢")) =a(l++/Q) (4.13)
average W (# median W) (W) =a (4.14)
probability W positive P(W >0) = P(¢' > 0) (4.15)
probability W above average | P(W > (W)) = [% + 3 11+Q} exp <1+\712+7Q> (4.16)
mean of W above 0 (W >0) =la(1+VI+Q) (4.17)
mean of W above average (W > (W)) =1a(34+VI+Q) (4.18)
variance of W var(W) =a’ (1 + %) (4.19)

Table 4.2: Statistical properties of the P(¢') and P(W) distributions. A time offset can be incor-
porated in P(¢') (all formulas in the upper half of the table) by replacing a — o' = a +ty and
Q — Q' = Qa*/(a+to)?. Equations 4.16 and 4.19 do not depend on a possible time offset, but are
very sensitive to measurement noise and statistical noise.

Dynamic range 60dB

Center wavelength 12912 cm™! — 774 nm

Bandwidth 220 cm™! — 13 nm

Width of time window 12 ps

Time offset accuracy 3fs

Time resolution 0.1 ps

Accuracy g—g from slope fit log(I) | 0.1 ps = 5% of the measured value
Accuracy 74 from [ dtI(t)t 0.1 ps

Accuracy 74 from (¢) 3fs

Table 4.3: Specifications of the time-resolved field measurements. The time resolution of 0.1 ps is
the full width at half maximum of the squared amplitude of the Chebychev filter. Details smaller
than this value will be smeared out, also limiting the accuracy of T4 obtained by integrating the
intensity. The error of the slope fit is estimated by making a linear fit of the first and the last half
of the slope. All accuracies are given without the statistical error.
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closely match the measured delay time distributions. Both the diffuse delay time and the
dimensionless parameter () were seen to be affected by edge effects as was predicted.
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Chapter 5

Experimental results

Using the measurement setup that was described in the previous chapter, it is possible to
test the theory presented in Chapter 3. In this chapter we will analyze the data, looking
at both intensity and phase characteristics.

A recurring parameter in this analysis is the diffuse travel time (see Eq.3.25). This
parameter can be found either directly from the measured intensity or indirectly from the
slope of the intensity or from the phase statistics. Since the different analysis techniques
are performed on the same set of data, this is a clean way of testing different aspects
of diffusion theory. In particular the times found by fitting the intensity slope will be
compared to the results from the three other methods (integrated intensity, average phase
delay, and average weighted phase delay, see sections 3.4.2 and 3.5). The first time is
proportional to (L)2, whereas the other times have an offset that does not depend on the
thickness of the sample, as was found in Eq.(A.30).

The phase measurements will provide diffuse delay times that can be compared to the
values obtained from intensity measurements. Furthermore, the phase statistics are shown
to provide information about the time offset and variations in sample thickness. This extra
information is indispensable when analyzing small differences in the diffuse delay time.

In addition to the delay time, the dimensionless () parameter was shown to be sensitive
to surface effects. Different methods of extracting () from the measurements are compared
and will be used to test the newly developed theory (Eq.(A.34)).

Finally the measurements on the thinnest samples are expected to show a contribution
of the coherent beam. The effect of this contribution will be analyzed and is compared to
theoretical predictions.

5.1 Samples

The samples that are used were made by Rik Kop in 1997 [32, 14]. They consist of
TiO9 particles, with a refractive index of approximately 2.7, on the basis of commercially
available rutile pigment. The diameter of the particles is 220 + 70 nm. Samples with
different thicknesses were made by smearing a suspension of particles on a 3mm thick
fused silica substrate. The thickness was determined using an optical microscope with an
accuracy of £0.3 pm. In the experiments samples with a thickness between 1.5 pm and
18.0 pm were used.

o1
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Figure 5.1: Setup used for total transmission measurements. Light is incident on a sample that is
on top of an integrating sphere. The samples are on a substrate, mounted in a ring. The integrating
sphere collects all light that is transmitted through the sample. This light is scattered multiple times
before reaching the detector so that the detector signal does not depend on the original direction of
the light and all directions contribute evenly. This way the light leaving the samples is integrated
over all angles. The black line inside the integrating sphere represents the baffle, a partition to
prevent light to hit the detector without being scattered. In this configuration, however, it does not
prevent the light from hitting the detector after a single scattering event, which leads to incorrect
reference measurements.

The mean free path of the samples was determined by measuring the total transmission
as a function of sample thickness; according to Eq.(3.24) the transmission scales with
(ze1+¥)/ L. In this stationary measurement, both internal reflections at the sample surfaces
and internal reflections at the substrate surfaces have to be taken into account. These
reflections are incorporated in an effective reflectivity [33],

Rab + Rbc - 2RabRbc

Rot = , 5.1
g 1- RabRbc ( )

where R is the reflection coefficient at the boundary of the sample and the substrate
and Ry, is the reflection coefficient for the substrate-air interface. The effective reflectivity
is used to calculate the extrapolation lengths for the stationary measurements. Using Mie
theory to estimate an effective refractive index of neg = 1.34 [32] and Fresnel’s Law to
calculate the reflectivities, we find an extrapolation length of z.; = 1.71¢ for the substrate-
sample boundary and a length of 2.0 = 1.77¢ for the sample-air boundary.

The total transmission was measured using the setup in Figure 5.1. A bare substrate
was used as a reference for 100% transmission® and the reflection from the integrating

* Actually, this is not the correct procedure since the reflection from the substrate is already incorporated
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Figure 5.2: Results of the total transmission measurements. The measurements in dataset 1 were
performed after creating the samples, the other measurements were performed later. Dataset 3 is
the most recent. The datapoints are connected by lines to guide the eye. The inverse transmission
is plotted, because this value is predicted to be proportional to L/(ze1 +¢). The solid line is a linear
fit to the first dataset, yielding ¢ = 0.97 pm.

sphere back to the sample is neglected. The results of these measurements are plotted in
Figure 5.2 (dataset 3) including earlier measurements on the same samples dataset 1 [14]
and dataset 2 [34]. Unfortunately after performing the measurements it was discovered
that with a bare substrate, the light coming out of the integrating sphere is not completely
diffuse. A contribution arising from single scattering of the laser beam is also present and
causes the reference value to be too high. The difference with the other measurement
is approximately a factor of 1.25 (found by overlapping the linear fit of the curve at
L=0). After correcting with this factor the three sets of data overlap reasonably well.
The second series of measurements differ from the first measurements performed on the
samples (dataset 1). The latest data shows this deviation is reproducible to a large extent,
suggesting that the samples have deteriorated since they were created?.

Dataset 2 is used to find the mean free path. A fit of the slope of the inverse of the
transmission gives £ + z.; = 2.63 um and therefore ¢ = 0.97 um*. The zero crossing is at
1.27 corresponding to (£+ 2z¢1)/(ze1 + ze2) = 0.79, which is in good agreement to the value
of 0.78 obtained using the calculated extrapolation lengths. For this fit, the measurement

in the extrapolation length by means of Eq.(5.1)

'In fact some time resolved measurements showed a pulse that was transmitted through the sample
without delay or deformation, suggesting a hole in the sample. These measurements were removed from
the time resolved data, but in the total transmission measurement a larger area was illuminated so that
such a correction is impossible.

Coincidentally, this is almost equal to the value of £ = 0.95 um found in [14]. In this paper a different
values was used for the extrapolation length because substrate reflections were not taken into account.
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on the 18.0 ym sample was disregarded®. With a wavelength of 775 nm this gives k¢ ~ 8
meaning the samples are not localizing light.

In the dynamic measurements internal reflections of the substrate are irrelevant since
they occur with a large time delay (corresponding to twice the 3mm thickness of the
substrate). Therefore the substrate is considered to be semi-infinite for calculating these
boundary conditions and we find the dynamic extrapolation length z.; = 0.69¢.

5.2 Diffuse delay time

In Chapter 4 four methods were treated to extract the diffuse delay time 74 from the
measurements. The results of applying these methods to samples with a different thickness
is shown in Figure 5.3%. These data show that the value for (L')2/(6D) found from fitting
the slope of the intensity is significantly higher than the diffuse delay time found using
the three other techniques.

The difference is about 0.12 ps for the first 6 samples. This value is in good agreement
with the edge effects predicted in Eq. (A.30) using an ejection depth of z, = %E as
suggested in [9]. For z,; = £ we find a time of 0.14 ps and for z.; = 0 this value would be
0.07 ps. This suggests that %K is the correct value for the ejection depth. The accuracy,
however, is not high enough to rule out values of z,; = £ or z,; = 0. In Figure 5.4, the
diffuse traversal time obtained from fitting the slope of the intensity is corrected for an
edge effect of 0.12 ps.

To be certain that this effect causes the time difference, other influences have to be
ruled out. One of this influences could be an offset on the time axis. If somehow ¢t = 0
in the measurements is not correct, for example if there is an error in the correction for
the substrate thickness, all techniques except the slope fit will produce erroneous values.
In the following section it will be shown that this possibility can be ruled out by carefully
examining the phase statistics.

Comparing the three other measurements that results obtained from the measured
phase are consistent with the results from the measured intensity. This is a strong indi-
cation that the speckle theory developed in [18] is valid. Furthermore it shows that the
data processing is performed correctly and that no errors are introduced by the filtering
process or the calculation of the phase derivative.

Figure 5.5 shows the square root of the diffuse traversal time raised by the edge effect
correction time of 0.12 ps for z,; = 2¢/3. This correction time has to be added to the
diffuse delay time in order to find (L')?/(6D) (see Eq. 3.25). From this graph the total
extrapolation length, z.1 + ze2, and the diffusion constant, D, can be obtained. The
results, together with the results obtained using a correction time of 0.07 ps for z¢ = 0,
are summarized in Table 5.1. If the correction time is calculated using z.; = 0, the value
for the total extrapolation length obtained from the fit is consistent with the calculated

§For thick samples, the spot of diffuse light leaving the sample can be larger than the opening of the
integrating sphere, causing a lower transmission to be measured.

YAl measurements were performed as described in the previous chapter, except for the measurement
on the 1.5 um thick sample where it was possible to perform the reference measurement on a empty part
of the substrate and the measurement on the 4.0 pm thick sample where an bare reference substrate was
used.
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(W) | (¢') | [dtI(t)t | slope InI(t)
Zej = 20/3 | Ze1 + Ze2( pm) | 3.4 | 3.8 3.3 2.3
D(m?s71) | 31.7]336] 30.3 24.6
Zej =0 | Ze1 + 2e2(um) | 2.5 | 2.7 2.5 2.3
D(m?s71) [292]31.0] 28.0 24.6

Table 5.1: Total extrapolation length and diffusion constant as obtained from fitting the square root
of T4 + Te. Using z.; = 2£/3, the values for the diffusion constant are in good agreement with the
value of 324+2m?%s~! as found in [14], except for the value obtained from fitting the intensity slope.
All values are very far away from the 11.7+1m?s™! found from the intensity correlation function of
samples similar to the ones we use [35]. If zej = 0 is used, however, the total extrapolation lengths
are close to the calculated values and the diffusion constants are closer to the value obtained from
the intensity slope.

values.

Since fitting the slope of the intensity directly gives us (L')?/(6D), it is not necessary
to correct this value and the diffusion constant and extrapolation lengths can be found
directly. The extrapolation length of 2.3 um that is found this way is close to the calculated
value of (0.79 + 1.77)0.97 ym = 2.5 pm.

5.3 Field statistics

The delay time statistics are based on the assumption that the field has a Gaussian dis-
tribution. Before analyzing the delay time, we will first test if this assumption is valid.
In analyzing the distributions of the phase and the intensity, deviations from Gaussian
statistics were found for the thinnest samples. The phase distribution is not uniform, as
can be seen in Figure 5.6, and the intensity has no Rayleigh distribution (Figure 5.7). To
analyze the deviations from Gaussian statistics, we will examine (H(w)). This function
should correspond to coherent propagation, but only if enough measurements are made to
average out the incoherent contribution.

A polar plot of every measurement of H(w) performed on the 1.5 pm thick sample
is shown in Figure 5.8. It is clearly visible that the curves are not centered around the
origin as expected when there is no coherent contribution. Therefore we conclude there
is a coherent contribution present. The function (H(w)), which is plotted in Figure 5.9
should in principle contain the group velocity and the phase velocity of the coherent beam.
Unfortunately the contribution of the incoherent propagation is still quite large (if not,
the plot would be a single curve without loops). Therefore it is not possible to interpret
the phase derivative of this function as L/vg,. It is possible, however, to extract the phase
velocity.

The 1.5pm sample was different from the other samples because not all of the substrate
was covered by the sample. Therefore it was possible to perform the reference measurement
with the substrate in place, instead of having to deduce the thickness from a reflection
measurement. This means that the error in the time offset is much smaller than 3fs. At a
wavelength of 775nm, an uncertainty of 3fs corresponds to a phase delay of approximately
2w, so for this sample the error will be much smaller than that. Therefore we can interpret
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Figure 5.3: Comparison of four methods of extracting the diffuse traversal time 14 from the mea-
surements. The values obtained from the slope fit equal T4 + T, and are seen to be significantly
higher than the values obtained by other methods.
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Figure 5.4: Four methods of calculating the diffuse traversal time 4. In this plot the values obtained
by fitting the slope of InI(t) are compensated for the edge effects by 7. = 0.12 ps. For samples up
to 10.1 pm this is in excellent accordance with the values obtained by other methods.
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Figure 5.5: Square root of the diffuse traversal time 74 raised by the correction for edge effects of
0.12 ps. The straight line is a fit to \/(¢'); these values have the smallest errorbars. The slope of
the fit equals 1/@, yielding D = 33.6 m?s™!, which is in good agreement with the value 32 £ 2
found in [14]. The intersection with the x-axis gives ze1 + zea = 3.8 um, which differs from the
calculated value of 2.5 pm.

the average phase of the transfer function as being the phase delay L/vg4 plus or minus an
integer number of 27. We find a phase velocity of vg = ¢/neg = ¢/(1.34 £ 0.5m), where m
is a unknown integer number that could be zero. It is hard to estimate the uncertainty for
this single measurement, so it cannot be said if the excellent agreement to the theoretical
estimation of neg = 1.34 is coincidental.

Finally (H(w)) is plotted for an 8.2 ym thick sample (Figure 5.10). Here it appears
that there are two contributions, one is a field with a short time delay of 0.16 ps (slow
rotation), while the other contribution has a longer time delay of 1.07 ps (fast rotation).
These rotations are equivalent to two peaks in the time domain average transfer function.
The times neither corresponds to the expected coherent traversal time (= L/(negc) = 201fs)
nor to the average traversal time (74 = 0.56ps). It is not clear what is causing these peaks.

5.4 Delay time statistics

The probability distributions of ¢’ and W contain a lot of information. In this section
the experimentally obtained distributions will be examined in detail. The theoretical
distributions are given by Eq. (3.44) and (3.48). They depend on two parameters, Q
and a, where a = (¢') = (W) = 75 and @ =~ 0.4. Absorption causes @ to decrease and,
as we show in Appendix 3.4.2, edge effects cause an increase in ). The values of a and
@ corrected for edge effects are given by equations (A.30) and (A.34). To test this new
theory we will investigate the delay time statistics and extract these parameters.

Figures 5.11, 5.12 and 5.13 show the normalized distributions extracted from the mea-
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Figure 5.6: The phase of the transfer function for the thinnest sample (1.5 pm) is not distributed
uniformly. From this it can be concluded that the assumption of Gaussian statistics is not valid for
this sample.
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Figure 5.7: Probability density of the transmitted intensity for a 1.5 um thick sample. The solid line
18 a linear fit to logarithm of the probability density. If the transmitted light would obey Gaussian
statistics, a Rayleigh distribution (Eq. (3.30)) is expected and the points would lie on this line
(see Figure 4.11). For this sample, however we find a different probability function with a higher
probability for lower intensities. The deviation can be seen in the first two datapoints; since these
two points together represent over 50% of the measured intensities and since they are a factor 1.5
to 2.5 higher than expected, this is a significant deviation.
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Figure 5.8: Polar plot of 23 different measurements of the transfer function of the 1.5 pym thick
sample. In this plot the phase of the field is represented by the angle with the z-axis and the
amplitude is the distance to the origin. The transfer function H(w) is plotted as a function of the
frequency. The start of the curves corresponds to a wavenumber of 12821 cm ™! and with increasing
frequency the curves are traversed counterclockwise until 13300cm ™" is reached. Although the curves
have a counterclockwise direction locally, from the origin the direction can be clockwise, meaning a
negative phase derivative ¢'. For ezample, the curve ending at —1 — 2i starts at —0.4 — 1.14 and
the phase decreases until —1 — 0.7i is reached. After this point the phase starts to increase again.
For thicker samples negative delay times are less common and are related to loops in the curves,
like the curve near —1.3 4 0.4i. Finally, it can be seen that the curves are not centered around the
origin. This means that a contribution of the coherent beam is present.
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Figure 5.9: Average transfer function of the 1.5 um thick sample. This curve is the average of the
curves in Figure 5.8. The dotted line is the theoretical curve for neg = 1.34 if only a coherent beam
would be present. Clearly this is not the case so it can be concluded that there still is a contribution
of incoherent propagation. The contribution of the coherent beam, however, is large enough to
completely displace the curve from the origin. The direction of this displacement is used to find the
phase velocity. If more measurements are performed, the incoherent contribution should average
out better and the average transfer function should converge to the theoretical curve.
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Figure 5.10: The average transfer function of the 8.2um sample is centered around zero. A fast and
a slow rotation are recognized in the curve. The slow rotation corresponds to a time of 0.16 ps, the
fast rotation corresponds to a delay of 1.07ps. Neither one of these times corresponds to the diffuse
traversal time of 0.56 ps or the expected coherent phase delay (dotted line). The cause of this effect
1s unclear, but it might be caused by a misalignment of the setup causing undesired oscillations in
the signal.
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Figure 5.11: Probability distribution of the weighted delay time. All samples produce approzimately
the same shape, except for the thinnest sample of 1.5 pm where the top is flattened.

surements. First this data will be analyzed for a possible time offset introduced by the
measurement technique. After this, the dimensionless parameter () will be extracted from
the measurement and the curves will be compared to theory. Finally abnormalities in the
shape of the P(W) distribution around W = 0 will be analyzed.

5.4.1 Distribution of the weighted delay time

The distributions of the weighted delay time are plotted in Figure 5.11. For all samples
except the thinnest one the triangular trend is very clear. First the top of the triangle
is examined. This part of the figure is shown enlarged in Figure 5.12. Theoretically the
top should be at 0, regardless of sample thickness, mean free path, diffusion constant,
extrapolation length or absorption. An offset in determining the delay time can, however,
cause the top to be displaced. Instead of W = ¢/|H (w)|? a value of Wieas = (¢'4t0)| H (w)]?
will be found, causing the whole distribution to shift a bit. Careful examination of the
distributions shows that the offset cannot be larger than 5% of (WW). Assuming that the
error in determining ¢ = 0 is independent of the sample thickness, (W) can be measured
with an accuracy of 0.02 ps.

A closer examination of the top of the curves shows that the top of some curves is
sharper and higher than expected. This effect is clearly visible for the 2.3 ym, the 6.3 um
and the 18 m samples. A possible explanation for this can be found looking at the separate
measurements. It appears that for these samples one or two of the measurements have a
cross-correlate that is below the noise level. A measurement containing no cross-correlate
but just noise has a low intensity and a random phase delay. In the P(W) distribution
this corresponds to a sharp peak around W = 0 therefore resulting in a deviation as was
seen. Removing a single ‘empty’ measurement out of the 33 measurements performed on
the 18 um sample caused the curve of this sample to follow the theoretical triangle exactly,
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Figure 5.12: Detail of the probability distribution of the weighted delay time. It can be seen that
the top of the distribution is at W = 0 for all samples, indicating no delay time. Furthermore, the
peak is sharper than expected for the 2.3 pm, the 6.3 ym and the 18.0 um samples.

indicating that this indeed was the cause of this deviation.

Apart from noise, the coherent beam can be responsible for a distortion of the P(W)
distribution. This might be the reason that the distribution for the 1.5 ym thick sample
is flattened.

5.4.2 Distribution of the delay time

The measured distributions of the delay time ¢’ are shown in Figure 5.13. All samples
except for the two thinnest produce distributions that fit well with the theoretical shape
of the curve, a manual fit shows that the @) values are between 0.4 and 1.2 (for the 4 pym
sample). Values for () will be calculated from the measurements later in this section. The
deviating curves belonging to the two thinnest samples suggest that these measurements
are affected by the coherent.

To see how well the data corresponds to Gaussian statistics, the asymmetry s = ((¢') —

! ed)/ (@) of the distributions is calculated. Several mechanisms can cause the statistics
to be non-Gaussian. One of these is an inhomogeneous thickness. If the sample thickness
is not equal at all positions of the sample, this will cause the probability distribution of
¢’ to be asymmetrical. This effect is likely to be larger for thin samples. Measurements
at a thick part of the sample has a broader probability distribution with a higher average
value. A combination of measurements on different thicknesses causes the median to be
lower than the average value, yielding a positive asymmetry.

A different cause of asymmetry is found if the time window of the measurement is finite,
the highest values of the delay time are clipped. This effect can cause an asymmetry in the
thickest samples. Clipping removes a few of the highest values and therefore decreases the
average value more than the median, causing a negative asymmetry. Finally, a coherent
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Figure 5.18: Probability distribution of the normalized delay time. The width of the distribution
(determined by the Q parameter) depends on the thickness of the sample. In agreement with Eq.
(A.34), Q is larger for thinner samples. For all samples except the two thinnest ones the probability
density curve matches the shape predicted by Eq. (3.45).

beam could cause an asymmetry in the distribution.

The measured asymmetry is plotted in Figure 5.14. The higher asymmetry in the
thinnest samples can be the result of the coherent beam coming trough, but can also be
caused by an inhomogeneous thickness. In the 13.5 pum thick sample the effect of a finite
time windows is visible, the two thickest samples do not show this effect since a longer
measurement range was used.

Finally the methods described in Table 4.2 are used to calculate ). The theoretical
value from equation A.34 is also plotted, together with theoretical curves for ejection
depths of 0 and %E. These curves seem to fit the experimental data quite well, but more
measurements on samples with a thickness lower than 6 ym are required. It can be seen
that all three methods used to calculate ) give approximately the same results, except for
the thinnest sample where the deviation from Gaussian statistics is the strongest.

5.4.3 Summary

TiO9 powder samples with thicknesses between 1.5 um and 18 ym were investigated by
stationary and dynamic transmission measurements. From stationary total transmission
measurements the mean free path of £ = 0.97 ym was extracted.

Dynamic measurements showed that the diffuse traversal time obtained from intensity
measurements is in good agreement with the delay time obtained from phase measure-
ments, validating the statistics developed in [18]. The time obtained from the fit of the
exponential decay of the intensity was corrected for edge effects; the size of these correc-
tions agreed well with the prediction in Eq.(3.25), thus supporting this newly developed
theory. The accuracy, however, was not high enough to be conclusive about the value of
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Figure 5.14: Asymmetry as a function of sample thickness. Asymmetry can be caused by the
coherent beam, by a varying thickness in a single sample or by the finite time window. The errorbars
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Figure 5.15: Dimensionless parameter @ as a function of sample thickness extracted from the
measurement in three different ways as explained in Section 4.4.7. The theoretical value of @Q,
including the correction for edge effects as was proposed in Appendiz 3.4.2, is shown with a dotted
line (the case where ze; = 0) and a solid line (the case where z¢; = 2¢/3). Although the data is
not conclusive as to what is the value of z.;, the values significantly deviate from 0.4 predicted in
[18]. 1t is not clear if the decrease of Q predicted for thinner samples is real or that it is because
the theory is no longer valid in this regime.
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the ejection depth z;.

The square root of the measured traversal time was used to extract the diffusion
constant. The values obtained from the fit of the intensity time tail do not depend on
the ejection depth and yielded D = 24.6 m?s~!. Determination of the diffusion constant
from the other measurements proved difficult since they depend strongly on the edge effect
corrections. Values of D = 28.0m?s™! to D = 33.6 m?s~! were found.

The most accurate method of measuring the diffuse traversal time is by calculating
the average delay time; which is independent of errors in the amplitude and not hampered
by a limited time resolution. Methods using the time resolved intensity are less accurate
since the finite bandwidth of the source pulse limits the time resolution.

Analysis of the statistical properties of the phase and the intensity revealed that the
thinnest sample has a significant contribution of coherent transmission. The coherent
phase velocity in this sample can be measured, yielding neg = 1.34.

Analysis of the phase statistics showed good agreement with the expected probability
functions. The top of P(W) was used to estimate a maximum value for the time offset
(to] < 0.02 ps). A distortion of the peak of P(W) was seen and for some samples it was
identified with erroneous measurements.

The asymmetry P(¢’) distribution was used to examine deviations from Gaussian
statistics and showed a large deviation for the four thinnest samples, probably caused by
coherent transmission or inhomogeneous sample thickness.

It can be concluded that since the four methods of measuring the diffuse traversal time
give equal results, the theory is consistent and the data processing is performed correctly.
This comparison of measurement methods has not been performed before and supports
the theory for edge effect corrections to the traversal time that was developed in Section
3.4.2.
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Chapter 6

Conclusion

The propagation of light through disordered materials proved to be a rich and intriguing
subject. In the quest for Anderson localization of light, special materials are created
to manipulate the propagation of light as strongly as possible. A technique to perform
dynamic measurements on light propagating through these media was studied in this
thesis. This technique can be used to characterize samples, to study the dynamics of
diffusion of light and to identify possible Anderson localization of light.

In the first part of the thesis, existing theory was summarized to find experimentally
testable predictions for the propagation of light through random media. This summary
included a recent theory describing the statistics of the diffuse delay time [18]. This theory
was extended to include edge effects in transmission.

From the theoretical analysis in Chapter 3 it became clear that the diffuse traversal
time is a parameter that connects diffusion theory to the delay time statistics. Four inde-
pendent methods were found to extract this parameter from the same set of measurements.
This allowed a comparison of these methods and was a check of the consistency of the
theory and the correctness of data acquisition and processing. Measurements showed an
excellent agreement between the diffuse traversal time extracted from the measured in-
tensity and the values extracted from the phase statistics. This proved the consistency of
the phase statistics and the correctness of the data acquisition and processing. A different
method uses a fit of the time tail of the transmitted pulse to find the diffuse traversal
time. The results of this measurement support the suggested correction to include edge
effects in the phase statistics. Unfortunately, the edge effects could not be measured with
enough accuracy to extract physical parameters such as the ejection depth.

A different parameter that is of importance in the description of delay time statistics
is the dimensionless parameter ). We showed that in transmission this parameter is not
constant as was assumed before, but depends on the thickness of the sample. A comparison
of the measured values of ) to the theoretical predictions showed a good agreement for
samples that were thicker than a few mean free paths. For thinner samples, however, the
calculated values are more sensitive to errors in the estimated reflection at the boundaries.
Not enough samples were measured to validate the theory in this region.

Since the delay time statistics relies on a Gaussian distribution of the light leaving the
random medium, this assumption was checked in different ways. Analysis of the inten-
sity and phase distributions showed a deviation from Gaussian statistics in the thinnest
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samples. In the thinnest sample of 1.5 um the coherently propagating beam was identi-
fied and the phase velocity in the random medium was extracted from this measurement.
The coherent beam caused a deviation from Gaussian statistics, but a larger effect might
be due to samples not having the same thickness everywhere. Apart from this effect,
deviations due to small holes in the sample were identified by examining the weighted de-
lay time distribution; these deviations could be corrected by removing the corresponding
measurements from the set of data.

The setup that was used to perform these measurements is extremely versatile, but a
careful processing of the data is required since artefacts are introduced easily. Especially
in the calculation of the phase derivative and in filtering the data special care has to be
taken. The setup in principle has a time resolution of 0.26 fs but when time resolved
intensity is measured, the resolution is limited to 0.1 ps due to the finite bandwidth of the
source; this fact was not taken into account in earlier experiments using this setup [14, 21].
This resolution was achieved using a Chebychev filter to remove noise outside the source
bandwidth; less careful filtering can seriously distort the measurements.

An important problem of the measurement technique is that it is difficult to determine
the time origin. If the samples are on a substrate the delay inside the substrate has to
be compensated for. Since the setup was improved to allow measuring reflected light,
this feature could be used to measure the time difference between the reflection from the
front and the back of the substrate, thus allowing a very accurate determination of the
substrate thickness. By examining the phase statistics, it was proven that no time offset
was present after compensation. Since the maximum of this distribution is at the time
origin, this method can in principle be used to determine this origin.

Despite the high time resolution, accurate time origin and a dynamic range of 60dB,
the uncertainty in determining the diffuse delay time or other parameters is a few percents.
The most important limitation is the statistical error; the quantities that are measured are
different for every single measurement. To determine their average values more accurately,
more measurements have to be performed.

6.1 Suggestions for improvement

Although the setup allows very sensitive and detailed measurement of the transmitted
light, some improvements could make the setup more flexible and even more sensitive.
Two restrictions of the current setup are that the frequency and the angle of the detector
are fixed. It would be very advantageous to be able to scan the frequency of the probe
light. Not only would this overcome the problem of the limited bandwidth, it would also
allow a frequency dependent scan of important parameters like the diffusion constant.
This way the regime with the strongest scattering can be selected, increasing the chance
of observing localization. A variable detector angle could resolve angular correlations in
time and in reflection it allows a study of the dynamics of the enhanced backscatter cone
(the delay time statistics in the localizing regime was predicted to be qualitatively different
from the statistics in the diffuse regime [36]). Furthermore, it will be possible to selectively
exclude or include the coherent beam in order to compare the resulting signals.

Further improvements can be made to improve the dynamic range. The signal power
can be increased by using more of the light of the pulsed laser. At the moment 50mW
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of laser light is used, but this amount can probably be increased without damaging the
sample. Furthermore, a large fraction of the light is lost in the BioRad. A setup where
only the reference beam passes through the BioRad could be used. Since this beam is
strong enough, this would eliminate the problem. The dynamic range is further limited
by unwanted reflections which cause extra cross-correlates. These reflections should be
eliminated, possibly by using a different detector.

The time offset accuracy can be improved by using samples without substrate or man-
ufacture the samples in such a way that the substrate is not completely covered. If a part
of the substrate is not covered it can be used to perform the reference measurement on.
This way the reference measurement includes the delay caused by the substrate and no
further compensation for the substrate is needed.

Finally a careful study of the electronic noise in the system has to be made in order to
determine what factor limits the dynamic range. Using a chopper and a lock-in amplifier
will probably yield little improvement since the signal is already filtered with a very sharp
bandpass filter during the data processing.

6.2 Future work

Because of the countless possibilities of the setup, there is a lot that still can be done.
Without altering the setup, light reflected off disordered samples can be investigated. The
same statistical analysis can be performed as for transmitted light, but different physical
parameters are obtained. These measurements have been performed on strongly scattering
samples [21], but the theoretical explanation is not always satisfactory. A careful re-
examination of the treatment of boundaries and the use of less strongly scattering reference
samples will probably answer many questions.

Of course it would be very interesting to perform the same measurements as described
in this thesis on extremely strongly scattering media. Now the method is well understood,
it is feasible to look for deviations from classical diffusion theory in these samples. If
thinner samples are used, the edge effects have to be taken into account properly. Since
the corrections in this thesis use simplified boundary conditions and do not take into
account absorption, a better theoretical understanding of these effects is desired.

With the suggested improvements even more measurements become possible and a full
characterization of a sample could be within reach. Since the statistical error can only be
reduced by performing more measurements, the amount of measurements could quickly
become unmanageable, especially if the angle or frequency is scanned. If a solution to
this final problem is found, all information that can possibly be obtained from far field
measurements can be found with this setup.
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A.1 Transforming the Green function

In this section, the bare Green function g(p) will be transformed to real space coordinates.
The integral that needs to be evaluated is:

1 .
o) = G / dpg(p)e’™™ (A1)

To solve this integral, first spherical coordinates are defined and the integration over
the angular parameters is done. Finally the integration over the radius is evaluated using
contour integration. At the end of the section an one-dimensional Fourier transform is
used to calculate a plane wave solution from the Green function.

A.1.1 Spherical coordinates

Spherical coordinates are introduced for p. The positive z axis is chosen to be parallel to
r. Therefore r - p = rpcosf and Eq. (A.1) can be written:

1 ') T 2 1 )
= dodod irpeost2 oiy) A2
o) = G /0 /0 /0 b e sin (A.2)

The integration over ¢ is trivial. 6 is substituted by u = cos 6, and df by —du/sin 6.

-1 [~ /! 1 irpu. 2
o) = iz [ dndo ey (A.3)
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(2m)2 ir /_OO pp2 — k2 (A4)

The integral in (A.4) is undefined due to the divergence at p = k. If an arbitrarily small
offset is added to the denominator, however, the integral can be evaluated using contour
integration.

A.1.2 Contour integration

The residue theorem states that the integral of a function f(p) over a closed contour C'
equals the sum of the residues inside the contour:

j{Cdpf(p) = 2 Z (residues in C) (A.5)

The residues can be found by making a Laurent series expansion of f(p) around its poles
Po:

o0

fo)= > anlp—po)" (A.6)

n=—oo
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Coefficient a_1 is called the residue.

By defining a convenient contour, the integral in Eq. (A.4) can be evaluated. We
choose the contour to be a closed semicircle in the positive imaginary part of the complex
plane. Using the residue theorem we have:

R T
ey = 2mi residues in .
[ vt + [ dos(Re) = 251 3 (residues in ©) (A7)

The first term describes the straight part of the contour. In the limit R — oo, it
equals the integral we want to evaluate. The second term describes integration over the
semicircle. The integrand equals:

Reiqbeir(Rei‘f’)
(Rei®)2 — k2

Because 0 < ¢ < m, the exponential has a negative real part for » > 0 and is zero in
the limit R — oo. If r = 0, the integrand also vanishes for large R. This means that the
second term in Eq. (A.7) is zero. Therefore the first part, which is the integral we are
interested in, is equal to the sum over the residues in C.

To find the residues, the poles of g(p) inside the contour have to be expanded. This
poses a problem since the poles of g(p) are on the real axis, so they are exactly on contour
C. To fix this, a small offset (i2¢k) is added to the denominator of g(p). Neglecting the
term of order €2, g now has poles at p = —k — ie and at p = k + ie. Only the second pole
is in the contour. Therefore:

(A.8)

11 = pe'P 1 (k+ i€)etr (k+i)
9(r) = (2m)2ir / dp(p +k+ie)p—k—ie) 2mr  2(k+ ie) (A.9)

—00

Taking the limit € | 0 gives the final result:

g(r) = — (A.10)
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A.2 Regularization of the Green function

In the point scattering model, scatterers are treated as point sources. The field emitted
by a point source is described by the Green function, but this function has a discontinuity
at » = 0. Due to this discontinuity it is not possible to know or to estimate the returning
propagator for light scattered from a particle.

To solve this problem, the divergence of the Green function has to be fixed. This is
done by introducing a regularized Green function g(r). There are many ways of performing
the regularization. The exact value of g(0) depends on the type of regularization and the
choice of regularization parameters.

Two types of regularizations are described. First a regularization in real space is used,
then the regularization is performed in wave-vector space.

A.2.1 Regularization with a spherical source

This regularization method replaces the point source in the definition of the Green function

from Eq. (2.2) by a small spherical source with radius a. The phase inside the source is

assumed to be constant, which can only be approximately true if a < 1/k. Solving this
equation yields g(r).

Vi) Kier) = {;‘)71113 forlr—r'| <a

0 for |r —1v'| > a

(A.11)

This definition gives a finite result for g(0) that depends on the radius of the source.
In far field (r > a) in the limit @ < 1/k (small scatterer) the results will be the same as
for point scatterers.

The value of §(0) can be found by integrating g(r) over the spherical source:
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To find g(0) for a small scatterer (a < 1/k), the exponentials are expanded:
i(r) = 3 | —ika — (ika)*> — L(ika)® 1+ ika+ L(ika)® + §(ika)® 1
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For this method 1/A = %a. A different method, based on the resonance frequency of a

Mie sphere, gives 1/A = 0.822a.



A.2. Regularization of the Green function 75

A.2.2 Regularization in wave-vector space

A different approach uses a cutoff in wavevector space. It removes components that
oscillate on a smaller scale than the size of the scatterer (~ 1/A). The regularized Green
function can be defined:

A 1
T A+p2p?— k2
Fourier transforming this function is similar to the transform described in section A.1.

The only difference is that in the contour integration four poles are present instead of one
(compare Eq. (A.9)).

9(p) (A.14)
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For a contour in the positive imaginary part of the complex plane, only the poles at p = ¢A
and p = k + i€ contribute:
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An expansion around r = 0 gives the same result as in the previous section if A > k:

A2 (1+ikr) — (1 — Ar)
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In this method, A is a free parameter. The previous section showed a relation between A
and the inverse scatterer size. Eq. (A.14) shows that the regularization acts as a low pass
filter, cutting off high spatial components with p > A. Small scatterers (high A) can have
quickly oscillating components, whereas scatterers with a larger radius (low A) will only
contain slower oscillating components. A has to be larger than & in order not to cut off
propagating modes.
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A.3 Diffusion in finite media

In the whole derivation of the diffusion equation (3.22), an infinite medium was assumed.
Extending the theory to include finite random materials or materials with a varying mean
free path would mean a serious complication from the very start of the derivation of the
diffusion equation. For this reason a different approach is used to handle boundaries.
This method assumes Eq. (3.22) is valid everywhere in the medium and uses appropriate
boundary conditions at the material surfaces.

To find these boundary conditions, the concept of flux is introduced. Flux is the
amount of electromagnetical intensity moving through a unit surface per second. The flux
in a certain direction equals the product of the intensity moving in that direction and
the average velocity. Assuming that the average energy velocity equals ve, the flux in
direction s at position r equals J(s,r) = vel(s,r). The value I(s,r) is called the specific
intensity and represents the intensity corresponding to flux in direction s. Integrating over
all directions gives the total intensity,

2 pm
I(r) = Ule/o /0 dfd¢sinfJ(s,r), (A.18)

where s = (cos ¢sin 6, sin ¢sinf, cosf). A second relation between the intensity and the
flux is found from energy conservation; the difference between flux flowing into a certain
volume and the outgoing flux has to equal the change in intensity,

dl
J=—— A19
va=-S (4.19)

where the nett flux J is the vector sum of all fluxes. Combining this with Eq. (3.22) gives,
J=-DVI (A.20)

The nett flux can be found by summing the fluxes in all directions taking into account
their directions,

2T pm
J= / / dfdpsin0.J (s, r)s (A.21)
o Jo

These relations can be used to find boundary conditions for the diffusion equation.
We investigate a slab of a diffusive material. It is assumed that the outgoing flux is
distributed uniformly so that J(s,r) = Jout/(27) for all outgoing angles. Part of the
outgoing flux is reflected at the sample boundary and causes an incoming flux. Assuming
the incoming flux also has a uniform distribution over all angles, J(s,r) = RJou/(27) for
all incoming angles. A value for the reflection coefficient R can be found integrating the
Fresnel reflection coefficient over all angles. Now we can calculate the intensity and the
nett flux to find the boundary conditions,
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1
I(r) = o out[1 + R (A.22)
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Combining these two relations finally yields the boundary condition,

I(r) _ dilx) =0, (A.24)
Ze lz=07* dz lz=0t

where z. = (2D[1 + R])/(ve[l — R]) = 24(1 + R)/(1 — R) is called the extrapolation

length (see also [37, 38]. A linear expansion of this boundary condition gives I(—ze1) =0

for the left boundary and I(L + z.2) = 0 for the right boundary. With these modified

boundary conditions a set of eigenmodes of the form sin((z + z.1)/L'n7) is found, where

L'=L4 21 + 2ea.

A.3.1 Transmission through a slab

A beam of light incident on a random sample does not give rise to a diffuse intensity
immediately, but is directional as long as it is not scattered. Therefore we can approximate
the effect of an incoming beam by a source of diffuse intensity at z = ¢ [39, 23, 9].
Furthermore, it has been suggested that to calculate the outgoing flux, it is not correct to
calculate J at z = L since light leaving the sample has traveled the last part ballistically
and originates from one mean free path in the sample. Therefore the transmitted flux is
calculated at a position z = L — 2, where zej = £ [23, 28] or z,; = 2¢ [9]. It can, however,
be argued that z.; = 0, because coherent and unscattered propagatlon is also included in
the intensity propagator R (3.21). For the moment, we just refer to this value as z;.
First the field is expanded in eigenmodes,

3 l+2ze1
o0 —2n2Dt . s1n< ; mr)
I(z,t) = Zexp <7rn) sin <Z te lmr) - (A.25)
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where the first factor comes from Eq. (3.20), the second term is the eigenmode and the last
term is the coefficient corresponding to the expansion of the delta source in eigenmodes.
The flux is calculated by applying (A.20) at z = L — %,

] £+el
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This equation is of experimental importance, since it gives the time resolved measured
intensity. For large t, only the terms with n = 1 survive, decaying exponentially with
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a slope of —72D/L’. Therefore fitting the time tail of the intensity transfer gives the
diffusion constant.

Several other interesting parameters will be extracted from this equation, including
the average intensity and an approximation of the correlation function. First the equation
is rewritten using the trigonometric identity 2 cos(a) sin(b) = sin(a + b) — sin(a — b),

- 00 22
Jp = _2(Ll’))2 ;exp <(L’)36> [sin(anm) — sin(knm))], (A.27)

with a = (L + 22¢1 + £ — 2ej) /L' and k = (L — £ — zj)/L’. We conclude that « represents
the asymmetry of the system; if the light is entering the sample at the same depth as
at which it is ejected (¢ = zj) and both extrapolation lengths are equal (z¢1 = ze2), the
system is symmetrical and sinnam = 0. The parameter x equals the distance between the
source plane and the ejection plane, divided by the total thickness of the system including
extrapolations. For an infinite slab thickness this ratio equals unity and sin(knm) — 0.
We can say that k represents the effect of the finite slab thickness.

Total transmission

The total nett flux that is transmitted is found by integrating Eq.(A.27) over t.

T © 72
/dtJT = —2([?)2 z_:l 7T(2L’I’LQ)Dn [sin(anm) — sin(knm)]

- (A.28)

where identity A.35 was used to evaluate the infinite series. This equation gives the
expected total nett flux transmitted through a slab in the forward direction, not including
coherent propagation. If the assumption is made that the flux is spread equally over all
outgoing directions, the total flux integrated over all angles equals twice this value.

Diffuse traversal time

A way to characterize the time it takes a pulse to propagate through a slab is to calculate
the diffuse traversal time 74 = < / dtJTt> / < J dtJT>. In the particle diffusion model this
corresponds to calculating the average arrival time of particles that diffused through a
slab. The calculation is analogous to the calculation of the total intensity.
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™D o~ LM : .
/dtJTt =3 Z [sin(ant) — sin(knm)]
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where 2p1 = 2e1 + £ and 2p1 = ze1 + 2ej. For L' >> £, 21, 2eo this amounts to 7, = L'?/(6D),
the value that is normally used. This is a very rough approximation however.

Correlation function

The correlation function for the field at the detector is given by the fourier transform of
Jp. We will calculate C(2) = Jp(Q2)/Jro to the second order in 2 since these values
are used to calculate the phase statistics (Section 3.5.2 and 3.5.3). Fourier transforming
Eq.(A.27) with respect to time gives:

Jr(Q) = —2?1%2 Z:l ~33 —i—TST)L’?/D [sin(anm) — sin(knm)], (A.31)

Only an expansion to the second order in € is required,

<[ 1 iL)?/D  Q*L)*/D?
Tr(§) = - Z [an + 273n3 27ond

- [sin(anm) — sin(knm)] + O(Q3)
n=1
(A.32)
The first term can be recognized to be the total forward transmission Jg. The second
term equals the diffuse traversal time times Jrg and the third term is evaluated using
Eq.(A.37). Normalizing gives the field correlation function:

C(Q) = 1+iQ74+Q2 _17_2 + zh T 1220 + 323 275 — (2 +325,) (L)

kG 902 +0(2%) (A.33)

The dimensionless parameter QQ = —2b/a® — 1 that was introduced in Section 3.5.2,
will be affected by edge effects. a equals 75 and b equals the second factor in Eq. (A.33),
_ 2211 + 122212 + 32?121%2 - (231 + 32%2)(13/)2

45D273

Q:% (A.34)

This value is smaller than the value of % used in literature [18], especially for thin
samples.
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A.4 Some series identities
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